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MIXED EXPANSION FORMULA FOR THE RECTANGULAR
SCHUR FUNCTIONS AND THE AFFINE LIE ALGEBRA A"

TAKESHI IKEDA, HIROSHI MIZUKAWA, TATSUHIRO NAKAJIMA
AND
HIRO-FUMI YAMADA

ABSTRACT. Formulas are obtained that express the Schur S-functions indexed by
Young diagrams of rectangular shape as linear combinations of “mixed” products
of Schur’s S- and @-functions. The proof is achieved by using representations of
the affine Lie algebra of type Agl). A realization of the basic representation that is
of “Dgz)”—type plays the central role.

1. INTRODUCTION

We derive formulas of combinatorial nature that express the Schur S-functions
indexed by Young diagrams of rectangular shape, the rectangular S-functions for
short, as linear combinations of “mixed” products of S- and Q-functions.

The rectangular S-functions are studied in [ [7] from a viewpoint of representations
of the affine Lie algebra of type Agl) and AgQ). In the work, these functions appear as
certain distinguished weight vectors in the so called homogeneous realization of the
basic representation L(Ag) of Agl) (see [H]). On the other hand, the Schur Q-functions
arise naturally in the representation of Dé?)-type Lie algebras ([9]). In the subsequent
pursuit of various realizations of L(Ay), our formula has come out as an application
of the isomorphism Df) = Agl). Roughly speaking, we can realize the space L(Ag)
as a tensor product of the spaces of the Schur S- and Q-functions. We say such a
“mixed” realization as homogeneous of type D§2).

Let us describe our main result in more detail. Let p be a partition and S, (t) be
the corresponding Schur S-function, where ¢ = (t1,t2,t3,...), each t; (j =1,2,...) is
the j-th power sum p; divided by j. Let Q\(¢) denote the Schur @-function indexed
by a strict partition A\, where t = (t1,t3,5,...). Let O(m,n) denote the Young
diagram of the rectangular shape (n™). Set also S,(t') = S, (t2,t4, t6, ...). Note that
the set {Qx(t)S,(t'); A\, p} forms a basis of the space of the symmetric functions. For

b[0

each strict partition ;, we associate a strict partition %% and a partition p in a

combinatorial manner (see Section H).
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Let m,n be non-negative integers. Our formula (Theorem B3), called "mixed

expansion formula”, reads:

(1) D 51 Qurto (1) S, (1) = Sty (1),

where the summation runs over a certain finite set of strict partitions determined
by m and n. Here §(u) = 41 is a sign given in a combinatorial way. We prove
the formula () by comparing two realizations of L(Aj) mentioned above. The left
hand side stems from combinatorial descriptions of actions of Chevalley generators
in the homogeneous realization of type Déz), whereas the right hand side is obtained
via “vertex operator calculus” (as employed in []) in the homogeneous realization of
type Agl).

The paper is organized as follows. In Section B] we recall the spin representation
of Agl). In Section Bl we describe the action of Agl) in terms of Young diagrams. In
Section @l we recall some combinatorics of the strict partitions. In Section B we state
our main theorem on rectangular Schur functions. In Section [ we recall the boson-
fermion correspondence and obtain weight vectors as a sum of combination of S- and
Q- functions. As the conclusion of this section, we obtain LHS of our formula ().
In Section [ we consider f;-action (i = 0,1) and obtain rectangular Schur functions
appearing in RHS of our formula through the vertex operator calculation. Section
is devoted to the proof of the main theorem.

2. THE SPIN REPRESENTATION OF A

We consider the associative C-algebra B defined by the generators (3, (n € Z) and

the anti-commutation relations

[ﬁﬂ% ﬁn]—i— = (_1)m5m+n’0.

Consider a left B-module 7 =B/ )" _,Bf, called the Fock module. It is generated
by a nonzero vector |vac) € F called the vacuum satisfying

Bnlvac) =0 (n <0).

A partition is any non-increasing sequence of non-negative integers A = (A1, g, .. .)
containing only finitely many non-zero terms. We regard two partitions as the same
that differ only by a string of zeros at the end. The non-zero \; are called the parts
of A\. The number of parts is the length of \, denoted by ¢(\). A partition is strict if
all parts are distinct. Denote by P (resp. SP) the set of all partitions (resp. strict
partitions).



