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Introduction

K-k-Schur functions g)(\k)

:symmetric functions parametrized by k-bounded partitions A

Roughly speaking ...  they appear in “type affine A combinatorics”

(A)

partitions P, Schur functions sy, symmetric groups S,,, Grassmannian,

(affine A)
k-bounded partitions Py, k 4+ 1-core partitions Cy, 1, affine symmetric
groups §k+1, affine Grassmannian, k-Schur functions sf\k), K-k-Schur

functions g/(\k),. ..
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Introduction

History
(conjecturally) equivalent definitions of the k-Schur function s\,
« Using tableaux atoms (Lascoux, Lapointe and Morse, 2003)

« Using a certain symmetric function operator (Lapointe and Morse,
2003)

« Using a Pieri-type formula (Lapointe and Morse, 2007)

* shown to be the Schubert basis of the homology of the affine
Grassmannian (Lam, 2008)
* K-theoretic version: K-k-Schur function g/(\k)
% as the Schubert basis of the K-homology of the affine
Grassmannian (Lam, Schilling and Shimozono, 2010)
 Pieri-type formula (Morse, 2012) < we start here

« As a generating function of strong marked tableaux (Lam, Lapointe,
Morse and Shimozono, 2010)
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Introduction

Outline
x Start with the Pieri formula for K-k-Schur functions g/(\k)
x Consider E/gk) = Z g,(f)
HSA
x Prove a Pieri-type formula

~(K)~ -
g h = > g
o
where h, = ho + hy 4 --- + h,.
x Prove a k-rectangle factorization formula

~(k ~(k)~(k
AR

(Ry = (tFH171) = (t,..., 1))
x Main tool: Bruhat orderings of affine symmetric groups
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Background Objects

@ Background Objects
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Preliminaries: Type A

’P:{/\:()\lZ)QZ.._.)’)\,'EZZ(), Zi)\,-<oo}.

its Young diagram

eg. (4,3,1) «—

[ T ] (French notation)

N =Z[h1, ha,...]: the ring of symmectic functions,
where h, = Z Xy « o Xi, -

<<y
Schur function sy (A € P) is characterized by the Pieri rule:

hysy = Z Su forxeP, r>1

1/ X:horizontal strip of size r

(u/A: horizontal strip <= pu1 > A\ > p2 > >...)

Motoki TAKIGIKU (Univ. Tokyo) A Pieri-type formula and a factorization formi February 22, 2018

6 /37



Background Objects

Preliminaries

In the theory of (K-)k-Schur functions,

Underlying objects: P ~ Py(~ Ci11 =~ S 1)
Pieri rule : horizontal strips ~~ weak strips
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Background Objects

Fix k € Zo.
Pi = {k-bounded partitions} := {A € P | \; < k}
Ck+1 = {k + 1-core partitions}
:= {k € P | No hook with length = k 41}
2 1
~ SI
Sk+1 = (50,5155 Sk)/ | SiSi+1Si = Si41SiSi+1
sisj=sjs;i (i —j # 0,+£1)
_ (all indices are mod k + 1)
Sk+1= (51,5 5k) C Sk1.
Siy1 = {affine Grassmannian elements}
:= minimal length representatives of §k+1/5k+1
={w € Skq1 | I(wx) = I(w) + I(x) (Vx € Sk+1)}
= {w € Sk11 | any reduced expression for w ends in sp}.

Theorem

~ ~ o
Pr~Chr1 ~ 52,

February 22, 2018
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Background Objects

Bijection Py ~ Cyyq =~ §,f+1

p:CkJrl—)'Pk;Hi—))\

given by A, = #{j | (i.]) € , hook( (k) < k.
Example. k = 4 (Cs — Pa)

[T ]]
I

“count the cells with hook length < k"

Motoki TAKIGIKU (Univ. Tokyo) A Pieri-type formula and a factorization formi February 22, 2018 9 /37



Background Objects

¢: Pk — Cir1 A= K

Example. k =4 (P3 — C4)

NEE

ol afewl]
ols|nof=

wfo[=]
¢

>

1 for i=1(\),...,1:
2: while there is a cell with hook length > k in i-th row :
3 slide /i-th row to the right
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Background Objects

S5 . SE+1 — Ck+]_

Def. residue of a cell (i,j):=j—1i mod k+1 € Z;1.
Action of s; on Ci11: (exactly one of the following happens)
x if there exist addable corners of residue /, add them all
x if there exist removable corners of residue i/, remove them all

* otherwise, do nothing

Example. k =3

S 53
1] — L ™ [1[2]
= 1]2 ==
2|3 B30 2(3
3[0]1] ol 1] 3 3Jo[1]2]3]
o[12[3[0f1] w~ o[i[2[30[i[2]3 ~— — o[1]2[3[0[1]2[3]

So S3

)
51

Fact This gives a well-defined action of §k+1 on Cky1, and induces a
bijection s : S | — Ckyr1; w = w - 2.
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Background Objects

P — Spoii A = wy
“reading the residues” from the shortest row to the largest, and within

each row from right to left.

