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Selberg integrals and Catalan-Pfaffian Hankel
determinants
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In our previous works “Pfaffian decomposition and a Pfaffian analogue of g-Catalan Hankel determinants” (by
M.Ishikawa, H. Tagawa and J. Zeng, J. Combin. Theory Ser. A, 120, 2013, 1263—-1284) we have proposed several
ways to evaluate certain Catalan-Hankel Pffafians and also formulated several conjectures. In this work we propose
a new approach to compute these Catalan-Hankel Pffafians using Selberg’s integral as well as their g-analogues. In
particular, this approach permits us to settle most of the conjectures in our previous paper.

Résumé.

Dans nos travaux précédents “Pfaffian decomposition and a Pfaffian analogue of g-Catalan Hankel determinants” (by
M.Ishikawa, H. Tagawa and J. Zeng, em J. Combin. Theory Ser. A, 120, 2013, 1263-1284) nous avons proposé
plusieurs méthodes pour évaluer certains Catalan—Pffafian déterminants de Hankel et avons aussi formulé plusieurs
conjectures. Dans ce travail nous proposons une nouvelle approche pour calculer ces Catalan-Pffafian determinants
de Hankel en utilisant I’intégrale de Selberg ainsi que leurs g-analogues. En particulier, cette approche nous permet
de confirmer la plus part de nos conjectures précédentes.
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1 Introduction

In [shikawa ef al] (E0I3) the three authors presented several open problems concerning Pfaffian ana-
logue of several Hankel determinants. [shikawa and Konfschand (POT2) partially settled Conjecture 6.2 in
[shikawa ef all (ZOT3) by a computer proof using Zeilberger’s Holonomic Ansatz for Pfaffians. In this
paper we settle most of the conjectures except Conjecture 6.3 in [shikawa ef all (P(0T3). Furthermore we
give another proof of Theorem 3.1 in [shikawa ef all (ZOT3) by reducing it to the k& = 2 case of Askey’s
g-Selberg’s integral formula via de Bruijn’s formula. We believe that our new proof gives a simpler and
essentially insightful method to Pfaffian analogues of several Hankel determinants.

We say a matrix A = (a; ;)i j>1 (or A = (@ ;)1<i j<n) is skew-symmetric if it satisfies a;; = —a; ;
for 7,7 > 1. A skew-symmetric matrix is completely determined by its uppper triangular entries so that
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we identify a skew-symmetric matrix A = (a; ;)i j>1 (tesp. A = (a; ;j)1<i,j<n) With the upper triangular
matrix A = (ai}j)lgi<]‘ (resp. A = (ai,j)1§i<j§n). Let

€y = {(1 S 2”) € Gan
gr 02 -+ O2p
For instance &, has the following 6 permutations: (1,2, 3,4), (1, 3,2,4),(1,4,2,3), (2,3,1,4), (2,4,1, 3),
(2,3,1,4). This implies

O9i_1 < o9; fori = 1,...,77,}

Pf(aij)1§i,j§4 = 012034 — 013024 + 014023

A hyperpfaffian is is a generalization of a Pfaffian, and first defined by Barvinok Barvinol (TU93).
Here we adopt the dedinition by Matsumoto (DOR), which is a special case of the definition
by Barvinok.

Definition 1.1 Let m and n be postive integers, and let B = (B(i1, ... i2m))1<;, . i, <2, be an array
which satisfies B

B(iTl(l)a i71(2)7 s 7i7'm(2m—1)7 i'rm(Qm)) = Sgn(Tl) e SgH(Tm)B(il, cee 7i2m)

forall (t1,...,7m) € (62)™. The hyperpfaffian Pf*™ (B) of B is defined by

m 1
Pt (B) = ] Z sgn(oy -+ om)
D01, 0m ECap,

n

x [[Blo1(2i = 1),01(20), -+, om(2i — 1), 0, (20)).

i=1

Throughout this paper we use the standard notation for g-series (see Bndrews ef all (DO0O0); [Gasper and
Rahmad (PId)):

. T —ad® aq). — (49)
(a7Q)oo _kl;[o(l q )’ ( 7q)n = (aqn§Q)oo

for any integer n. Usually (a;q),, is called the ¢-shifted factorial, and we frequently use the compact
notation:

(a1,a2,...,0r:¢)0c = (a15q) o0 (a2; @)oo - - (Ar; @) oo,

(a1,a2,...,0r;¢)n = (a15;9)n(a2; @)n - - (Ar; Q).

