ON THE SPACES WITH NORMAL PROJECTIVE
CONNEXIONS AND SOME IMBEDDING PROBLEM
OF RIEMANNIAN SPACES

TomiNnosuke OTSUKI

Introduction.

In a previous paper?®, the author obtained a theorem as follows:
If the group of holonomy of a space with a normal projective con-
nexion fixes a hyperquadric, the space is one corresponding to the class
of Riemannian spaces projective to each other including an Einstein
space, in the domain of such points that they are not the images of
the points on the hyperquadric into the space. Such a space has
also been studied by S. Sasaki and K. Yano®, but the properties in
the neighborhood of the image of the hyperquadric invariant under
the group of holonomy of the space into it have never been investi-
gated by any one. One of the most interesting problems which
arrises in connection with this space is the determination of the
conditions under which a given Riemannian space V, can be im-
bedded into a Riemannian space V,., as a hypersurface F, such that
the group of holonomy of the space with a normal projective con-
nexion corresponding to V,,, fixes a hyperquadric @, and the image
of Q, into V,,, is F,.

On the other hand, any Riemannian space V, can be imbedded
into a suitable Einstein space A,., whose scalar curvature is a given
constant (from now on, we call this Campbell’s theorem)”. As regards
the signification of the theorem by means of the groups of holonomy,
the author has obtained some results in connection with the space
with a normal conformal connexion®.

1) T. Otsuki, On projectively connected spaces whose groups of holonomy fix a
hyperguadrice, Jour. of the Math. Sac. of Japan, Vol. 1, No. 4, 1950, pp.251--263.

2) 8. Sasaki and K. Yano, On the structure of spaces with normal projective
connexions whose groups of holonomy fix a hyperquadric, Tohoku Math, Jour., 2nd
Se., Vol.1, No. 1, 1949, pp. 31—39, '

2) J. E. Campbell, A course of differential geometry, 1926,

4) T.Otsuki, On the spaces with normal conformal connexions and some im-
bedding problem of Ricmannian spaces, T, Thoku Math. Jour., 2nd Se., Vol. 1, No. 2,
1950, pp. 194--224.
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In the present paper, we shall investigate the same problem by
means-of the groups of holonomy of the spaces with normal projec-
tive connecxions, considering the above-mentioned imbedding problem
of V, into V,,,.

§1. Fundamental equations.

Let there be given a space with a normal projective connexion
X, corresponding to a given Riemannian space V, with positive de-
finite line element

1Ly ds* = g(x)dx'dx’ (G 7 =12 - » 17

in each of its coordinate neighborhoods. If we take suitable semi-
natural frames R(A, A,), the projective connexion of the space X, is
given, as is well known, by means of Christoffel symbols 7"/, made by
&g, by the following equations:

1,2) dA = dsti, (L‘lf = w?A -+ a){AJ,
where
(L3) of = Mhdy, of = My = —— 1 Kdx
and we put

or ort,. ,
@ 4) thk = __a}jxfn— - axf'f + r}'ﬁ.rink - Pﬁ-rfm s

3 —_ ot
an‘ = jkhk) K = g jKu-

If the group of holonomy H of the given space fixes a hyper-
quadric Q,_, (we may not always assume that @,_, is non-degerate),
Q... can be represented in the tangent projective space of each point
A with respect to the natural frame by

Q,,_l . G)‘“Z)‘Z“ =90 (A4, # = 0,1,2, ... » 1),

where G,, satisfies the relation”

5) E. Cartan, Lecon sur la théorie des espaces & connexion projective, Paris,
Gauthier-Villars, 1937.
6) See Note 1), pp. 251—255.
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0
_’a—xk_ Gon - 2Gm = 0’
0
(1:5) 3 —0?"— Gzo - ”?nGpo - Gik =0,
0 p P
""a?‘ sz - Hlchpj - Hbeip =0
and
oy, = I + oie, + oty
1
Hl}k = _'ijk + T — TiTes
TT T3h+1) 88 T Ty v
o
Tye = _a—ij"_ — Tyt

We have obtained (1,5) at the points where G, ==0, that is, at the
points which do not belong to the surface of image F,_, of @,., into
X,. But, by virtue of the continuity of G,,, we may consider that
(1,5) is satisfied at each point of X,. Conversely, if (1,5) is inte-
grable, the group of holonomy of X, fixes a hyperquadric &,._,.

Now, in order to represent (1,5) by the quantities of V,, let us
put )

1,7 Gow = 2¢, Gil) =P

and putting the relation and (1,6) into (1,5), we get
( 09
| axi = P

2
D,y = Divy+ Py — msvlﬁj + 2(”&5;; - "-"Lfﬂ + Gij!
(1:5,) Gij;k = ZfLGij + 7'Gu + TLij

+p(’— 7n—1 KLJ"I‘TLJ_T:r,Tj)

+pj (" TZ—i—lK”‘ + Ty — Tzflc)

where a semicolon ‘“;” denotes the covariant differentiation of V,,.
Now, let us co_nsider a change of coordinate system: (x) — (%),
and R(A4, A) and R(A4, A,) be the natural frames in the coordinate
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systems respectively. Putting

A, = atA,, a, = 0, @ = p,
Ap. = bzA—w (A(l = A)’
and
dAA = w&Ay.’ dA‘m = E,gAB:
where o% are different from those of (1,3), we get

dA = doA + pdx*At

= dlog pA + 0 —5=—d%A4,;,
and hence
L 0x’
ay = p FETmE
Accordingly, we get
_ ., 0%’
bg:pL’ b{:plTx{‘_‘, l’l:O’
., 0X%
bg = —p " — a a(.;

and
= dlog p — o~'ddx’.

