SOME REMARKS ON HOMOTOPY GROUPS
OF ROTATION GROUPS

MasaHiRO SUGAWARA

The purpose of this note is to remark slightly that the 15-sphere
S*® has a 8 everywhere independent continuous vector fields, which
can be proved by simple relations of homotopy groups =z.(R,) of rota-
tion groups R,. Additionally, calculations of =.(R,) is continued from
the previous note [5], whose notations are used in this note.

1. Concerning to the composition of two homomorphisms 4:
7,1 (S™) — = (R,), the boundary homomorphism of the fibre bundle
{R..1» P» S* R,, R,}, and p, :n.(R,) > = (S"), the induced map of
the natural projection p: R, — S", it holds the following relation.

Lemma 1. E** p d(a) =0, if n is odd,
= 2E"a, if n is even,

for a€ n., (S, where E?:m(S) — n,,,(S'*?) is the p-fold iteration of
suspension homomorphism E.

It is known that the homomorphism J:z.(R,) — =,,.(S") satisfies
the relation J4(a) = [a, ¢,], where [a, ] is Whitehead product, [9,
(3.6)). As J(B) is represented by the Hopf construction of the mapping
S x §*t —» S*t of type (Px(B)s tn-1)? H.(J(B)) = (—1)*D"E(py(B) *
¢,_;) = {(=1)*PnE"+1p, 59, On the other hand, if » is even, E*H,[«, ¢,]
= 2(—1)"E(a * ¢,) = 2E™**a, and, if »# is odd, E’H|[a,¢,) =0. Thus
the lemma holds.

We consider the above relation for the case r =14, # =8 and
a = y € m,,(S*) represented by the Hopf map S*— S% Then {v} =
oo € 7(S% and E‘y; is a generator of =, ,(S**% = 240 for ¢ > 0", and
hence E™*3p, 4(v;) = 2E™**v, is a element of order 120. Therefore
D 4(v}) generates =,(S7), as m,(S") = 120. This shows that p,4:
7,5(S?%) — 7,4(S7) is onto.

Let @ be an element of =,(K). By the above property, there
exists B € m;(S?) such that p,48 =p,«, and hence p,(a — 4B8) = 0.
Therefore, by the exactness of the homotopy sequence: =,(R;)

1) Ct.[8], proofs of Corolary 5.14.

2) Cf.[6], (3.6), (3.11) and (2.24), where Hy: m,(S%) — my+1(S?%) iz the generalized
Hopf homomorphism.

3) Cf.[2] Théoréme 3. The subgroup generated by « is denoted by {«3}.

129



130 Masanro SUGAWARA

LN nu(R,,)—p*—> 14(S7), there exists an element a'€ =,(R;) such that
iy’ = a —4p8, Hence (if')ya’ =iya —i,48 =i,a by the exactness
of the sequence: r,(S%) 2 5 n(R) =5 73(R,). This shows that any
map f:S"— R, is homotopic in R, to some map of S* into R;.

It is known that S* admits 7 everywhere independent continuous
vector fields, i.e., 7-field, and so the characteristic map Ti: S — R,
of the fibre bundle {R,, p, S¥, Ry, R;;} is homotopic in R,; to a map
of S* into R’. As shown above, last map is homotopic in &, to a
map f,:S" - R., and hence T, is homotopic to f, in R,;. This shows
that S¥ admits a continuous 8-fields?. Therefore, by the analogous
proofs of [4, 27.12], it folds

Proposition 12. If n = 16m + 15, S™ admits 8 everywhere in-
dependent continuous vector fields.

2. In [5], =,(R,) is calculated halfway. A. Borel proved that
there is a factorization Spin (9)/Spin (7) =S¥, and hence =,(R,) =~
m,(R,) for <13 as Spin (n) is a covering group of R,, [1, Théorémes
3,4]. This shows that the case i) of Theorem 1 of [5] is not valid
and, therefore, it follows from [5, 3.2, 3.4 and 3.6]:

Proposition 2%, m(R;) = oo = {r;}, m(R) = o0 = {8;}, n(R) =
oo = {7}, m(R) = o0 + o0 = {&;} + {{3} and m(R) = o = {{}} for
n>9, where the relations 26; =1, in n(Rs), 25, = 8, in m(R), and
2¢; = §, in n(R) are hold.