MIXED EXPANSION FORMULA FOR THE RECTANGULAR SCHUR FUNCTIONS 3

Definition 2.1. Let X be a strict partition, which we may write in the form A =
(A1, ..oy Agg) where Ay > -+ > Ao, > 0. Let |\) denote the vector

IA) = By, -+ By [vac) € F.

Set f° = (=1)'8;410_; (i > 0). They have the following nice combinatorial prop-
erty:

Proposition 2.2. Let A\ be a strict partition. For i > 0, if i is a part of A and i + 1

is not a part of A, then we have

FEIN = 1w

where p is obtained from A by replacing its part i by i + 1, else we have f°|\) = 0.
If 1 is not a part of X, then we have

21wy (E(N): odd)

51N =
T @ even)

where L(\) is the length of A\, and u is obtained from X\ by adding a part 1, else we
have f§°|A) = 0.

We shall use standard notation on the affine Lie algebra Agl). Namely e;, fi, hi(i =
0,1) are the Chevalley generators, «g, a1 are the simple roots, A;(i = 0,1) are the
fundamental weights. We refer [5]. The affine Lie algebra Agl) acts on F by

fO = \/526—4n+lﬁ4na fl = \/526—411—16471-1-27

neZ nel

€y = \/§Zﬂ4nﬂ—4n—1, €1 = ﬂ2ﬂ4n—2ﬂ—4n+17

neZ nel

hy =—ho+1= 22 : Ban-1B-ant1 : -

ne”L

Let Fy (resp. F) be a submodule of F generated by |0) (resp. (5]0)). Let B = Bo®B,
and F = Fy & F;. Each summand F; is isomorphic to the irreducible highest weight
module L(Ay). Note that the following expressions:

fo=V2) VY e A=V2ZY R HV2Y X

J=0 J=0 J=0 J=0
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3. COMBINATORIAL DESCRIPTION OF THE ACTION

Let A € SP. Any box = € A in the j-th row, we endow a color ¢(z) with it

0 (7=0,1 mod4)
c(x) =
1

(7=2,3 mod4)

For example, A\ = (5,4, 2, 1) is colored as

We say that a node x is i-good to A, if AU {z} is a strict partition and ¢(z) = i. The
following nodes indicated by dots are the 1-good nodes:

0 0 e

1 10
1 10
1 e

o O O

If we get a strict partition p by adding a node to A, we denote this node by p/A\.
Such a node is called an good node. If an good node of A has 4-bar content i, we call
it an i-good node of .

Set

N ={peSP|ud\ |ul=N+0 Yo epu—N c(r) =i}

It is the set of strict partitions obtained from A by adding i-nodes ¢ times in succession.

Lemma 3.1. A weight vector of the weight Ag — m?5 + may is given by |c,,), where
form >0 we set ¢, = (4dm —3,...,5,1), and form <0, ¢,, = (—4dm —1,...,7,3).

The strict partitions ¢, (m € Z) appeared in Lemma Bl form the set of “4-bar
cores”, introduced in []. Set If(m) = I(cp).

Example 3.2. For m = —2 and i = 0 we have
I1(=2) ={(8,3),(7,4),(7,3,1,0)},
13(—2) = {(9,4),(8,5),(9,3,1,0),(8,4,1,0),(7,5,1,0)}
and

I5(=1) ={(5,0), (4, 1)}

We need the following combinatorial lemma:
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Lemma 3.3.