We get likewise the relation

B = darbl, + afolb,

axf ox! :
= nd log p + d( a5 T w; — obydx’,
and hence
_ _ o x 0x'
w; = ndlog p + o7'a;d¥ + d( 9%’ ) oxl

since ! = 0. Accordingly, from the relations above and that R(A4, A)
is the natural frame, we obtain

_ _ _ oy o0x’
0 = ol —nol) = (n + l)p'la‘}dx + d( 5% Hx

from which we get the relation

) 6 (’2796’L

log‘
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Furthermore, putting of = 0, we get

1 | 0xk
— p- ¥} = @ —— - -
dlogp = p'ajdx’ = n_’_l.dlog‘ 5o 1’
that is
1
_ oxt "W\
(1,8) o = ;6—971
Now, in the coordinate system (¥), we have
Gaﬂ = a;a’; G,\,_,, y
especially
2
— R 9yt —nn
Goo = P'Gm = I—O;J ' Goo-

Accordingly, | g, | i Gw is a scalar. Let us denote this by y(x).
Then, we get from (1,5) the relations

1 .
(1’9) _2»(}00 = @ = g ¥ y(x)’
(1,10) Giu = A = g_"_“(lb + 2}’71)
and

1
8Dy = Gy + 297y, + 2q,7, + 271(4:. + 2yr)
(@ + 2yr)T; + (g5 + 2y7))m,

2 1
+ 29, — ) — ;yl Ki; + "Gy,

where g= |gy]| and
;.
(L,11) 4 = a—iz'
Now, if we define a tensor by
1
1,12) Tu = gntl Gz_; — qiT; — 45T — 2J’Ti7j:

which is a symmetric covariant tensor of V,, then the last relation
becomes

2
1,13) Qi3 = _n—_yl—Kc; + Ty,

Putting (1,10), (1,12) into the last relatien of (1,5), we get
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_ )
8 Gy = Ty + Qs + ATs0 + Q56T + QsTegn
1
+ 2y(ry + ity + 20Tty + 287 1,Gy
1
= 2g"17,Gy; + i { Ty + quvy + 70(q; + 297))
+ TJ{I‘M. + g.7; + "-'L(Qt + zy'ft)}

+ (g + Zyrz)( _—Kkj + Tey;— "'kfj)
+ (g; + 23""1)( 1 Ky + g0 — thk)a
that is
1
Ty = ‘—n____l‘(Qthj + Q;I{m)

2 2
- Tt(Qj;k + rleu — Tu) — Ty (qt;k + %_y—l'K;k - Tik)-
Hence, using the relation (1,13), the last one becomes
. .
Tijix = “m=1 (@T; + a,Ty)

‘Thus, we see that the fundamental equations (1,5) characterising the
space can be represented by means of the quantities of the Rie-
mannian space V, as follows:

7
(1,10 o = 4 ]
2
(1.13) @y =~y K+ Ty, - (a)
1
(1,14 Tyw = ——1 @l +q,Tw J

and G,, are determined by ¥, gq,, T\, so that

(1,9) Guo = 22 ™1y, )

L10) Gu = Gu = g ™i(g, + 2yc), (8)
1,12) Gy = & (T, + airy + @y + 2y7ir),
where

— ;1 _ 0t
T = _2,(n+1) ogg, Tt T axt -
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Consequently, we get the following

Theorem 1. In order that the group of holonomy of the space
with a normal projective connexion corresponding to a given Riemannian
space V, fixes a hyperquadric, that the system of equations (a) is
integrable is necessary and sufficient.

§2. Relations between the spaces in which («) is integrable
and the Einstein spaces.

In this paragragh, we shall give a proof of the first theorem
described in Induction.

For a given Riemannian space V,, let the system of equations
(«) be integrable. On the region of points where y(x)==0, let us
consider the following tensor

_ 1 1
2,1 gy = 2y Ty — 1y q.49;.
Then, by means of (a), we get-
- 1 1 1
&y = 2y Tijin — _z‘ye_ Tyq. — _4yT(Q£;kQJ + 4:4;;1)
+ '_2y—3"QtQJQk
1
= z(n 1)y (QchJ + q;K,) — Tu‘]rc
2
4y( Ku:‘*'T:kQ.f 4y2< y KJ+Tqut
+ 2}, qt“quk
1 1 1
oy T,;q. — A Tug; — T Tuq + —55— 5y s s
that is
_ 1 _ 1 _ 1 _
(2,2) Gise = — (08 + 5 @& + 5 Q8u).
y 2 2

Accordingly, if | g, | ==0, the Riemannian space V, with line
element (not always positive definite)

d82 = gu dxidxj

is projective to V,, in other words, Christoffel symbols 7%, made by
&, satisfy the relation
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76
T Lo o0 .. Yy
2,3) Iy =Ty + 0% —— 6 —logy @ +o§Tx—j-logy' z,

For we.get: easily from.(2,3)

Gipe = Bx" — 8ul't — ng’J‘k,
= ghj( b — Ty + gm(r r?ﬁ:
7 - 1 ~\.
= —_yj‘(‘flégu + 79&8’&;’ + _z'LQJg:’n)'

or
Y ) 1 _
Gy —Tf) = — 2y (q:815 + 2i&:n)s-

which becomes: (2,3)
Now, regarding the curvature tensor. K%, of V,, we get easily

76 N 0 -+ a 7 -L
Ky = K + Ulf:(_a—j_ log y 2);@’—0;( 5 log y 2);){:

1
-

1 1 b2 -1
+6ha ;logy ™ a —rlogy T —4; logy o7 08y T
Accordingly, by contraction we get.
o N
Ky = Ky - “"”{(a ;logy~ ) 57 08y 2} 57 08y }
and hence, by means. of (a), we get

= n—1 n—1
K; = Igm+—2TQJ;k»— 4 q; Q-

= 00— (5 Ta — 7 0,0) = (2 = Vzs.