Example. k =3 (C4 ~ P3 ~ 55)

[2]
310 «—— 5203210
0[1]2]

A W
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Background Objects

The strong and weak orders

(W,S): a Coxeter group
The (left) weak order < is given by the covering relation

u< v <= l(u)+1=1I(v), su=v (3se€S).
The strong order (Bruhat order) < is given by the covering relation

u<v <= Il(u)+1=1I(v),
U=5s1...5...5q5 (3i)

for 3 reduced expression v = sj ... Sn.

~ We induce <,<; on S'EH(: Cir1 = Pk).
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Background Objects

Example. P3 ~ Cy =~ §jf (¢(A\) and wy, are displayed)

m:l:lj 503210 523210 520310 512310 e Eﬂ 501230

NS %\/\

H:I:D 53210 HH 50310 52310 $1230

\\//

0 210 B o 5230
O s10
Remark. (Facts) N /
3
* wy < w, <= c(A) Cce(p). O s
* XN Cpu=c(\) C c(p). 0‘
e

* wy <pwy, = ACpu.
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Weak strips and (K-)k-Schur functions

@® Weak strips and (K-)k-Schur functions
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Weak strips and (K-)k-Schur functions

Definition (Cyclically decreasing sequence)

A sequence (i, ...,im) in Zy+1 = {0,1,..., k} is cyclically decreasing if

Aa< bst ip=iori;+1 modk+ 1.

i.e. there is no appearance of

csfyeeesfyo.. nOr
o ] oy 10
in(ity...,im)-
v
Definition (Cyclically decreasing element)
For A= {i,...,im} € Zyy1 where (i1,...,im) is cyclically decreasing,
dp = Siy -+ - Sin, (E 5k+1)- |
Example. k=5. A=1{0,1,3,5} C Zs.
~ OA = 51505553 = 51505355 = 51535055 = 53515055-
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Weak Strips and k-Schur functions

Definition (weak strip)
For A\, u € Py, pu/A: a weak strip of size r
i= JAC Zyyqr st |Al=r, wy = dawy > wy,
(<= FAC Zyy1 st |[Al=r, wy, =dawy, I(w,) = 1(da) + I(wy) )

Remark. In fact,
¢(p)/¢(N): horizontal strip

/X a weak strip <
Wy =L Wy

{u//\: horizontal strip
p(c(p))/p(c(N)): vertical strip
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Weak strips and (K-)k-Schur functions

Weak Strips and k-Schur functions

Definition (k-Schur function)
(k)

k-Schur functions sy’ is characterized by sf(ak) =1 and

h,sgk) = Z s,(f). (for X € Py, r < k)

n/\: weak strip of size r

Remark.
{s)(\k)}Aepk is Z-bases of A = Z[hy, ..., h].

(k).
s, ': homogeneous
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Weak strips and (K-)k-Schur functions

Example. k=3 A= Hﬂ] € Ps, C(/\) = ﬁ:l:lj € C4, Wy = Sx3210 € gf

2
13]0
[112[3]0
[1[2[3]0

syd“’%}wx"*.. e.g
I3 .0 {weak strips/w) of size 2}
3 mm = {dl,z WX, d1,3W,\}-
di12ywa &2 SV d133wa \51 ;

3) _ B3 (3)
hasy™ = Sy ya T S

SES)

[NIES)
M=o

ol=lo
w

[0[1]2
[3[0[1] 2

d{l}W/\ \51 53/ d{3}W/\
o
[0]1
[2[3[0]1

WX

ool

Motoki TAKIGIKU (Univ. Tokyo) A Pieri-type formula and a factorization formi February 22, 2018 19 / 37



Weak set-valued strips and K-k-Schur functions

~ ~ if x> s;
For i € Zyi1, let ¢j: Siqp1 — Sky1; di(x) = X (! x> six) :
six  (if x < sjx)

For x = sj, ...s;, (red.exp.), let ¢x = @i, ... i,

Definition (weak set-valued strip)

(/X A): a weak set-valued strip of size r
i <= JAC Zky st ’A’ =1r, wy= (bdA(W)\).