I —em a(N)
7 lem) = V2 > V2T
’ A&t (m)

where a(A) = #{j | \; =0 mod 2}, and ,, = 1 if m is odd, and €, = 0 if m is even.
Proof. Firstly we consider the case of i = 1. For A\ € I(m), put

)\_Cm - (T17T27”' ,Tm>.
We compute
rlrgl e, | = ofldiri=2}
— o(=t{sir;=1})/2

_ 9(-a()+em)/2

Y

where we note that a()\) counts a 0 if m =1 (mod 2). Then the coefficient of |\) is

¢
2 14 a(N)—em
V2 _ 7

O rilrgleop)|
Secondary we consider the case of ¢ = 0. In this case we have to remark that the
action of f3;(p-part. Let

A— Com = (Tlu ro, - 7Tmarm+1>

for A € I§(m). Then the coefficient of |\) is

1 V2 0

2rmt1em Pl opilpgleeop 1

(2)

The similar computation above gives

gl = ot{siri=2} _ o(t=t{jirj=1j<m}=rm+1)/2

Here we divide our argument into two cases. First we assume that m is even. We

have

s — < m} = a()\) ()‘m+1:0)
t{jiry =15 <mj} a(A) =1 (Apy1=1)

Second we assume that m is odd. We have

lj{%r]:la] Sm}:
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By substituting these four results into (£) we obtain

¢
2 f' a(N)—em
V2 ':ﬁu ‘

0 el ey,

Example 3.4. fy|c_o) = v/2 Bsf3]vac) + V2 8784 vac) + v/2 325551 30| vac).

4. 4-BAR QUOTIENT
Let us introduce the notion of 4-bar quotient. We shall give a bijection
SP —7ZxS8SP xP, X (m,\0],\[1]).

For A € SP, the pair (A[0], A[1]) is called the 4-bar quotient of A. Moreover, the
corresponding ¢,, € SP is called the 4-bar core of \.

Let us identify the strict partition A with the subset A = {A,..., As} of N. For
a=0,1,2,3 we set A ={)\; € X|\; =a mod 4}. Namely

A =XN@A4N+a) (a=0,1,2,3)

and we have XA = L3_, A The even part A UAX® C 2N of X gives a strict partition
A[0] via the inclusion

AOUND c 2N — N, 2k k.

By the odd parts A, \®) we define a partition A[1] in the following way: First
consider two bijections

t:4AN+1—Zsy (dk+1—k), ":4N+3—Z (4k+3— —k—1).

Then define a subset
M) =AU (Zey — *(AD))

of Z. This is a “Maya diagram” in the sense that, if we express M(\) as an descending
sequence 11 > ip > i3 > - -, there exists a unique integer m such that i, = —k +m
for £ < 0. Then we can define

Ml =(0G1+1-—mis+2—m,ig+3—m,...) €P.
The integer m is called the charge of M(\).
Lemma 4.1. (¢f. [8]) The map
SP —ZxSP xP, X~ (m,A0],[1])

1 a bijection.
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We can illustrate the above construction. Let us look at a particular example,
A= (11,9,6,2,1). We draw a “4-bar abacus”:

0 @ 3
@
4 5 7
©
8 ® ©
10
12 13 15

We can read A% [JAW from first column. Then we have A[0] = (3,1). From second
and third columns, we can read

(A) = (2,0)
F(AB)) = (=3).
Then we obtain
M=(2,0,—-1,-2,—4,-5,--+)
and draw a Maya diagram;

54 2-10 2
o[e [ee[e o [ [ |

Finally we have A[1] = (2,1,1,1) and m = 1.

5. MAIN RESULT

Define h,,(t) by exp (3.2, tn2") = Y oo o ha(t)z". Let X be a partition. The Schur
S-function with shape A is defined as

Sa(t) = det(hy,+j-i(t))-

Define ¢, (t) by exp (3o t2p-122""1) = 307 1 gu(t)2™. For m > n > 0, we put

Qman(t) = gm(t)gn(t) + 2 Z(_l)iqm-‘ri(t)Qn—i(t)'
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If m < n we define Qp,,(t) = —Qunm(t). Let A = (A1,..., Aap,) be a strict partition,
where Ay > -+ > Ay, > 0. Then the 2n x 2n matrix My = (@, ;) is skew-symmetric.
The Q-function @, is defined as

Qx(t) = PE(M,).

Each strict partition p in I¢(c,,) or I§(c,) has its own sign determined by beads
configuration.

Definition 5.1. Draw the 4-bar abacus of X\ € If(cy) (i = 1,2) as follows.

(1) If m > 0, then we do not put a bead on 0.
(2) If m < 0, we have to put a bead on 0 unless Apy1 = 1.