From the last relation we see that V, is an Einstein space with non-
vanishing curvature (z >-2) or a surface with constant curvature.
Conversely, if V, is an Einstein space, then, since we have

K = &igs
{«) becomes readily
s |
a;,i = q‘ 3
_ K : 1
di:j = Zy(gij - mgu) + "’F%q}‘ »

_ 1 = T 1 _ N
&y = — T(ngu + 5 @ifus + 7%&})’»
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which are satisfied by

_ K
y = const. == 0, q: = 0, 85 = pm—1).8u-

On the other hand, by means of the relations (8) and (2,1), we
have
| 2y a; + 2yr;
| G| = &7*

iq: + 2y, Tu + q:t; + qu7; + 23’7["'_;
2y 0 '

= g1 | — ntly-1{ 5 |
£ g + 2+, Tu—ély—qiqj E)migT [ &yl .

From the relation above, we see that the condition |g,| =0 is
equivalent to that the invariant hyperquadric @,_, is non-degenerate. -
Accordingly, we obtain the following theorem.

Theorem 2. If the group of holonomy of the space with a normal
projective comnexion corresponding to a given Riemannian. space- V,
fixes a non-degenerate hyperquadric Q,_.,, the space is projective to an
FEinstein space with non-vanishing: curvature in. the region. ofr points
which do not belong to the image of Q,., into V,. The converse is
also true.

§3. The image of @n-1.

Let F,_., be the image surface of @,_, into V,, then it is given
by the equation ¥ = 0. If y is not constant, we take a coordinate
system (x', x*, ... , X" such that

(3,1) =3, Ean = g"” =0
(d, b,C--.-..,: 1, 2’ ...... , n— 1)

and denote the Riemannian spaces given by the hypersurfaces F,_,(y)
on which y = const. by V,_.(») whose fundamental tensors are g, (x, ¥).
Furthermore, we denote Christoffel- symbols of V,_.(y) determined by
Zu(%, ¥) by {&} and the covariant differentiation with respect to {7}
by a comma.

Now, if we put

(3’2) 1/7;8'7: = "\r'"(x, y))

we can easily obtain the relation
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(3)3) %gah = - Z\b'ha,,

where 7,, is the second fundamental tensor of F,_,(y), and

1

rgc = {;’:’c}, ry, = 1{, ha,h ’ I“‘;,, = - ‘!"k: ’

(3.4) ) L o
rs. = — , s, = — ab R r}, = = .

b= g e Vg T

Furthermore, making use of Gauss-Codazzi equations®

{Kacbd = Rppe — hanheg + Raa kcb.

3.5 :
( ) "l"Kanlm = hnh,c - hao,b ’
and the relation

1 dh, 1
Ka”bn = 7"_ —ay— + h:hbc — v "I",ah y

we can obtain the relation
R
Kna. = "!"(h,a - kz,,b)s
lK — _ak_ 2]»]20, ab k . ]'1
nn = "1" ay ""ll" 2 b—"l"g ‘[",amr = Ng.

[ Ky = 2 b hh o+ 2k, + Ry — —1}”— Vs
3.,6)

Now, since we have the relation
da = 0: q, = 1

in this coordinate system, we obtain by means of (3,4) the relation

Quio = —I'hy = _Thnb'
Hence, by virtue of (3,6), (1,13) becomes

1, _ % (1 @
.‘I,,Aah‘_‘ n_l 1!" ay
+ Ta

1
by — b + 2ty + Ry — - \1»)

or

7 J. A. Schouten and D. J. 8truik, Einfilhrung in die neueren Methoden der
Differentialgeometrie, 1935,
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n-

-1 : .
(3:7) kab = _Zy— (hab + ‘I"Tab) + ‘P‘(khub - 2hghbc - ab)‘ + "l".ab .

_o_
oy
From the relation above, we get easily

n—1

0
@7y By = (he + ¥T2) + Yr(hha — Re) + 8"V,a

and by contraction
0 n—1
_ay_ h = 2y (h+¥T) + y(B* — R) + Y an .

