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Information geometry and geometry of statistical manifolds
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Example (Bernoulli Trial)

Q = {0,1}
x = 1 : success event x = 0 : failure event
] : sccess probability (1 — n : failure probability)

p(z;n) = n*(1 —n)t* the Bernoulli distribution

Suppose that 1 is unknown.
Let us infer the parameter 1 from experiments (traials).

. 298 3
trails: 500, success events: 298 — n = — (= —
500 5]

the maximum likelihood estimation

2 3
trail: 1, success event: 1 —n =1 (We may answer _ (7), 1 (‘7)>



gbobooobobooooo

Example (Bernoulli Trial)

Q = {0,1}
x = 1 : success event x = 0 : failure event
] : sccess probability (1 — n : failure probability)

p(z;n) = n*(1 —n)t* the Bernoulli distribution
Suppose that 1 is unknown.

Let us infer the parameter 1 from experiments (traials).

. 298 3
trails: 500, success events: 298 — n = — (= -
500 5]

the maximum likelihood estimation
2 3
trail: 1, success event: 1 —n =1 (We may answer _ (7), 1 (‘7)>

Bayesian estimations

3
We would like to consider why the ratios — or 1 arise

form the viewpoint of differential geometry.
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1 Geometry for Statistical Models

(12, 3, P) : a probability space
= : an open domain of R" (a parameter space)

p
Definition 1.1

S is a statistical model or a parametric model on (2

&L S s a set of probability densities with parameter & € = such that

S = {p(w;ﬁ) /Qp(:v;ﬁ)dw =1, p(x;§) >0, §€ EC R”}a

‘where P(4) = [, p(ai€)da, (A € B).

Example 1.2 (Normal distributions) & = (u,0) €E = Ri
p: mean (—oo < pu < 00), o: standard deviation (0 < o < o00).

5 = {ptesmne) | o) = Aenp [-2Z2])

—

We assume S is a smooth manifold with local coordinate system ZE.
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-~ N
g = (gi;) is the Fisher information matrix of S

e 0 0
& gij(§) = /QBsilogp(iv;«S)B—Sjlogp(w;ﬁ)p(w;ﬁ)dw
= /azp (8jp€> dr —= Eg[ailgajlg]
. 0 D¢ )

For simplicity, we used following notations:
E¢[f] = / f(x)p(x; &)dex, (the expectation of f(x) w.r.t. p(x;§)),
Q
le = l(x;€) =logp(x;€) (the information of p(x;§)),
0
0; =

ot

\

p
We assume that g is positive definite and g;;(£) is finite for all 1, 3, &.
— We can define a Riemannian metric on S.
(the Fisher metric on S)
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P
g = (gi;) is the Fisher information matrix of S

e 0 0
& gij(§) = /Q867;logp(iv;5)8—£jlogp(w;£)p(w;€)dw
= /azp (8jp€> dr = Eg[ailgajlg]
0 D¢

-

p
Proposition 1.3
The following conditions are equivalent.

(1) g is positive definite.
(2) {O01p¢, - - . , Onpe} are linearly independent.

(3) {O1le, . ..,0ul¢} are linearly independent.
-

def . .
0ip¢ <= mixture representation,

O:
Oile = ( ng) PN exponential representation.
D¢
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For o € R, we define the a-connection V(® by the following formula:

(a) ]_ — X
L&) = Eg¢ || 005l + Tailsajls (Okle)

g(Vy 05, 0) = TS

ijk
We can check that V(@ (Yo € R) is torsion-free and V(¥ is the Levi-
Civita connection of the Fisher metricis. On the other hand,

V1 . the exponential connection
V(D : the mixture connection

Exponential connections and mixture connections are very useful in
geometric theory of statistical inferences.
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For o € R, we define the a-connection V(® by the following formula:

r@ ey — B (0.0 + 2= %8.1.0.1. ) (8.1
k(&) = B¢ || 0:0;l¢ + 5 OileOjle (Orle)
g(Vy 05, 0) = TS