Definition (K-k-Schur function)

K-k-Schur functions g/(\k) is characterized by gé,k) =1 and
k (Il —
hrg,(\ ) _ Z (_1)|A\ (I 'A')g,ﬁk)-

(u/ A, A): weak set-valued strip of size r
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Weak strips and (K-)k-Schur functions

Example. k=3 A= Hﬂ] € Ps, C(/\) = ﬁ:l:lj € C4, Wy = Sx3210 € gf

weak s-v. strips/w) of size 2

2

3 Al=(lul=IA

N E (W, A) (_1)| [=(lul=1A1)
(wy, {0,2}) +1

syd{m’ﬂw)‘."*.‘ (dywy, {0,1}) -1
(dzwa, {2, 3}; -1

2
(dsm, {3.0) >
[O[1]2]3 [3[0[1]2 (d1’2W)\,{1,2}) +1

AN Ne g/ I Ny (hawn {L3}) 41

NES)

[N=lo
M=o

L $
3
it 3rorm 2 B
_ (3)
d1ywa ¥ / dgzpwa \io hogl” z‘:’d{1 A T 8d0aA
(3) (3)

- —2
diyA T “Bdiay

1 +g.
o/ e
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Weak strips and (K-)k-Schur functions

Remark.
{g/(\k)},\epk in Z-bases of AU = Z[hy, ... h].

g/(\k): inhomogeneous, highest degree term = sgk)
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©® Results
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Auxiliary Results (A): On the lattice property on W

For (P,<): poset, a,be€ P,
their meet a A b:=max{c € P | a > ¢ < b} (if max exists),
their join aV b:=min{c € P | a < c > b} (if min exists).

Let W: VCoxeter group, x,y € W.

Fact
x ALy =max<,{z | x>, z <[y} exists.
xViy=ming{z|x<pz> y}existsif {z|x<,z> y}#@.

Remark.
e.g. S3
> S121 -
xANy=max<{z| x>z <y} and s s
xVy=minc{z | x < z>y} do not always exist. R
st s
\ /

e
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Auxiliary Results (A): On the lattice property on W

W: VCoxeter group
x,y € W.
Lemma (T.)

xsALy :=max<{ze W | x>z <, y} exists.
xsViy =minc{ze W |x <z> y} exists.

Sketch: present
X =Sjj.-Siy  Sjay -+ Siay (I1<a<---<a<m)

y = Sjl ......... Sjm

so that t is maximal. Then

XINsy = Sjay ** * Sjas
XSVLY = Si o2 SipSjpeveennn- Sim
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Auxiliary Results (B): On the weak strips

Lemma (T.)

dAUB)\/)\y dAmB)\/)\-’ W.Ss.

da\/ A, dgA/ X ws. —
A / B / w.s {dAmB)\—(dAA)/\(dB)\) under <.

where “w.s.” = weak strip, <: strong order
535251‘)\ {1,2,3}
3" 3"
SS1A S$351A {1,2} {1,3}
\ 3/ \ NIV N

{1}

{3}
BNt %

k = 3. Weak strips over A\ = %] € Ps3, ¢(A) = &ID € C4, Wy = So03210 € 52.
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Main Results (A) a Pieri-type formula

For A€ Py and 1 <r <k, let

g => g, e = ho+ hi+ -+ hy.
P
Let {da, A, da,, ...} be the list of weak strips over X of size r.

Theorem (T.)

W= Y 4

p<da;A (3i)

- ZE( ngAamA AT Z dAamAbmAc
a

a<b a<b<c

(The second equiality is from dgncA = (dgA) A (dc ) and the
Inclusion-Exclusion Principle)
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Example. k = 3.

Table of ggk)h,- = Zu (coeff)glgk)

ho M
%] %] m|
O O D3+B—D
m | m 5334-53—@
8|8 Hs+m-B
BB BEo-o \/ \ /
(N 1 HZED—EED
I \V
CE DO - P o|

> §(3) s =

P 5 HOBC IO RN ORI
& s R
HSH:ED or ugﬁ?ﬂ or p<
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Main Results (B): k-rectangle factorization (1)

k-rectangle: Ry = (t,...,t) € Py for 1 <t <k
—_———
k+1—t

Theorem (Lapointe, Morse)

s,({a»\ = sg:)s/(\k) for VA € Py.