We get likewise

(3,8)

Qusn = _rgn = _'?.\I",a
2
= = 2 — R + T
If we put
(3.9) L = —j,— Ton,

which is a covariant tensor of V,..(y), then the relation above be-
comes

3.0 Lo+ g e — g (o — 20 = 0.
Lastly, putting (3,8) into the relation
n o 1 04
Qn;n = —TI nw ..,(’, ay

— 2 (v s — g e) + T,

we get
1 vy ¢ 2 - R - R) - T
Introducing a scalar of V,_,(¥) such that
1
(3,11) S = v T,.,

the relation above becomes

Gl  FL = Wk 4T = S) + 2 O — B — R).
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) Now, let us represent (1,14) by means of the quantities of V,..(3).
We get by (3,4) the relation

Tab:n = aal-;“ - rfmj‘u, - rtznTnt
0T,
= —aT + ‘Iﬁszcb + ‘I"hgTac - ‘!’,aLh - \P'.bLa
1

T (@aTon + q»Tan_) = 0,

or
aTa" c c

(3,13) —‘ay = — T, + T, + 1l",uer- + ‘ab‘.hLa »

from which we get by (3,3) the relation

oT

oy = 2halt

Furthermore, we get by (3.4), (3,6) the relation

Ta.n;'n = _6% - rfmT{n - r:mTal
oL, - '
= "I" 6y + ’\Il"‘hal-,,, - "1"‘1".113 + \lﬁgbc‘l",cTab
1 \l’ D
= - 71__-_“— Kan = - —n___T (h,a - ka.h)!
that is
oL, i 1
(3s14) _@y— = - ’\[IhZL,‘ - ‘Ip,bTa + ,'i",as _ﬁ (h,a— hz.b)‘
We get likewise by (3,8) the relation
aTnn _ 5 - . 3S 2 [
T‘ﬁn:n = ""63‘,' = 21 «fm‘Tm = —y_ + 2‘1’ ‘l’f,'aL
= — nzf’l {ﬁg}i (h + ¥ T) + vo(k = RLh: —».R.),},
that is
) w_ L 2 T T TR
B15) Gy = — bl — 5o b+ $T) = 7y O — Bkt — R).

We get readily the following relations
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Tab;c = Ta':.c - kacLh - hcha
@Ko + &:K) = 0,

T on-—1
Tun;h = "I"La,h e ‘P]Zabs + \IphgTac
1 (1 8k . 1
= — 'n—:T 7 —6‘5,— - hha.h + 2hakbc + Ra;, - '?ﬁ' '\l/"ab),

whose last side becomes by means of (3,7)

1
= - W (hub + "I"Tab)l
hence we have
(3;16) Tab,c - Lahbc - Lb hac = Ov
. 1.
(3,17) La,h + T«fhbc - kabS + W (kah + ‘I"Tab) = 0»
Lastly, we get by (3,4), (3,6) the relation
Tmz;a = “!"zs,a + 2‘1"2}2’;1‘7:
2 2
= -5 _—7 Kn = — jpf (ko — Bi,)s

that is

N 2
(3.,18) S.a + 20 Ly + T —gyg (e — ke = 0.

Hence, if we replace » with » + 1, we obtain the following

Theorem 3. In order that we can imbed a given Riemannian
space V, with line element

ds* = g,,p(x)dx"dx“ (A, no= 1, 2’ ...... , ','2)5)

into a Riemannian space V.., as a hypersurface so that the group of
holonomy of the space X, ., with a normal projective connexion corres-
ponding to V... fixes a hyperguadric Q. and the image of Q, into
Vas IS the hypersurface, a ‘necessary -and sufficient condition is that
the following systemm of equations with respect to gu,, hay, ¥, Lo, Top»
S

8) From now on we assume that the indices take the following values:
a, b c,d, s A B, Y, P, oeee =1, 2, ceoeee, i,
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[02)
(]

a ah
(L) =g = —2vha,
6k,,,, n A
(I'.’) —6}7— = z_y_ (hab + ?Tw)) + "l"(hhab - Zha.klu\ - Rah) + 1|b',ab >
0
1) oY @ + 2w - - B,
aTﬂb A A
(L) ey T T Yo To + BT0) + Yaly + ¥ Ls,
oL, 1
([5) -*’aj;*— = — ’\‘!/’kzL;‘ _ TAA\II',A + 1!’,a,s - 7 (h,a - h:,l) ’
2S 1 2
(L) 5y~ = — 2L — 5 h+ ¥T) — o B — BB —R)
is integrable under the conditions
& 2
) Lo+t -2 —m =0,
' 1
(IIE) La,b + Tr;\hh)\ - habs + W (hab + \I'Tab) = 09
(I—I'l) Tnh.c = L hbr - Lbhac = 09
(1) S+ 2L, + —— W (ho— B2, =

and under the initial condition

[8an (%, $) )0 = Zur(¥).

Then, in the coordinate neighbbrhood F, eeeees , ¥*, », the line
element of - V,,, is given by

d32 = g)"‘(x, y)dx'"dx“ + (“lf(xy J’)dy)z'

§4. Invariant hyperguadric and Campbell’s theorem.

In this paragraph, we shall investigate the problem to imbed a
given V, in an Einstein space A,., so that the relation between V,
and A,,, is the one stated in Theorem 3.

Now, if a Riemannian space V,,, with line element

ds* = g,.(x, y)dx*dx* + (Y (x, y)dy)*

is an Einstein space with scalar curvature (z + 1)k, the following
relations hold good :



ON THE SPACES WITH NORMAL PROJECTIVE CONNEXIONS ETC. 83

B = — 2ha,
@h 0 = kg + Pl — 2hih — Ru) + Y,
4,2) ‘ Vo= bh.—l;\=0,
@.3) 2= (—1k+k —Hi—R = 0.