Let g(\) be the number of beads on the central runner at the positions bigger than
that of each bead on the leftmost runner. For a strict partition \ € I} (c,,), we define
the sign by

0 1 3
@
4 ® 7
6
8 9 @

We have 6(\) = (=1)' = —1. In the case of i = 0,m = —4.0 = 5 and \ =
(15,13,8,5), we have to put a bead on 0.

® 1 3
2
4 @ 7
6
® 9 11
10
12 @ ©

We have §(\) = (—1)>T1 = —1.
We can now state our formula.

Theorem 5.3. (Mized expansion formula) For non-negative integers m and n, we
have
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Z 5 QM[O u[l ( /) - SD(2m—n,n) (t),

Z (1) Quo) (1) Sy (') = Stum,2m+1-n) (1),

REIT (c—m)
where t = (t1,ta,t3,--+) and S,(t') = S, (u)]u; 1, -

6. BOSONIZATION

We introduce the operators ¢, ¥,, V% (n € Z) by
ﬁ4n - ¢2n7 ﬁ4n+1 Y -1 wna ﬁ4n+2 =V -1 ¢2n+17 ﬁ4n+3 Y -1 win—l?

satisfying the anti-commutation relations

(3) [¢m,¢ ]+ = O M [¢;7¢;]+ = Wm,%h =0,
(4) [¢m> ¢n]+ = (_ )m5m+n,0a
(5) [t &)+ = [, &n]+ = 0.

Let us introduce the bosonic current operators

. 1
= il Homar = 5 > (=D Gk emn).
keZ kcZ
One has

[Hrrm Hn] = % 5m+n,0 C.

Thus the Lie algebra §) = @,..0CH,, @ Cc is an infinite-dimensional Heisenberg alge-
bra.

We have a canonical $)-module S[$)_] where $_ = &,(CH,, and S stands for
the symmetric algebra. Let ¢, = %H_n (n > 0). Then we can identify S[$_] with

the ring C[t] = C[ty, 12,13, ...] of polynomials in infinitely many variables t,,. The
representation of $ on C[¢] is described as follows:
0
H,P(f) = 5-P(t), H_.P()=5t.P(t) (n>0, P(t) € Ct]),

so that ¢ acts as an identity.
If we introduce the space of highest weight vectors with respect to $ by

Q={lv) e F| Hplv) =0 (Vm > 0)}.
2 has a basis {|o,m) (m € Z, 0 =0,1)}, where

) Ymer - tolvac)  (m > 0) ) V200¢m1 -+ tolvac)  (m > 0)
‘Oam> - s |1,m> =
YL, fvac)  (m < 0) V2¢0¢%,, - [vac)  (m < 0)
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Note that
Onloym) =0 (n<0), WY,loom) =0 (n<m), Y.lo,m)=0 (n=>m).
Let the operator Hy also act on C[t] ® Q via
Hy (P(t)07e™) =m - P(t)07e™ (P(t) € Clt]).
Lemma 6.1.
) = (V=D)7"V2 " gy, m).
Proof. We can easily obtain the equation by direct calculation. 0

We introduce a formal symbol §7¢™* corresponding to |0, m) € €2, and define

Q= @ cre

meZ, 0=0,1
Proposition 6.2. [1I, 2] There exists a canonical isomorphism of $-modules
¢:F— C[t]®cQ
such that ®(|o,m)) = 07¢™*(m € Z,0 =0, 1).
When we write ®(|v)) = 3, , Pno(t)07e™ for [v) € F, the coefficient P, ,(t) €
C[t] can be expressed in terms of the vacuum expectation value on B as follows:

Po(t) = (m,ole" D), H(t)=> t,H,
n=1

Consider the right B-module ' =B/ " _, 3,B = (vac|B. We have a bilinear pairing
FlosF—C,  (ul s |v) — (ulo)

normalized (vac|vac) = 1. Introduce the vectors (m,o| € F' (m € Z,0 = 0,1) which
are characterized by (m,olo’,n) = 0 ndoe (Myn € Z,0,0" =0,1) and

<m,a\¢n:O (TL > 0)7 <m>UWn :0 (TL Zm)u <m>UW:§ :0 (n<m)
We denote by W, the linear subspace of B spanned by ¢; (j € Z).