We can check that V(@ (Yo € R) is torsion-free and V(¥ is the Levi-
Civita connection of the Fisher metricis. On the other hand,

V1 . the exponential connection
V(D : the mixture connection

(1) Xg(Y,2) = g(VL'Y,2) +g(Y, Vs 2)
V@ and V(= are called dual (or conjugate) with respect to g
() (0) o
(2) 9(V¥'Y,2) = g(VYY,2) - T(X.Y,2)
T:(X, Y, Z) := E¢[(X1e)(Ye)(Zle)]

the skewness or the cubic form.
(3 (VX9 2) = (Vy9)(X, Z) = oT(X,Y, Z)
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A statistical model S is an exponential family
def

S = {p(x;0) | p(x;0) = exp[C(x) + O'Fi(z) — v(0)]},

n
where 0'F;(x) = Z 9'F;(x) (Einstein’s convention) and
i=1
C,F,,.--,F, : random variables on (2
Y : a function on the parameter space ©®

The coordinate system [0?] is called the natural parameters.

p
Proposition 1.4
For an exponential family,
(1) V) is flat

(2) [0"] is an affine coordinate, i.e., I‘g)k
o

0

Proof:

() 1 — o
Fij,k(e) = Fy Biajlg -+ Tailgajlg (Bklg)
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A statistical model S is an exponential family
def

S = {p(x;0) | p(x;0) = exp[C(x) + O'Fi(z) — v(0)]},

n
where 0'F;(x) = Z 9'F;(x) (Einstein’s convention) and
i=1
C,F,,.--,F, : random variables on (2
Y : a function on the parameter space ©®

The coordinate system [0?] is called the natural parameters.

For simplicity, assume that C' = 0.

p
Definition 1.5
M is a curved exponential family of S

def M 1is a submanifold of S such that
M = {p(x;0(u)) |p(x;0(u)) € Sue U C R"}
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Normal distributions
O=R, n=2, £ =(u,0) € Ri (the upper half plane).
1

g — {p({v;u, o) ‘ p(x; p, o) = Vone P [_(33 7 u)zn

202

The Fisher metirc is

1 /710 . , 1
(9ij) = — S is a space of constant negative curvature —— | .
o 0 2 2

4 N
V1) and V= are flat affine connections. In addition,
m 1 (0H)? 1 ( 0 )
91 —_— — 02 = — 0 = — _l _—
o2’ 20z VO 107 T2 T

1 [ (x — u)
exp |—
V2ro b 202

{6, 0%}: natural parameters. (V()-geodesic coordinate system)

= p(z; p,0) = ] = exp 20" + (x)?0° — ¢ (0)]

m=Ex] = p, m=FE[z’] = 0’4 p’

{n1,n2}: moment parameters. (V(~Y-geodesic coordinate system)
-
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Finite sample space

Q= {xg,x1,°+* ;xpn}, dimS =n

i (1<i<mn)
p(risn) = {1_277:?:1773- (2 =0)

= { {nesmad | >0 (i), Sy <1
(an n-dimensional simplex)

| |
L]
b

The Fisher metirc is

(L
(gij):_ . _I_E ’
UL

\ Tin

n
where g = 1 — an.
j=1

1
(S is a space of constant positive curvature —) .

12
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Finite sample space

Q ={xg,x1,++° ;xn}, dimS =n

i (1<i<mn)
p(risn) = {1_277:?:1773- (2 =0)

= { {nesmad | >0 (i), Sy <1
(an n-dimensional simplex)

| |
L]
b

4 N
{6',...,0"}: natural parameters. (V)-geodesic coordinate system)
where 6' = log "7n = log p( )
1— Zj:l nj p(xo)

{M,:++ ,Mn}: moment parameters. (V(_l)-geodesic coordinate system)
\_ v
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Bernoulli distributions

Q={0,1},n=1,£ =n.