The converse is also true. The proof is easy by means of (3,6).
Accordingly, in order that V,,, in Theorem 3 is an Einstein
space, besides (I), (I), the above relations (4,1), (4,2), (4,3) are neces-
sary and sufficient. Therefore we shall replace these relations by
other ones such that we can easily treat our problem.
From (I) and (4,1) we obtain

1 2yk
(4!4) Tah = —_?'huh’l_ ——:;_gahy
h
= — 2 12k
T v Yy

and from (II,) and (4,2) we obtain the relation

@5 L= — ¥ = (5 )a-

1
¥

Conversely, if L, = ( ),u and (II,) hold, then we get
yVe = 0.

from which we get V, =0 when V, is continuous at y = 0.
Then, putting (4,4) into (I,) and using 4,3), we get

oy _ s . 2N, _ o9k,
oy _(zyk_SJ“ n )"”3_‘(8_ n )‘1”
where
(4’6) Qab = hhab - h:hb}; - Rah ) Q = gh‘Q}\p_'
By (), @), ), 4,4), 4,5), we obtain the relation
oT, 1 0hw  hy Oy 2k Aykyr
‘—ayh = — V—a'y— + _\1,2_ —37 + n gah - n hab

= — kg,,b - (Qa-b - h.’ihm.) - _—‘]i,.—‘#:“
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+ kah{—s+2y(k +%Q)}q, + ﬁgﬂ B 4yk

= = "l"h:(— %hbx + %gbk)

1 2vk 2
- "l’hr);(— _,‘Fhm\ + y ga).) - W ‘l’.a‘p.b ’

¥ han

that is

(1 -2 )egn + \!, Vo — w V.oV — Ra
+ {k + 98— 29w (k + 7)} = 0.
Furthermore, by (I;) and (4,2) we get
= fo-n(s D v(s. -2 )
=% \/”—\,“(——hw- 20k 6*)+~Jr S,
that is

2 2
Sa= 20— Ly, = 0
By means of (I;) and (4,3), we get
aS 2 2k
oy = v & Yo, — ——
and from (II.) we get
2yk .

r’a, kbh

1 2 1
— 3 Yot gm et + (— E
— RS + Wgah = 0.
Lastly, from (II,) and (II,) we obtain the relations

hah,c = % (1!’.chala + '\b',ahqh + V0 ltae)s

2
Sa—grhav, =0
Hence we obtain the following

Theorem 4. A necessary and sufficient condition in order that we
<can imbed a given Riemannian space V, with line element
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ds* = gu(x)dx*dx*

into an Einstein space A,., so that the space A,., has the property of
Viur in Theorem 3 is that the following system of equations

(I11L,) —'aai(:b_ = —2¥hy,,
._ak“" — A
(IH‘_') ay - I\I"(kgab + khah - Zka hh)\ - a.y,) + "!"‘mb ’
9 2vk
S i G
oS 2 2
dIL) oy = Vet — ok

is integrable under the conditions
k

AV)  fu = e — b — g + i
+vha(s— 2y <,

Vo v = (1= g + o — Bk — Rey = O,

V) Cuo = e — g Ghuclie + Yo + Yot = 0,

2
{Iv, 6y =S4 — szxb',,\ =0
and under the initial condition
[Zar (%, D) yn = Gun(%).
The proof is evident from the computation above and the relation

z2 = g"“’?m ) Vm = CAAG. - :a}‘h~

§5. Some properties of &, , 74, Cu and o,.

In this paragraph, we shall investigate properties of the tensors
£y Tars Cane @and the vector ¢, made by any solutions g,,, #ew, ¥ S
of the system of equations (III).

Let us denote the Riemannian spaces with line elements

ds* = gz, y)dx,dx*
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by V.(y). Then, we get by (III))

ars,
e = g — (hh)., = (PR,
which becomes by means of (IVy)
ors,
(5’1) —é__;—b = 11,«(6’);1 - Chﬂc - Ccab) - 2(‘/", bhg + %.ck:)'

We get likewise by means of (IV,) the relation

4 2
5,2) S,an = Oq,n — F\b,r,hz‘l",x + '@‘T (hz)i,b‘l",x + kQ‘P‘,Ab)

2
= Oa.» + ,4’2 Cakh"l",)‘

+ ‘\1%3‘ {kuhgm\"',x‘l",u + By, v a
+ #rhﬁ(—qlr— Yo — El.z“ ‘I’,A‘l".b)}

Furthermore, using (IV,), (IIL) may be replaced by the relation

a I zah

k
5y = \]I‘( n Ean h krm + Yo ) + Y vab»

(111
from which we get easily
ah A Al A
oy = Yk + by + 73) + &%V

Then, we obtain from (IV))

= —(s- %){vﬂ, 5 bt + ¥(S - 2k 2 Yo
- «I»{ oS = ZEY £ 980+ ¥aSoa + T S + S}
s w(%g*"«lr,m.u — 2 h,
rye(s— 2k )( — B + T + —\},—w)

ke ok
T ha.b ‘P' ha( n

1
xw — h:{'ky.b + a0 + _,\7/,""1",&»)
k
+ '\lf'lz;\b(—h‘ 62 + hxk;:‘-’_ ?a}‘ + %gxu‘l’\a’u

and hence by means of (IV), (5,1), (5,2)
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= — \,r,‘z(s _Z k) (o — Tan)
2
— o + o i) — V(o + g )
_.ﬂa _l,_o- i(cl\ +CI\)~]{,.
2 a,b- h.a ,\Il‘ ad b a A
4»* {Zh,.hg*w, Vop + BB + B0 }]
- sv,x_{ca..* et — O — 7 (faltd + «;».,,hﬁ)}
+ 3,. ML’)!" A‘!’,uhub + ‘I"(huvn\b + hﬁ"'}m)‘f' h;‘!’,m + ]1’2‘1”‘.)\“ s

that is

05, . 2yk
63 pu = — (S =) € — ) — Flhaos + ¥ua)
- ’lg:‘ (0a,» + Ob,a) — Yoala' + P(AEoa + 7 7na)