Before continuing the calculation of =,(R,) for »>9, we remark
slightly at a left distributive law for homotopy groups. In general,
if X is any space, (a, + a))°f is not equal to «,°8 + a;°8 for
@, a,€ z,(X) and Be€ =(S®. However, if X is a topological group G,
above two elements are equal. Let f,, f;:S®™ —> G be representatives
of a,,a, and %:S"— S* of B, respectively. As G is a topological
group, by [4, 17.6], f, + f, is homotopic to f,-f, where (f.:f.)(»)
= fi(y)- fi(y) for y€ S™. Hence (f, + fJ)° & is homotopic to (f,:f)- A
= f.(7) - fo(R), and the latter is homotopic to fi(%#) + fu(h) = fiok + fioh
by the same reason. Therefore we have

Lemma 2. If G is a topological group, (a, + a,)oB = a,°B + a,° 8,
for a,, a,€ n(G) and B€ n.(S").

1) Cf.[4], 27.12 and 27.6.

2) Yosihiro Saito has constructed practically a 8 independent vector fields
over S,

3) These results agree with those of Serre and Peachter, [2, Lemme 3].
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3. For =(R,), it holds the following

Proposition 3. #(R;) = 3 = {a’s}, where ay, = Q50 [y O Mg s no(R,)
=3+ 3= {a)} + {8}, where Bs= Byonson. m(R) = 0. n(Ry) =2
= {8}, where p, 8, = vi,on, a generator of my(S°). my(R) =2+ 2= {33}
+ {ea}, where ey = e;omon, and hence P,eq = 123, € 7(S%). 7y(R) = 2
+ 24+ 2= {8} + {e} + {Co}, where §, =Ciomom. m(R) =2+ 2=
{0} + {&}. m(Ry) =2 + o0 = {3} + {&}, where P& = 2¢5 € my(S?).
(R, = 2 = {8,} for n >11.

For R, and R,, it follows immediately from =,(S% = 3 = {#s° #}".
For the case R., in the homotopy sequence of the factorization K;/R,

= S*:m(R) —55 m(R) 25 n(SY) —> my(R), dymlR) = iy ({ag0 50 15}
+ {Byo sty o)) = {ig(asom) o s} + {ix(Baos) o} = 0 by [5,2.6] and 4
is isomorphic onto, and hence #(R;) = 0. =,(R;) = 2 is followed im-
mediately from =y(R;) = 7(R;) = 0, and moreover 8, = d;307;. For I,
iy s 7(Ry) — my(R,) is isomorphic into as =,,(S°) = 0, and the image of
Py (R — n(S% is the subgroup {12»;} = 2 of =,(S°) and, moreover,
the element &, = e;°7;°%; has the properties that it is of order two
and pycy = (Pxe)o%:°% = %°7,°7%s = 12v,. Therefore =(R;) =2 + 2,
and =(R) =2 + 2 + 2 as R, is equivalent to the product S x K,.
m(Ry) = 2 + 2 is followed from the fact that iy : my(Rs) — 7 (R;) is onto
and its kernel is equal to Ty, no(S™) = {(—e; + 2&) om0t = {&5}. RIn

the homotopy sequence: m,(R) 2 ny(R) LN m(S?) > (R) —
n(Ry), kernel i = T,ne(S®) = {(@gs + C)ows} = {ad, + &} where
a =0 or 1, and hence image ¢ = 2. On the other hand, image p,.
= oo = {2¢,} cm(S®) as kernel i = 2, and s0 wy(Ry) = 2 + . More-
over we can take as a generator &, of this infinite cyclic part the
element represented by the characteristic map 7,:S"— R,, because
pT,:S®— S° represents 2¢,, [4, 234]. =R, =2 is followed im-
mediately from the fact that the kernel of i, : n,(R,0) — ny(Ry) is equal
to Tyuxme(S?) = {&}-

4. Furthermore, =.(R,) can be calculated partly for » = 10 and
11.

Proposition 4. 7,(R;) =15 = {a,}, and ny(R,) =15 + 15 = {ay,}
+ {Bu}> where ay = a,02 and B = By 'P. n,(R;) =15+ 8 = {B}
-+ {Tm}» where Py = 3v,°v; € 7o (SYH? and 28y, = @y 0 (K. ma(R)

1) Where ps is a generator of @6(S3) = 6 and p3+ p= EPp3, cf. [3], Théoréme 1.
2) By [3, Théoréme 1], 710(S%) = 15={A"}, =, (§%) =2 = {A'} and mp(S¥) =3 -+ 24
= {aa0 pu} + {raom}.
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=15+ 8+ 2= {8} + {r} + {64}, where &, = 8s0y,09, and hence
Dufyp = viomop € mye(SY).  m(ll) = A+8+2 = {Em_} + {Tw} + {610}1)»
where A=3 or 0. =nyR)=A+8+2+ 24 = {B,} + {ru} + {0}
+ {Cu}, where {, = Ciovye  mo(lRy) ='-_A +2+8= {Em} + {0} + {Em}r
mo(Ry) = A___"‘ 24+ 4 {B} + {60} + {0}y mo(Ry) =A+2+2= {Bu}
+ {0u} + {60}, and 7y(R,) = A + 2 = {8} + {3y} for n>12.