C(x) =0, F(x)==, 6 =Ilog i ,

1—n
¥(0) = —log(1 —n) = log(1+ e

Then we obtain

p(x; &)

n°(1—n)""" = exp [logn®(1 —n)" ]
exp [x6 — (0)] .

This implies that Bernoulli distributions are an exponential family.
The expectation parameter is:

Elz] =1-1+0-(1—n) = n

The Fisher metric is

1
n(1 —mn)

g(n) =
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2 Statistical inference for curved exponential families

S [ an exponential family
M [0 a curved exponential family embedded into S

Tri1,+-+ ,xn : IN independent observations of the random variable x
distributed to p(x;u) € M
Given =% = (x1,--- ,Zn), a function L on U can be defined by

L(u) = p(x1;u) - - p(xn; u)
= p(z";u)
We call L a likelihood function.

We say that a statistic is the maximum likelihood estimator if it maxi-
mizes the likelihood function:

4 = arg max L(u), (L(u) = max L(u))
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Suppose that p(x;0),p(x;0’) € S.

4 N
KL : the Kullback-Leibler divergence
(or the relative entropy) of S
Sl KL is a function on S X S such that
p(9)
KLpO)p(®") = [ 1og” 7 p(6)da.
Q p(0’)
. v
r = i Z x; (the sample mean of %)
N 1
N
. 1 :
ni = Z F;(x;) (the sample mean of the random variable F;.)
j=1
5(6) = Eyllogp(6)] (—(6) is the entropy of p(6))

Then the Kullback-Leibler divergence is given by

KL(p()|p(w) = $() — - log L(u).

The mixmum likelihood estimation 4 is the point in M which minimizes
the divergence from p(7).
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- KL-divergence (statistically) N
the Kullback-Leibler divergence

KLO)|Ip(@) = [ log %pwmw

= /Q (log p(8) — log p(0)) p(6)dz

The Kullback-Leibler divergence mesures the difference of the mean of

informations from log p(0) to log p(6’).
N J

- KL-divergence (geometrically) N

Suppose that M is an exponential family.
$(0) = Epllogp(0)] (—¢(0) is the entropy of p(0))
lg : the tangent hyperplane of ¢ at 0

KL(p(0)|Ip(6")) = 19(0") — ¢(8')

The Kullback-Leibler divergence mesures the difference of the hight
between ly(0’) and ¢(6’).
N

J
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19

The KL-divergence K L(p||q) is
equivalent to the difference be-

tween ¢(0') and ly(6’).

This imples the KL-divergence
is contained in the class of Brag-
man divergences (or canonical

divergences).

p KL-divergence (geometrically)

Suppose that M is an exponential family.
$(0) = Eollogp(6)] (—¢(6) is the entropy of p(6))

lo : the tangent hyperplane of ¢ at 6
KL(p(0)|lp(0)) = 1ls(6") — ¢(6')

The Kullback-Leibler divergence mesures the difference of the hight
between ly(0’) and ¢(6’).
\

J
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3 Bayesian inference of curved exponential families

S : an exponential family

M : a curved exponential family embedded into S

p(x;0(uw)) : the model distribution which generates data
p(u)du : a prior distribution

e.g. p\9 : the Jeffreys prior of M.
def (o) _ (det |gab|)1/2
Ju(det |gap|)/2du

We define the posterior distribution by

Ju (25 u)p(u)du
N : N observations obtained from p(x;0(u)).

We define the Bayesian mixture distribution by

folaN] () = / p(a; ) pf (ulz ) du

U

du g : the Fisher metric of M.