Here,
p U v = the partition obtained by reordering (g1, ..., fhi(u), V1 - - - Vi)

u?

R UA
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Main Results (B): k-rectangle factorization (2)

Similar formula for g)(\k)?
R {g,g:)|g,g:&)\ (in Z[h1, ..., hg]) is proved

but gf('\’l:BJA # g;(?l:)g;\k) in general

Example.
k k .
g g,(?;() -g((r))k ) ) (if t < r),
OO T e (gl ey e+ el) (i e>r)

(3) (©) (3) (3)
gﬁ}j:gm (gHj+gH )

g% =g (gﬁj) +85+ gé;) +8 + g2 + gé:” +g9 + g(;))
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Main Results (B): k-rectangle factorization (3)
Theorem (T.)
Forany A € Py and 1 <t < k,

~(k ~(k)~(k
g8, = 2

Remark. s/(\k) > §/(\k) is not a ring homomorphism.
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Outline of the proof: Pieri

Write simply W = Sy41 and W° = 52 ;. Recall the Pieri rule

k i— v))—I(v k
RO S U (ON G ))g;di(v)‘
ACIL|Al=i
¢dA(v)€W°

Summing over ve {ve W°|v<w}andi=0,1,...,r,

~(k Z Z (_1)|A|_(I(¢dA(V))_I(V))gggl,;j(w)’

v<w ACI,|AI<r
VEW® g, (v)eW®

and its coefficient of gl(,k) (ue W°)is

S (C)AU@I) = 5 ST (L) A-@-i),

vsw Al<r  v<w

veW?e veW?®
ACl|Al<r u=dq,(v)
u=dq,(v)
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Outline of the proof: Pieri (cont.)

..and its coefficient of gl(,k) e We°is

Z (1)Ut Z Z 1)lAI=U)=Iv)

v<w AlI<r v<w

veWwe veWwe
ACIAILr u=¢4,(v)
u:d)dA(V)
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Outline of the proof: Pieri (cont.)

..and its coefficient of gl(,k) e We°is

Z (1)Ut Z Z 1)lAI=U)=Iv)

v<w AlI<r v<w

veWwe vEW®
ACIAILr u=¢4,(v)
U:(z)dA(V)

Z Z 1)lAI=U)=1v)),

|A‘§I‘ VEYAL,
where Yau ={veW°|¢q,(v)=uand v <w}

Step 1. Yy , is isomorphic to boolean lattices. Hence

3 (—1)A-@-10) - {1 if !YA,u_! =1,

herwise.
Ve A 0 otherwise
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Outline of the proof: Pieri

Step 2. |Yau| =1 < dylu=max{z | w >z < u}(= wsAL u).
Hence

Z Z DA0@-1)) — 1 s FA st {\A_\lg r
|A|<rvEYa, dy u=wsAL u.
Step 3. A<
JAst 1 ‘1 "
dyu=wsALu

ICl<r

<= u < dcw for 9C s.t. ]
dcw/w: weak strip
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Outline of the proof: k-rectangle factorization

(Basically similar to the proof of sgja»\ = s,g,f)sf\k))

Define a linear map © : AlK) — A(K) py g(k) — g,(?kL)J/\ (YA € Py).
It suffices to show B )
o(h ") = hoEh).

(since it implies © is A()-hom and

~(k k ~(k k k ~(k)~(k
gh), =0@) =gen) =gYeEl) =g ey’
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Outline of the proof: k-rectangle factorization

Let {da, A, da, A, ...} be the list of weak strips over \ of size r.

From the Pieri rule for g>(\ ),

hg = Zg =38

a<b

Applying © to this, (LHS) of (1) is

(k) (k)
Z BReUda,\ - ERUda,na A T

a<b
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Outline of the proof: k-rectangle factorization

{da, A\, da, A, ...} : the list of weak strips over X of size r.

Fact

(a) {da,+t(Re UX), day+e(Re UN), ...} is the list of weak strips over
R: U\ of size r.

(b) dar:(ReUN) = Ry U (da)).

From the Pieri rule for g)(\k) and Fact(a), (RHS) of (1) is
T ~(k T ~(k
h0(@") = hrgfetﬂu
_ Z dAa+t(Rtu>\) Z d(AaH Jnag o (ReUA) T

From Fact (b), this equals to (LHS) of (1).
L]

Motoki TAKIGIKU (Univ. Tokyo) A Pieri-type formula and a factorization formi February 22, 2018 37 /37



	Background Objects
	Weak strips and (K-)k-Schur functions
	Results