Proposition 5. =, (R) =2 = {a,} and = ,(R)=2+ 2= {a,} +
{Bu}, where a, = a0l and By = B 0. =(Ry) = 2 = {B,} and
m(Rs) is equal to 1) 2 + 2= {B,} + {8u} or ii) 4 = {0.}, where b,
= 0g°vg and hence P, 0, = v,ovs a generator of n,(S°). m,(R) =B+ 2
+ o0 = {8y} + {6,,} + {e.}, where B is equal to i) 2 or ii) 0 and py=,
= ay[t;, ] € ny(S®) and a, =5 or 15 according to A =3 or 0 respec-
tively. (R, = ny(R,) for 8 n <1l and n>13, and =n,(R,) = B +
2+ o0 + o0 = {Eu} + {511} + {511} + {Xn}s where pyxn = 2¢,€ nll(su)’

We follow proofs briefly. For # =10 and 11, as E: n.(S%» —
7,,,(S*) is isomorphic onto, the kernel of i, :=.(R) — = (R, is equal
to Tiun(S*) = {(—ay; + 2B8,)o 45} = —a, + 28, by Lemma 2. For
7, (R,;), it can be shown that =,(W,) = o= + 2 whose infinite cyclic
part is isomorphic onto =,(S®) by the induced map of natural projec-
tion, where W,, = R,/ R, is the vector bundle over S° and hence the
image of 4:7,(S% — =R, is equal to the image of i,4:=,(W,)—
mo(R;) — mo(Ry). It is known that the latter subgroup contains 5-cyclic
group [3, Proposition 17.3], and therefore = Ry) =A +8 + 2. i,:
no(Ry) = mo(Ry) is onto and its kernel is equal to Ty :m(S") =
{{—es + 28)ov} = {—TFu + @10y + 24} _‘i* tm(Re) = me(Ry) is also
onto and its kernel is equal to ad,, + 4¢&,, where a =0 or 1, and
hence =, (R,) = A + 2 + 4 or A + 8 corresponding to a =0 or 1 re-
spectively. The kernel of 2, :m,(Ry) — m,(Ry) is equal 2 or 0; and
the kernel of i, :m (R, — =, (R.) is generated by the element re-
presented by 7, which is homotopic to 73’ : S* — R,, and Ty’ satisfies
the property that p7y’: S — S° is the suspension of the map §"— S*
with Hopf invariant 1®, and hence T, represents the image of {,, +
a,0y, + @B, where &, =0 or 1 and ¢, =0 or 1 or 2. On the other

1) Cf. footonote 2) of p. 131.

2) We denote by @ the element iy @, where iy : r (Rz) — 7y (Ruw1)-

3) Tyesr: S?-1— Rey (# = 8k 4 3) is same to gy | S»~1 being homotopic to H{w) of
[7, 83, 1], and H(w) represents the suspension of an element of 7;(S%) whose Hopf in-
variant is odd. In proofs of latter fact, if 2=2, it can easily seen that H{w) represents
the suspension of an element of Hopf invariant 1.
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hand, as the element x,€ =, (R,;) represented by T}, satisfies p,xu
= 2¢,, € 2,,(S"), the kernel of 7, :m(l:) > n(R,) has at most order
two. These properties show that ¢ = @, = 0 and Prop. 4.

From Lemma 1, it follows that the composition of #,;(S®) —J—> n(Rs)

Ji)nlc(SS) is onto, and hence i, :#,(R;) — n,(R;) is isomorphic into.

The kernel of i, :=,(R;) — =,;(R) iIs equal to {d;eov,0p} =20, =1 0
or ii) {B.}. iy :mu(R,) — m,y(R,,,) is isomorphic into, as its kernel is
equal to Zyory =0 for m =9, &engon,, = 28,07, = 0 for # = 10, and
as the element represented by 77:S8% — R, is transformed to
7 € #o(S™) by Py 2 mp(Ry,) — 7,(SY) for # = 11.
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