The ,11¢, basic hypergeometric series is defined by

[eS)

ap,az;, ..., 0r41 (ar,a, -, ar11;Q)n

T+1¢T b b 7Q7Z:| = Z b b.: 2"
1y---5Upr (Qa 13"'7TaQ)n

n=0
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2 Minor summation formula of Pfaffians

Let A = (a;;);;>1 be an array. When I = {i,...,4,} is a row index set, J = {j1,...,j,} is a
column idenx set, let A7 = A% % denote the r x rminor of A obtained by choosing the rows in I
and the columns in J. We use the notation [n] = {1,...,n] for a positive integer n. For example, if

A = (ai;); j>1, then we have
ai2 aiz ais
AL24
2,35 — | @22 @23 0azs
Q42 Q43 Q45
Further, if A is a skew-symmetric matrix, then we write Aj for A} in short. For later use we cite the minor
summation formula of Pfaffians here:

Theorem 2.1 ([shikawa and Wakavamd (923, PO0UA)) Let n < N be positive integers and assume n is

symmetric matrix of size N. Then we have

>° Pi(Ar) det(H]") = PE(Q), @2.1)

IC[N]
#I=n

where the skew symmetric matrix Q) is defined by Q = (Q, ;) = HAH T whose entries may be written in
the form

Qij= Y, apudet(Hy]),  (1<ij<n). 2.2)

1<k<I<N

When n is odd, we can immediately derive a similar formula from the case where n is even. Matsumoto
(PO0R) gave the following hyperpfaffian analogue of Theorem 1.
Theorem 2.2 (Maisumoid (POO8)) Let m, n and N be positive integers such that 2n < N. Let H(s) =
(hij(8))1<i<con 1<j<N be 2n x N rectangular matrices for 1 < s < 2m, and let A = (0 j)1<i j<n be
a skew symmetric matrix of size N. Then we have

Z Pf(Ar) ﬁ det (H(s)[f"]) = Pf2ml(Q),

IC[N] s=1
#I1=2n

where the array Q = (Qiy,....ipm )1<in,...,izm <2n iS defined by

m
Qirvccin =, ara [[des(H ()7 ™).

1<k<I<N s=1

We cite the following proposition from [Shikawa and Wakayamg (Y93, PT0d) to compute certain Pfaf-
fians in the following sections.

Proposition 2.3 Let {y, },>1 be any sequence, and let n be a positive integer. Let B = (bi,j)i,j>1 be the
skew-symmetric matrix defined by
Q; ifj=i1+1fori>1,
bij =149 —a; ifi=j+1forj>1, 2.3)
0 otherwise.
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IfI = (i1,...,42,) is an index set such that 1 < i1 < --- < ig,, then

" ; if 1o, = tok— 1 =1,...
Pt (BI) _ {Hk—l Aoy leZk 12k—1 + fork y , 1, 2.4)

0 otherwise.

3 De Bruijn’s formula and Hankel Pfaffians
The g-Jackson integral from O to a is defined by

/ @)= (1— 0y flag")"

n=0

which is absolutely convergent when |g| < 1. More generally, the g-integral on [a, b] is defined by

/abf(x)dqx—/obf(x)dqx/Oaf(x)dqx.

Let w be the measure on an interval [0, a] defined by a given weight function w(z) such that w(d,x) =
w(x)dyz. The moment p.,(q) of the measure w is defined by

pota) = | o dgr).

A sequence of polynomials p,(z) (n = 0,1,...) is called an orthogonal polynomial sequence with
respect to the measure w if it satisfies the following two conditions:

(i) degpn(r) =n,
(i1) fab P (2)pp (2)w(dgx) = KO, holds for any integers m, n > 0, where K, > 0 is a constant.