Lemma 6.3. If (u| € F', |v) € F be such that {u|p; =0 (j > 0), ¢;|v) =0 (j <0),
then for w; € Wy (i =1,...,2k) we have

(ulwy - - wap|v) = (ulv) PE((wiw;))

Proof. A bilinear form on B, is defined by (a,b) — (u|ablv) which has all the prop-
erties of vacuum expectation value on B, except for the normalization condition.
Obviously, the normalization factor is given by (u|v). Hence the lemma follows. [J



MIXED EXPANSION FORMULA FOR THE RECTANGULAR SCHUR FUNCTIONS 11

Lemma 6.4. [1 2 10] We have
(i - -1,
(@, - - - @y |vac)) = V2" Qji,..jatoad) 0 (J1 >+ > ja > 0),

where §s = (s — 1,5 —2,...,1,0) and tepen = (ta,ts,...), toda = (t1,t3,t5,...).

0, m>) = S(il—m 12—My.yis—mM) —ds (teven> 6(m+s)a (21 > > 2.5 > m)>

Lemma B3 and 64 give us

Lemma 6.5. Let j; > -+ > j, >0, iy > --- > iy > m. We have
cp(qul o ¢jawi1 o wis 0’ m>) \/7 Q]l ..... ]a( odd) S(zl —M,..yis—m)—0s (teven)ﬁae(m“)o‘,

Consequently we obtain the following theorem.

Theorem 6.6. Let A\ € Ff(m). There exists a 4-th root of unity (. e: such that
a() m m~+(—1)"0)«
P(V2 7 IA)) = G 0(A) Qo) (foda) Sap (Feven) 0 ™ HED0,
7. VERTEX OPERATORS

In this section we realize f; on B in terms of vertex operators. We introduce the
formal generating functions

= Z¢n2n, P(z) = anz%, P (2) = Z¢in22 -

nel nez nez

For x = (x1, 29,3, . ..), set

o0
n
ZExnz, &o(x, 2) = Exgnz &(x, 2) = Ex2nlz
n=1

On the space Q, we define the operators 6, e™ by

0.(0e™) =™, f.em =0em, eV (fem) = —femEV pte gma — plmEDe
Note that e**0 = —f e*e.

Proposition 7.1. [ 2] One has

(6) ¢(2)®”
(7) ¥(2)
(8) ¥*(2)
Lemma 7.2. [T, 2] Let Vi(z) = V2 ® ¢(—2)0*(2) 71, Vi(2) = V2 ® (2)ih(z) DL

Then we have

(9) Vi (z):e_f(t’z)625(5’“[1)96_0‘2_21{0, 17 (Z):eE(LZ)e—?E(@,Z’1)96022Ho.

\/_ 1651(15,2)6—251(51:7271)97
q) 1 5() tz) —2&0(5,5,271)601221107
o~

1 o—6o(t,2) 250(&,271)6—%_2110.
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Due to Lemma [[2, we can write the actions of f; on C[t] ®¢ 2 in terms of a formal

contour integrals

(10) h=VT @ = - i

where for A(z) =3 A,2", we set ¢ A(z)dz=A_;.

Lemma 7.3.

Vi(ze) - Vi(za)Vi(z1) = (—1) “FEA(2) 260D 55 602) 2D 5, €002 D glo(-Diba L y2(- 1) Ho

Proof. By V°(z), we denote “the zero mode” fe(~D"@22(-1)'Ho of V(). Then by using

. 2H, 2H,
the relations fe™ = —e™f, and z]i Opte — z]2 . eio‘zj-c ° we have

¢
Vio(zf) .. .Vi0(22)vio(zl) _ (_1)@ (H 2j— 2) 9le(- (21 . .26)2(—1)1H0'
j=1

On the other hand, by the standard calculus of vertex operators, we have

VGV () = (1- —) Vi ()it (=),

22
where we set V;™(z) = D€t V() = -D71260027)  Then the lemma follows
immediately. 0
For A € P, we denote by Sy(z) the Schur function det(z; Ak l)/d t(z)") with
respect to z = (z1,...,2,). We use the well-known orthogonality relation
1 dzy dz,