Now, we have generally the relation

R, o for: or:
_a;h = 3y _ax_; - _a?L + Ireri, —ry r;,,)

- (ay r,;) )
= (o5 a7 (ay i) =35 T8)-

Putting (5,1) into the relation, it becomes

aR“” - {"zb'(ca‘) :u)\b - Chl\a) - 2("”',@”3 + '\[’.;,k,i)}.)\

D U I R P A R

3 ,‘ » @
= ")I"(Cab)‘,k - cuAb,h h Cb‘\a,)\) + ?,A(cab’\ - C‘akb - Cbxa)
— A by — Vol + 2k

— 2 (Ch 4 Yk + )
= 2pCh + el + bl
b G+ G0 G Wl + Pl
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N L)
+ #’,h(&\ka + %’#"mh + Ti—‘l".ahz);)

+ ~lr,x§(,,“,. + &M+ % (ol + Yok + g*“\!r.uhab)},
that is
R,
'Ty_ = "l"(Cah'\, AT Ca.}‘l-, AT CI)Aa.A) + —’g‘— (C;\Aa,h + CAAI»,a)
3 3
4 + 'lp‘.hca;bh + 1[",!1(_2—— C}.)‘h - 2CIrAA) + 1,", ’J(T C’,\Aa - 25{1)‘)\)
(54)

1
- ".”‘.axhg - ‘[".m\hﬁ + 2(‘1".@ - T]"_ ‘f".a‘!".n)h
2
+ _.\'f,.ﬁgxﬂ\!":a\‘zb';yhah .

Then, by means of (I1I,), (III;), (54) we get the relation

a al ]- 1
—;‘;i, = — 2(1 - T)l!j'khah + ‘lf(k + BB+t + S &Y e
k 1 ‘
+ '\l/‘h(Tgab - k()z‘hm\ + %an + 7 "’,uh)
k 1 k 1
- "1"(‘,2— ar + Y + TI"_ v m\)h;‘ - ‘1"(',7 g+ M + ? ‘/",m\)h;
_ R
oy
1 A 2, A A
= hof g 8" Vo — T ¥ Pt — b+ BB+ 2)
1 2 k
- ‘lfh(? Vi = gF Via¥e = 5 8w + hal, — 774,-;)
- "l"(hl:fﬂm\ + h—ﬁﬂa.\) - "!"(ca’)h,l - CaAh,A - Cbka,z\)
/
— = G + Oe) = Pala
3 3
- "]",G(T C;\Ah - ZCTIAI\) - ‘I", b(_z— C.\,\u - 2511)\)\)’

that is

07,
9% — ‘p‘hah(s.\)\ + 77)\’\) — \irh(S,,n — vab)
0y

(5!5) - ‘1"(’12}’7»,\ + hgﬂm\) - ?(Cabk, AT Ca)‘b,'\ - Cb'\a.R)
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— G + G0 — ¥l

3 3
— 1[",,.(’2— oM — 'zfr,’\) — "(_2— & — 2¢ a‘\).
Now, using (IV,), we have

2 2
"I".abc = (\nga')),c + T (‘!",a‘l”',hc + \!",b‘l".ac) - ?3— ‘;(",a"!’,b")l",o
k ‘ 2yk
+ 7gah1.!",c - hfi"’b:“#.c - Z‘I’(S - %)hab‘!’,n
- ("l" Ca)‘c + \P',-_ch: + ‘.l".aké + g‘m"l",uh'ac‘)kbk
- (‘I"Cb)\c _i_ ’,‘:"',chm + 1)(',bk.o.\ + ‘\b‘,Ahbc)hé

- "!"ghab G + ,\fg h:}‘l’,)\)
2yk
— (S — Z) Wl + Vicar + Vraag + Vo)
Hence we have b§ the relation above
08 0h,, i or:, n ary,
oy = _33,— he T T 'ay‘ - m\‘“aj,""

_ %{?}T W oPran + Valng + «!f.»hac)}

k
= ‘[",c(—n- 8ar — B Ry + 77@)
- ("’!"Ca)\c + “I",ch: + ‘l",ah;\ + g‘\"")b‘.uhnc)hb,\
—_ '(“l"cm\c +. "[".mhm + ‘I“,hh{: + "lf,hkbc)h':
+ “!"vab,c + w,ubo
- hAb{",'(:ac)‘ - Ca'\c - ccau) - 2(""@”? + ‘l:"‘.c h;‘)}
- ha)\{"r,’.(c‘hc‘\ - Ch;\c - CcAb) - 2(\!",0122 + ?.ch;})}
2yk
+ 30 haf2wv s - 25 + veo, + 2mna)
a,h,c=Cyclic k 1
- ‘l",c(7gah - hﬁ kbA + P + ? ‘l".ab):l
_— ‘.l"hai\(cm:'\ + Cl:Ac - Cc’\b) - "ﬁ‘hbk(cac;\ + CaAc - cl\a)
2. .
- ‘J’}(s - Tyk)tabc + (Péw + V' Pan) e
+ Y (Ra 0, + Py 04)
1 2 k
- ‘:‘",c{T 'lp'.ah - _,F 1!’.«.1}’.1) - Tgab