The following proposition is usually called de Bruijn’s formula:

Proposition 3.1 Letn be a positive integer, and let ¢;(x) and 1;(x) be functions on [0, a] for 1 <i < 2n.
Then

[+ det (6(2;)|3(27)) dgpi(a1) ... dgpa(wn) = PE(Qui)ciscans  GoD)
0<z1<-<zp<a

where .
Qs = [ {0:0)@) = 8500} dop(o) 62)
and (¢;(x;)|1i(z;)) denotes the 2n x 2n matrix whose ith row is
(Di(z1),0i(1), ..., di(xn), Vi(zn))

forl <i < 2n.
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In fact, Proposition Bl is a corollary of the following proposition, which is a hyperpfaffian version of de
Bruijn’s formula.

Proposition 3.2 Let m and n be positive integers. Let ¢, ;(x) and s ;(x) be functions on [0, a] for
1<1<2n,1< s < m. Then we have

[l T det (@us(elbus(nr)) widya)

s=1
= Pf[2m] (Qihm vi2m)1§i1,--- Jiam<2n (33)
where
Qil,"' Jiam / H {¢S i2s— 1 1/}5 225( ) - ¢S,i25 (x)ws’ilsfl(x)} w(dqx) (34)
forl <iq,... 09, < 2n.

Corollary 3.3 Let w(dyx) = w(x)dyx be a measure on [0,al, and let j1; = [ x* w(dyx) be the ith
moment of w. Then we have

pf ((qi_l - qj_l)ui+j+r—2)

1<i<j<2n
1 - r
q /[ | Hm +1 H P — xj)2 H(qxl —2;5)(z; — qxj) w(dgx). (3.5)
0,a]™ 4 1<j i<j

Proof. If one sets ¢;(7) = ¢ 12°~! and ¢;(x) = *T"~! in (B2), then one obtains

1
Qij=(¢""~ CI‘7_1)/ eI 20(dgr) = (671 = 7T it g2
0
On the other hand, if one substitutes ¢; () and );(x) as above in (B, then one also gets

i—1,,i—1,.1—1
det (¢i(@))|9i(zi)1<ican, 1<55n = 908 (47125 1257) |y chn 125

=1 - @1 w) T (i — 25)? [ (g — ) (@i — qzy),

1<j i<j

by using the Vandermonde determinant det(az-*l) = [[;,(a; — a;). Hence one concludes that

Pf( — P Y T,)
e 1<i<j<on
o [ [Tot Tl
0<z1<-<zn<a i<j
x [T (awi = 25) (@i — qzj) w(dgm)

i<j

from (Bl). One sees that (B3) is an easy consequene of this identity.
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If we let ¢ — 1 in Cororally B3, then we obtain the following corollary:

Corollary 3.4 Let )(dx) = ¢'(z)dx be a measure on an interval [0, a, and let p; = [ ©* (dx) denote
the ith moment. Then we have

o 1 .
Pf((] - Z>ui+j+r72)1§i<jg2n = E /[O’a]71 1:[ +1 H - :L‘] dw) (3.6)

1<j
If we set ¢ ;(z) = iz'~! and v ;(z) = **"=~1 in Proposition B2 as in the proof of Cororally B3 then
we obtain the following corollary:

Corollary 3.5 Let y)(dz) = 1/ (x)dx be a measure on an interval [0, a], and let ji; = [, ' ) (dx) denote
the ith moment. Then we have

m

0<i<j<2n—1

/[ WH 2t [ (i — )™ b(da). 3.7)

1<J
4 Selberg-Askey integral formula
In this section we give a scketch of another proof of (Ishikawaefall, DUT3, Theorem 3.1).
Theorem 4.1 For integersn > 1 and r > 0, we have

Pf ((qil _ qul) (aq;Q)i+j+r—2 )
(a’bq ;q)i+j+’l"72 1<4,5<2n

n

q q)2k—1 aq q)2k+r 1

n—1
_ an(n—1)qn(n—l)(4n+1)/3+n(n—1)r H bq q

(4.1)
k1 k1 abq q 2(k+n)+r—3
Let w be the measure on [0, 1] defined by
! - (bg q O f (¢
fx)w(dyx) = q 4.2)
/0 () wldg abq Qoo ZO /(@)
which implies
wiz) = —. (&q,qu;Q)oo (g7:9) ey
1—q (abg® q;q)0c  (b47;q)so
where a = ¢®. The nth moment is given by
1
n (aq; @)n
un:/xwdﬂczi n=0,1,2,...), 4.3)
0 @) = gz ) ¢ )

which is the moment of the Little g-Jacobi polynomials [Gasper and Rahman (H4); [Kaekoek ef all (PIT)