—F [ S AR —-- = =106

pewe g B OINC I S
where we denote by T the (-dimensional torus {z = (z;) € C* | |z;| = 1}. Since
Su(2) =S, (7Y =S,u(27, ...,z 1) for 2 € TY, we can rewrite this relation as

7{---fsA(z)su(z—l)(—n‘“@‘”A(Z)Q(zl cez) e = 016
We also utilize the following form of the Cauchy identity:

(12) J 1€(t,25) ZS)\ S)\

AeP

Lemma 7.4. For m > 0, we have
féé)eme—ma _ C;n,e,lsD(EQm—i-l—é) (t) em—i—ée(m—é)a’

where

G =vV=I0 " (1<t <om—1),
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and
fl(e)emema _ ;n,j,OSD(e,Qm—Z) (t) 9m+€€(—m+€)a’

where

Copn = V=1 " (1 <0 < 2m),
Proof. In view of the relation @ - ™ = (—1)"mg™ . @, we have by Lemma

Volze) -+ Volz) 07e™™ = (=1)™(=1)

Using this, we have

HZQ;UA(Z)Qezj §(t,zj)9m+€€(—m+€)a(zl . Z£>_2m'

T
1/ f\ % e(f 1) )2(21 . Zg)_2m_l€zj f(t,Zj)dzl coedzy (_1)€m9m+ée(—m+€)a

T
=V-1 (=1)"Snuams1_e(t) 0" e (=m+0)a
where we carried out the contour integral by using ([[Il) and (). Then combined
with Lemma Bl we have ¢, ,, = \/__1—€+(2€—1)m‘

In a similar way, we have ¢/, ,; = v/~ T We just note that Spom—r0(—t) =
(—1)4@m=0 Soie,2m—e) (1), and detail of the calculation is left for the reader. O

8. PROOF OF THE MAIN THEOREM

Here we show an outline of a proof of the main theorem. First we calculate

o (fi(€)|cm>> =2 Z 0 (\/ia()\)v\)) by Lemma B3

AEIf(m)
(13) = gmézf . Z d(A Q/\[o (t odd)g)\[l (teven) gm+t e(m—i-(—l)ié)a,
AEIf(m)

where ¢, ¢4, is a certain 4-th root of unity.
Secondly we show

m,0,1 V2 EmSD@m 00 (1) ) gt o(m—0)a
m,é,o f ngD(e,2m+1—é) (t) g+t p(m+0a

We have already shown this in Lemma [[4 Therefore all we have to show is the

(14) 20 (Jew)) =

following:

Lemma 8.1.

Cmﬂz - <mé7,

We give an example before proving this lemma.
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Example 8.2. Let m = 4,0 =4 and X\ = (13,10,7,2). Then we have 5(\) =1 from
4-bar abacus of X and (3,4, = 1.
BrsBrofbeBslvac) = V=T g5ty vac)
= Y3¢5019-1/0, 2)
= (=1)°¢s103-1[0, 2).

In the second equation above we have to count carefully the number of ¢’s and 1’s

Jumped by 1¥*’s. The sign appearing in the last equation is 6(\). Therefore we have
Bz BrofrBs|vac) = 5()\)C4,4,1¢5¢1¢3¢—1\0, 2)

and C4,4,1 = Czll,4,1-

Proof. We write |\) = [y, - -+ B, [vac), where A\ > -+ > Ay, > 0. If we neglect the
factor v—1 in @), the set {By,, ..., O} is decomposed into the three parts

{¢i1,--->¢m}, {¢;17"'7w;N*}7 {¢k1a"'7¢ka}>

where 77 > -+ > iy >0 > j; > -+ > jy- and ky > --- > k, > 0. Actually,
I=1{i,....ix} (vesp. J ={j1,...,jn-}) is nothing but t(AM) (resp. *(A®)), and
K ={¢,,...,¢n,} corresponds to A® UX? . We shall rearrange these generators so

that we can compare |A) with its “normal form” such as in Lemma 23 We denote
by a, N and N* the number of ¢’s, ¥’s and 1*’s respectively.