+ hiho + ‘J’han(s - %yk) + 77«&}

‘89
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FS o e Bt~ g

a,h=Cyclic

2
+ Wb+ V(S — S 9k) = md,

which becomes by (IV))

7]
Dot G+~ C)

A
(5,6) - kb:\(Cac}‘z"' Ca'e — Ccka)
— (S — 5 Ik + Fhrss + VT

+ Y (Rac 0y + Poc0a) + ¥ al€e — M) + ¥, o6

Lastly, regarding o, we get by (IV,) relation

da, aS an
oy — 03') 1!»““6}’

(ay 2
= %g”¢,#(~1}— Yora — ? ¥oa¥.a
— % Y, (—k— 8 + RERL + 24 +'T]l;.‘gm‘l".aﬂ
+ 2k*{(S - ——yk)'lr A+ ‘P‘(“A +F ha v, )}
= 2¥rhla,

+ 2h

2 A i ——2— A —_ —k—
+Vg 1!’,,;{11, Yo aa = B~ Yoav,a 7 Bha

- ")ac) .

+ hﬁk,m + 'l,fl'(S — "i—yk)h\a - ?ax},

that is

a - 2
57) oy = ko + 5 8 i — T

Thus we seé that £,,, 7, Cas 0, made by any solutions of the
system of equations (III) satisfy a system of equations (5.3), (5,5),
(5,6), (5,7) linear with respect to these quantities and their deriva-

‘tives. Therefore, if’ we have at y =0

$ah = 0’ Ran = 0)' Cabc : Oy Oq = 09

‘the relation holds good in a proper neighborhood of ¥ = 0. Hence

‘we obtain a more exactly theorem as follows:
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Theorem 5. In order that we can imbed a given Riemannian
space V, with line element
ds* = g, (x)dx*dx"

into an Einstein space in the sense as stated in Theorem 4, a neces-
sary and sufficient condition is that the following equations wilh respect
to k., (= hy), r, S is integrable for the space V,:

1 2 k
(T“J".m - W "l"a‘l’.c - Tgab + hahm + "I"kabs = 0,

2
S'a_ T)ll‘_?‘_

under the condition

(5)8) ikab-c — %‘ (“l”,uhhc + "lf"bh‘u + '\Il'.chab) = 0,

hiv,n =0

59 (1 = 5ok + o, ~ i — Ry = 0.

§6. Integrability conditions of (5,8), (5,9) (z > 2).

In order to investigate the integrability of (5,8), (5,7), let us
replace them by the following equivalent system of equations

6.,1) Yo = Vba:

6,2) Pa,n = Pabp + %g‘w — Bho — Y Sha
6,3) Ran,e = 0chay + 0abse + PPty

(6,4) S,. = —i—hm

and

v, ro = (1= 5 )kl + B — Bl = Rey = 0.

Now, we get from (6,1) the relation
Yown = YPa,m t+ ‘k.[bpul = Y{0w,1 + Pubn} = 0
and from (6,2) the relation

Pa,ba0 = PaiePry — h:.zchm — Y Shapbs — Y hasS,
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= (% Eute — ¥/ e — N ha[c)l"b]

— (a0 + 0 o + Pabii) B
- '\I"Ska[npc] - Zhlt.ihh:}]p)\
1

k
= n BarePry — har»hé\]m =~ Ra,‘\thA
that is
k
{R“)\M — ha ke + ool — 7 (8w 02 — g‘wa;})} o = 0.

We get from (6,3) the relation

1 1
kab. fed] — T 7 ,z’\m k)w - ‘2— Rn)‘m ku?t

= hab,m B + Pa,a hz;]n + 01,0
= Palyats + 0, Paa Py

k
+ (pﬂp[d + ._ﬂ— ga.l:a - ha)\ h[}:l - ‘I"Shaid)hc]b

k
+ (outaa + 51 Boa — By — VS Voo

k o~ k N
= BB + 08 ) + T BsProe + - 3o )

that is
{Raxcd - kach$ + hmihg - _fl— (gat:aé — &aa 6;:\)};11»)&

4 R — I+ Bl — o @0 — 83D} hr = 0.

We get lastly from (6,4) the relation

2 2
S, an — — T P[:,h}}J P+ 7 PA,thﬁj

2 2 kR
= - T palyon + V(P,\ oo + 7 B — Ry — S kh[’l)h:]

= 0.

Hence, if we put

k
{6,9) Fowi = Rapa — HacPia + Boa e — n (Lac8rs — Laa&io)s

the results above are represented by
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(6.6) Feoy = 0,

(6,7) Fouhy + Fouhy = 0,

and

(6:8) Fon = — Faw = = Fapte = Faa-

Accordingly, we obtain the following theorem.

Theorem 6. A condition of integrability of the system of equations
6,1) — (6,4), (IV.) is that the system of algebraic relations with respect
10 04, hay, Y, S derived successively from (IV.), (6,6), (6,7) by differen-
tiation and by substitution of (6,1) — (6,4) is compalible.