(agq; @)n () q ", abg" !
N . = - —1 n N . 4.4
pn(x,a,b, Q) (abq”+1,q)n( ) q 2 2¢1 aq ; 4,2q ( )
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The g-gamma function is defined on C \ Z( by

_ @69 1 Jima
Fq(a)_(q“;Q)oo(l o

First we obtain

1 o1y (A% @)ijr—2
Pf( qz 1 _ qj 1 ( )
( )(Clbq27 q)i+j+r72 1<i<j<2n

x?
_C/ —ql:cj i—q 3: HJEO""T'H (9235 9) dex
0

A ’L<]l 0 qu“ )oo

abq®,¢;q) o
Conjecture 1), and proved by Habsieger ([UX4, MURR) and Kadell (Kadell, I8, Theorem
2;l = m = 0) independently:

/[01 HtZk R g 2kH yo- 1 (tig; q dqt:qu(g)+2k2(§)5n(x7y;q)7 4.5)

Y-
1<j q

from (B3) where C = q"(n Y { ((aq’.bq;Q)‘” } . The following identity was conjectured by (Askey], [J=0],

where

- x—i— — Dk)Tq(y + (j — DE)Tq(jk + 1
(1) H (= D)Ly + (G = DE)L Gk +1) .6)
N Tty t et R+ 1)
([957) showed that (E3) implies the following variation”
Theorem 4.2 (Habsiegei ([9X12)) (BE3) implies
r— (t’bq7Q)oo
ti—q't)(t; —q ) [ [t A, t
/[o 1n EH) 1:[ (tig¥; @)oo
— plghe ()42 (3) Sn(®,y39) @)

Fqk (n + 1).

If one combines (B3) with this result then one sees that () follows from (EZ2) by using

S, (JJ Y q B n ﬁ Jc+y+(n+] 2)k q.q) (Q'Q)jkfl
I k(n+1) q7 $+J Dk qy+(J 1)k )OO ’

5 Al-Salam and Carlitz 1,11

In this section we use the standard g-exponential functions:

Lj=1

n(n—1)

= 1 qQ 2z =
= = ; Z = (=2 @)oo

A Dn (T50) —
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Al-Salam and Carlitz (I[963); ChiRam ([U78) defined the sequences {US" (y; ¢)}
(a < 0) and {VTS“) (x;q)} of orthogonal polynomials by

pa(;q)eq(ry) ZU(“ viq q)

nn=1)

1 (a)( ( g~ 7 =
@) ZV o P

where
Pa(@;q) = (¥3 @) (a3 @)oc = Eyq(—x) Ey(—ax).

These sequences {Uy(la) (y;q)} and {V,ga)(x; q)} are called the Al-Salam and Carlitz I polynomials and
the Al-Salam and Carlitz II polynomials, respectively. The orthogonality relations of these polynomials
are given by

1 —1
/ U (@3 ) UL (3 0wl (w59) g = (1= q) (=)™ (q; @S 5.1
/ VO (25 ) Vi (25 )l (239) dgr = (1 — @)a™q ™™ (¢ @) B (5.2)

where the weight functions wéa ) (x;q) and wgf ) (z; q) are defined by

(@, .. N _ (973 9) o (%;Q)m

(0 (g3 ) o (L59) ]

_ (@9 (00:9) (£:9)
(z9) (59),

(See BI=Salam and Carlitd (T963); Chihard (T978).) Here (z; q)’,, denotes the product except the term
which equals 0. Note that these Jackson integrals are given by

[ f@ia=0-9 {Z Fa—a Y f(aq")q"} ,
a n=0 n=0
/ Y @)= (- ) fa e

The nth moments of the above measures are given by

1
/ 20 (2; q)dgz = (1 — q) F® (a3 ),

/ 2w (z;q)dgx = (1 - ¢) G@ (a3 q),
1
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where
:Z[n} ok G(a)aq Z{} gkk—n)_
klg
k=0 k=0
Here [m % denotes the g-binomial coefficient. The purpose of this section is to prove

the followmg theorem in which (BE3) and (B4) were stated in ([Shikawa ef all, POT3, Conjecture 6.1).
However, our conjectures in ([shikawa efall, POT3, Conjecture 6.1) had some mistakes in the power of ¢,

and they are corrected in the following theorem.
Theorem 5.1 Let F,,(a; q) and G (a; q) be as above. Then we have