21
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4 N
Let us consider the projection from f,[z"V](xz) to M with respect to the

Kullback-Leibler divergence:

u (f,[2"]) = arg min,cy KL (£,[2]||p(@"; w)).

u ( fp[a}N ]) : the projected Bayesian estimation.
o /
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Example (Bernoulli Trial)

Q = {0,1}
p(z;n) = n°(1 —n)'~°
n : an expectation parameter
0 = log ] a natural parameter
— 7
1
g(n) = the Fisher information with respect to n
n(1—mn)
priors do Jeffreys |dn

a1 1
dn n(1—mn) /o1 —n)

where df@ and dn are uniform priors with respect to 8 and 7,
respectively.

density p(n) w.r.t. dn 1
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a-parallel priors

24

/Recall the Bayes formula:
p(z; u)p(u)
Jup(z; u) p(u)du

The integral is carried out on the parameter space
— A prior distribution can be regarded as a volume element on M.

p(ulz) =

.

/

M : a statistical model
g : the Fisher metric on M
V() : the Levi-Civita connection with respect to g

w?Y : the Jeffreys prior distribution

Proposition 3.1 V(w0 =0

Definition 3.2 o
& is an a-(parallel) prior <= V@®o@ =0

For an exponential family
dO < 1-parallel prior dn < —1-parallel prior
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Example (Bernoulli Trial)

Q = {0,1}, p(z;n) =

n*(1—n)'=®

(] an expectation parameter
0 = log ] a natural parameter
— 7
1
g(n) = the Fisher information with respect to n
n(1 —mn)
priors do Jeflreys dn
density p(n) t. d av ! ! 1
ensity p(n) w.r.t. dn — =
dn  n(l—mn)|/n(1—mn)
Experiment N = 1, success event kK =1
do Jeffreys dn
3 2
the projected Bayes estimator 1 1 2
General case
k k+ > k+1
the projected Bayes estimator — 2
N N +1 N + 2

25
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4 Statistical manifolds and equiaffine structures

(M, g) : a Riemannian manifold

\Y4 : a torsion-free affine connection on M
i.e. TV(X,Y) :=VxY —VyX —[X,Y] = 0

B
Definition 4.1

We call the triplet (M, V, g) a statistical manifold

det Vg is totally symmetric.

- /

p
Definition 4.2
V*: dual (or conjugate) connection of V with respect to g by

Xg(Y, Z) = g(VxY, Z) + g(Y, V% Z).

- J
(1) (V)" =V
(2)Set VO =(V+V*) — VUOg=0

(3) (M, V,g) : statistical manifold <— (M, V*, g) : statistical manifold
(M, V*,g) : the dual statistical manifold
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/Proposition 4.3 |
(M, g) : Riemannian manifold with the Levi-Civita connection V(°
C : totally symmetric (0, 3)-tensor field
1
9(VxY, 2) := g(VY'Y, 2) - _C(X,Y, 2),
1
9(VXY, 2) = g(VY'Y, Z) + _C(X.Y, 2),
—> (1) V and V* are torsion-free dual affine connections.
(2) Vg and V*g are totally symmetric.
o %

p
Proposition 4.4
If we assume two conditions from the followings, then the others hold.

(1) V is torsion-free.

(2) V* is torsion-free.

(3) C = Vg is totally symmetric.

\(4) V() = (V + V*)/2 is the Levi-Civita connection with respect to g. )
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/Proposition 4.3
C : totally symmetric (0, 3)-tensor field
1
g(VXY? Z) = g(vg?)Ya Z) o EC(Xa Y, Z)a

1
9(VXY, 2) = g(VY'Y, Z) + _C(X.Y, 2),

(2) Vg and V*g are totally symmetric.

-

(M,g) : Riemannian manifold with the Levi-Civita connection v

—> (1) V and V* are torsion-free dual affine connections.

p
Definition 4.1 (Kurose)

We call the triplet (M, V, g) a statistical manifold

get Vg is totally symmetric.

-

p
Definition 4.5 (Lauritzen)
(M,g) : a Riemannian manifold

C : a totally symmetric (0, 3)-tensor field
We call the triplet (M, g, C) a statistical manifold.