Case 1: ¢ = 1,m = 2n > 0. We start with 3, - - - f\,.|vac). Note that, in this case,
for any ¢, € K, k; is odd. Therefore any 3y, has the factor v/—1 when we identify
it, according to (@), with one of 1, ¢¥*, ¢. We neglect the factor for the moment.

By the anti-commutation relation, we first move ¢5 to the right end of s,

(1) 1By, - By, - B ] [vac)
;'(1’
the sequence of 3’s. Note that (), is located on the (—ji)-th term of the sequence

where (3, corresponds to and the hat symbol indicates that we omit ), from

Bays- -y Pry. from the right. Since the vacuum |vac) can be written as |vac) =
V1o 1hj . |0, jn+), we have oF |[vac) = (1) " Tp_yih_g -ty -1 |0, ),

and therefore we have

‘)\>:ml...ﬁf;j...gm.¢_1¢_2...%\1...¢jm

Here one may think a pair annihilation procedure is occur. By repeating this proce-

0)jN*>‘

dure, we can erase the ¢¥*’s from the sequence 3y, ..., (\,.. Hence by the definition
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of the sign §(\), if we move ¢’s to the left of ¢’s, we have

(15) IA) = SOV 1" by -+ b thiy - - iy | T,
where [J¢) = (=1)7r++Hiv =Ny g ]0,0).

Here we recover the neglected factor v/—1 . Thus we have Cmpn = V-1 ™ which
is equal to ¢/, ,, since m is even.

Case 2: 1 = 1,m = 2n+ 1 > 0. In this case, we always have ¢g = (3 in the right
end of 3’s. We have

IA) = SOV=T" (=) gy - iy thi, -+ iy | ).

The only difference from ([F) is the appearance of (—1)™~¢. This factor is explained
as follows: Firstly, when we erase ¢*’s as in ([[H), the additional sign (—1)"" is in
need, because of the existence of ¢g. Secondly, after we move ¢;(j > 0) to the left
(with the sign change 6())), we have to move ¢q to the left also. This causes the sign
(—1)N. Now (—1)V*¥" is equal to (—1)™~*, because N + N* = (m — ¢) — 2N*. Note
that m — £ = ch(\). Thus we have (1 = =1 (—1)™¢, which is equal to Conp S
m is odd.

Case 3: i = 0,m = 2n + 1 > 0. Consider \ € I§(—m). Remark that |c_,,) has the
end term [y = ¢o. We divide this case into subcases: (a) A has the end term ¢g, (b)

A does not have the end term ¢g. Let us first consider subcase (a). We have
m+1—a *
C—m,Z,O =V -1 (_1)N .

The sign (—1)Y" comes from the exchanges of ¢y and ¢*’s. Let us rewrite this
expression. Now we have the obvious relations N—N* = —m+/{, a+ N+ N* = m+1.
We eliminate N from these equations to get a + 2N* = 2m — ¢ 4+ 1. Then we have
Comeo = \/—_1_m+£, which is equal to ¢’ ;. For subcase (b), we have 1)y instead of
the absence of ¢y. So the same factor (—1)"" occurs when we exchange 1y and *’s.
Then the formula is the same as (a).

Case 4: i = 0,m = 2n > 0. Consider A\ € I§(—m). We divide this case into the
subcases: (¢) A ends with ¢ and (d) A does not contain ¢y nor 1. In the case (c),
remark that ¢ should be exchange with ¢’s to cause (—1)", which is included into
C—m.e,0- By the similar argument of the case 1, 1* can be erased without causing any
sign change. So we have (_,, 0 = \/—_1m+2_a(—1)N. Now since we have a+2N = (42,
and m is odd, we can see (00 = (', ;- The subcase (d) is the most cumbersome
one. By the definition, we include in §()\) the sign (—1)" arising from the exchanges
of the dummy “¢” and v’s. So have to compensate the same factor to get (_,, 00 =
V=1""%(=1)N. Now using a+2N = ¢, we have (0 = \/—_1m_é, which is \/—_1_m_£

as m 1s even. H|
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