;— ) — n(n— l77/ n— n— =
Pf((ql Y- Fs(a; Q)) = g Hgenin=hln=) H(Q;Q)qu, (5.3)
1<i,j<2n k=1
Pf((éf‘1 — ¢ ) Fija(a; Q))
1<i,j<2n
_ an(n l)an(n 1)(4n+1) H q q k1 Zq(n k)(n—k—1) |:’I7,:| ak:’ (5.4)
=1 k=0 kg2
Pf((éf1 — )Gyl ) =" DB T (g q)op 1, (5.5)
1<4,5<2n k=1
Pf((qzl - qji 'L+] 2 asq >
1<4,j<2n
n n
_ an(nfl)q 2n(n—1)(2n—1) H q; q k1 Z |: :| (5.6)
In this section we prove this theorem. For that purpose we use
Pf((qz ] 1) F(a) (a. Q)> — lqn(n—l)(l _ q)n
=2V cici<on . nl
/ HH = dley) (i — g 'wy) [[ 2l wl? (2 ) dg, 5.7
[a,1]" ;<5 1=0 i=1
) 1
Pf( i— j 1 (a) > _ — n(n-1) 1— )"
(q )Gz-i-]-‘,-'r 2( Q) 1<i<j<2n n'q ( q)
/ H H —qd'xj) (v — g ') H xf+1w€f) (@3 q)dq. (5.8)
Loo)™ 25 1= i=1
which is a consequence of (B3). Here we only need the case where » = —1,0. Next, let 7; denote the

g-shift operator in the ¢th variable, i.e.,

Tif(xr,. . mn) = f(T1, .. Tim1, @4, i1, .o, Tp).
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Let M; denote the Macdonald operator defined by

tr, —
M1 —ZA ’Tl, 1t) Z_H d J,
T
e
which acts on the ring of the symmetric polynomials of n variables © = (z1,. .., x,). Further we set

0 1-7
E — A = v
ke Z . 8 zz 8qxi (1 - Q)zz ’

and we let M, 1 denote the operator obtained by replacing ¢ and ¢ by ¢~ ! and ¢!, respectively, in M. Let

U ;\a) (z; ¢, t) denote the symmetric polynomial in the variables = (z1,. .., x,), which is defined by
AU (@5q,1) = 8NV (@3, 1).
Here .7 denotes the linear operator defined by

A = My — (1+ a)[Eo, My] + a[Eqo, [Eo, Mi]],

and ¢(\) = 32", ¢~*1t~"+i. Define the symmetric polynomials V) (; ¢, t) by

Vi (@;q,t) = U (w571, 47).

Baker and Farresfed (ZO00) proved

n k:'n.(n 1) k2 k(k 1) n
=(1-9)"(-a) q H

(5.9)
i=1
/ Hw (2534
[1,00]"
kn(n—1) 2 n
=(1—qa™ 5 g0 H (5.10)
=1
where
T 11 Godte
1<jl=—k+1
Further they proved the orthogonality relations
/ U\ (., )0 (w30, ) A2 () [[ wi (251 0)dy 2 = 0, (5.11)
[a,1]™ i=1
/ V(a (x;q,t )V(“ (x;q, 1) A% (x H (a) (xi;q) dgxe = 0, (5.12)
[1,00]™ i=1
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when A # p. We can derive (B3) from () and (), and also (E3) from (B) and (E10). But, here we
have no space to state the details. To prove (B4) and (B8), we use the r = 0 case of (B4) and (BX), then

expand the product [[}, #; = e,(x) by the symmetric polynomials U ;\a)(m; q,t) or V/\(a) (z;q,t), and
use the orthogonality relations (B1) or (BT3).

Acknowledgement. We are indebted to an anonymous reviewer of FPSAC’ 14 for providing insightful
comments on the relation of our paper with Sinclanl (PTIT2) in which we may expect nice applications of
our Pfaffian and hyperpfaffian identities.
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