.
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Parametric statistical model

(12,3, P) : a probability space
= : an open domain of R" (a parameter space)

B
S is a statistical model or a parametric model on (2

&L S s a set of probability densities with parameter & € = such that

S = {p(fv;é) Lp(w;é)dw =1L,p(x;§) > 0,§ € EC R”}a

‘where P(4) = [, p(ai€)da, (A € B).

/g = (gi;) is the Fisher information matrix of S )
def 0 0
<~ gi;(§) = / —logp(x; &)~ log p(z; §)p(x; §)dx (= E¢[0il:0;l¢])
o 0§ g
- J

~

p
We assume that g is positive definite and g;;(§) is finite for all ¢, 3, &.

—> We can define a Riemannian metric on S. (the Fisher metric)
- /
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4 N
For a € R, the a-connection V(® on S

def «
Fig,i(@ = [(33 le + 5 3l53 ls) (3kls)]
g(V5)9;,8,) = T'O)
\ )

We can check that V(@ (Ya € R) is torsion-free and V() is the Levi-Civita
connection of the Fisher metrics. On the other hand,

V1) . the exponential connection
VD : the mixture connection

(1) Xg(Y.2) = g(VX'Y,2) +g(Y, V™ 2)

V(@ and V=% are called dual (or conjugate) with respect to g
(2) 9(VYY,2) = 9(VYY, 2) - T T(X.Y, 2)

T:(X,Y, Z) := E¢[(X1l¢) (Y1) (Zle)] : skewness, or cubic form.
(3 (VX9)(Y, 2) = (Vy9)(X, Z) = aT(X,Y, Z)
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p
(M,g) : a Riemannian manifold

V(©® . the Levi-Civita connection with respect to g

C : a totally symmetric (0, 3)-tensor field on M
For fixed o € R, an a-connection is defined by

(V'Y 2) == g(VRY, 2) - TC(X,Y, 2)

.

(1) V@, v are mutullay dual torsion-free affine connections
Xg(Y, Z) = g(VLY, Z) + g(Y, V5 2).

2) a€R = (V§9)(V,2)=0aC(X,Y,2Z)
(3) (M,V),g) is a statistical manifold.

/Deﬁnition 4.6
(M, V,g) :,a statistical manifold,
T : the Tchebychev form, and 7T : the Tchebychev vector field

def T(X) . — traceg{(Y, Z) — C(X, Y, Z)}a

g(#Ta X) = T'(X)
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M : an n-dimensional manifold
V : a torsion-free affine connection on M
w : a volume element of M,

33

p
Definition 4.7 {V,w} is (locally) equiaffine structure on M.

g Vw =20

V is called a (locally) equiaffine connection[]
w is called a parallel volume element.

-

/Proposition 4.8

(M,V,g) : a statistical manifold

T : the Tchebychev form
\Then V 1s an equiaffine connection <— dI =0

V(@) is equiaffine

—> dTI' = 0 — there exists a function ¢ on M such that T = do¢.

Hence g(*T,X) = X ¢

The Tchebychev vector field is a gradient vector field of some function

¢ on M.
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/Proposition 4.9
(M,g,C) : a statitical manifold
V@), V(=) . affine connectoins determined by g, C
T =d¢ : the Tchebychev form on (M,g,C)
Then
{V(©®),w} is an equiaffine structure
= {V(% e 2%y} is an equiaffine structure.

-

" Theorem 4.10
@ [0 the maximum likelihood estimator (MLE)

g U the Fisher metric with respect to MLE
C' 0 the skewness tensor with respect to MLE

u(f@[xN]) : the projected Bayesian estimator with a-paralell propr

~ l—o . 1
c( £(a)[,.IN ~ C ~ab »cd
p— = Ca —
u(fV27]) = 4 + o Cavad”d +0(N>

AC_I_ ]. - a#TC_I_ 1
= U o|—
2N N
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5 Divergences for non-integrable systems

5.1 Dually flat spaces

(M,g) : a Riemannian manifold
\Y4 : a torsion-free affine connection on M

p
We call the triplet (M, V, g) a statistical manifold

det Vg is totally symmetric.

o /
- N
V*: dual (or conjugate) connection of V with respect to g by

Xg(Y, Z) = g(VxY, Z) + g(Y, V% Z).