Now, if V, is an Einstein space, then by definition we have the
relation

R
Rab = —n—ga’) .
Then if we put
kah = "1"gab:

(IV,) becomes

Gup = {(1 - %)k + (n— 1)?’2 - _g_}gub = 0,

hence we have the relation

o= (e~ )

Furthermore, (6,7) is satisfied by means of (6,8). If we put v = const.,
S = const., then we get from (6,2) the relation

k 9 2

VeSS = 0.
We can easily determine +, S so that the last relation holds good.
Thus we obtain the following corollary. '

Corollary. Any Einstein space A, can be imbedded into an Einstein
space A,.. in the sense as stated in Theorem 4 and so that A, is
totally geodesic or umbilical in A,,,. '

As easily seen, the spaces V, which can be imbedded in an Ein-
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stein space A,,, and are totally geodesic or umbilical in it are Ein-
stein spaces.

§7. Integrability conditions of (5,8), (5,9) (1 = 2).

In the case n = 2, let us denote the Gaussian total curvature by

. Rmz
K = —g
Then, since we have the relations
o — Bl = g 8 | T |
Rab = ngn

(IV.) becomes

Yoo = o Gy + s — i — Rey
el R } _
el e b o

Hence we have a equivalent condition

o1
7.1 K- 5 —— [k =0

On the other hand, as regards F,,, we have

k k
Fuw = Ruw— || — 58 =(K—5)g— | hul.

Accordingly, we see that (6,6), (6,7) are identically satisfied if (7,1)
holds good.
By differentiation, ,We get from (7,1) the relation

1 og o hy ok
Kot r | 5y — (hﬂ ozt Hn g — 2y
1

= Ka - _g—' (kllh:!:.a + hu.akzz - 2hmhm.a) = 0.

Putting (6,3) into the last relation, we get

2 , .
Ka - ?{ I hAu ’ Py + px(h'mkzz - hmhm) + pz(huh'm - klzhm)} = 0,

that. is
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4
K_a——g— !ll,\,,!pa = 0.
Furthermore, putting (7,1) in the relation, we get
72) K. —4(K 5 = 0.

1) The case K = constant.

If we put 2 = 2K, we have the sole condition (7,1), since (7,2)
becomes a trivial one. Then the system of equations (6,1) — (6,4), (IV.)
is clearly integrable. :

iy The case K == constant.

Furthermore, differentiating (7,2), we get the relation

K o — AK 00 — 4(K - %)0,,‘,;, = 0,

into which we put (6,2), we get the relation

R k | A, |
ot 4( = Y+ fa e

—h+ \pS)hw,} ~ 0.
Putting (7,1), (7,2) into the last relation, we obtain the relation

73) K — @KK — 4K - %—){Kg@ — (B + PS)hw} = 0.

On the other hand, we get by (6,3)

hao = pah + 230,
that is

kN -2,
() = 5 er.
Comparing this with (6,4), we have the relation
(7,4) S = _‘% + 2C (C = constant).

If we put (7,4) into (7,3), we obtain
5 k
K.ab - K.aK. - 4 K - 5 Kgab
(7,5) 4( K — lg ) | ’ ( 2 )

+ 8(K——§—)(k + ¥C)hy = 0.
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Let us define a tensor of V, depending on % such that
-K..ah 5K K h

k
4(1{ - =) 16( . —)
then (7,5) is represented by
(7’5,) La'n(k) + Z(h + 1'I"(/')hah = 0-

Lah (k) = Kgnh ?

Now, we divide the case into the two following .cases.

i) The case L, (k) = 0.

Then, we have %, =0 or % + ¥C =-0. In the first case, we get
from (7,1) the relation K = const. which is .contradictory to our
assumption. In the second .case, we get easily

h,+ C¥,, = 2hio, + (h + C¥)o, = 2h}p, = O.

Hence, solving these relations with respect to %.,, we get

b= =8 gl
hy = ¥Cg gpp,, 5
By = —«J»ng”p”pp,
from which we get the relation
| 2y, | = O.

Accordingly we get also K = const.,, which is contradictory to our

assumption.
i) Thke case L, (k) ==0.
Then, we have

| Loy | = 4(h +4C) | By |,
into which putting (7,1), we get
| Ll = 40+ $Cre(K - 5),
that is

T 'ah (‘]E) |

h+4C = + 5 }/(K—-——
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If we put
1 /1 LoR) 1 Ln.(k) ]

Fk) = -5
(K-5)e
(7,5') becomes

(755,’) Lav, + 2Fhab = 0.

Then, if F(k) =0, it leads to a contradiction as (ii,). Hence, by
virtue of the above calculation, we get the relation

K a Lah(k)
p = — » hah = :F - VXU ]
* L 2F (k)
(K- )
(7.6) g™ L.(R)
P C = iF(k)iW:
S == % +C (%, C = constant).

Accordingly, in order that our system is integrable, it is necessary
and sufficient that the relation derived from (7,5) by differentiation
is satisfied for the space.

By means of (6,3), we get from (7,5")

Luv.o & 2F i + 2Fha,.,
= Lgy,c * 2F hab =+ 2F(ﬂc w + 0ol + o1 o) = 0,

into which putting (7,6), we obtain the relation

D)

Lab,n - c Lah - K nLab + K,aLbc + I(.bLac) = O'
Accordingly we obtain the following theorem.

(7,7

Theorem 7. In order that we can imbed an two-dimensional Rie-
mannian space V., into an Einstein space A, as a surface so that it is
the image of the quadric which the group of holonomy of the space
with a normal projective connexion corresponding to A, fixes, the
following condition is necessary and sufficient:

V..is a surface with constant curvature, or for the lensor L,(k)
and the scalar F(k) depending on a constant k the following relation

holds good
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Loo— Loflog F(K ~ 5-)7].. - szi_-zk-) (K.uLy+ KoL) = 0.
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