. v

V is flat <= V* is flat.

{(M, g, V,V*) : dually flat space 4% V., V* are flat affine connections.}
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p
An affine connection V is flat
—> there exists a local coordinate system on M such that

I‘Z."’EO.

We call such a coordinate system an affine coordinate system.
o

/Proposition 5.1
(M,g,V,V*) : dually flat space
{6*} : V-affine coordinate system
—> there exits an V*-affine coordinate system {n;} such that

o O :
g ( 9 ) — 53
00" On;
\

{n;} : the dual coordinate system with respect to {6'}.
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p
Proposition 5.2
(M,g,V,V*) : a dually flat space
0{6'} : a V-affine coordinate system

{n;} : the dual coordinate system of {H’L}
—> there exists functions 1, » on M such that

o 8y
o0 " om

In addition, the following formulas hold

A i 0%
00190’ - om0,

gij

where
(gij) : the component matrix of a Riemannian metric g,

\ (") : the inverse matrix of (g;;)

0, v(p)+ ¢(p) — Z 0" (p)n;(p) = 0.

1 is the O-potential function, and ¢ is the n-potential function.
We say that the relation (1) the Legendre transformation.
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" Definition 5.3
p: M X M — R: (canonical) divergence on (M,g,V,V*)

def

p(pllq) := ¥(p) + &(q) — ZHi(p)ni(q), (p,qg € M).

- /
4 N

Proposition 5.4
The definition of p is independent of choice of affine coordinate sys-
_tem on M.

/

Example 5.5 (Euclidean space)

R™ : Euclidean space

(, ) : the standard inner product

D : the standard flat affine connection.

— (M, {, ),D,D) is a dually flat space,

p(pllq) = %d(p, q)°.



0
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N

KL-divergence
the Kullback-Leibler divergence

KL(p(0)||p(6')) = / log

p(0)
p(0’)

40

p(0)dx

— / (log p(8) — log p(8')) p(8)da

Suppose that S is an exponential family and p(0),p(0’) € S.

n

KLE®)|p©) = | (Z 0'Fy(x) —(0) — 30" Fi(2) + 9(0)

=1

= (0) —¢(0)+ > Omi—) 6"n
1=1 1=1

() + () — > 0"n;
=1

p(p(6')||p(0))

) p(0)dx
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(M,V,h) : a simply connected flat statistical manifold.
(= (M,h,V,V*) is a dually flat space.)

82
—> ) : a function on M (potential function) such that 89i§9j = Gij
— f: M — R""': an immersion ({f,£} a graph immersion)
91 6! 0
.f . Hsn = H’n 9 £ — O
1 (0) 1
v: M — R,1: the conormal map of {f, &},
oY
U = (_7719---7_77719 1) Th — 807'

From ¢(q) = > ni;(q)0*(q) — ¥ (q), we define the geometric divergence by

p(p,q) = (v(q), f(r) — f(a)) |
= — ) ni(@)0'(p) + ¥(p) + > _ni(q)0'(q) — ¢(q)

= (p) + ¢(q) — > _mi(9)0'(p) = p°(p,q)

The geometric divergence coincides with the canonical divergence.
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(M,V,h) : a simply connected flat statistical manifold.
(= (M,h,V,V*) is a dually flat space.)

42

—> d : a function on M (potential function) such that 82:§9j = 0ij
— f: M — R""': an immersion ({f,£} a graph immersion)
o1 0! 0
fole)lel g |» €=1,
7T\ 1
- ~

v: M — R, is the conormal map of {f, &}

(v(p),&p) = 1,
L <v(p)7f*Xp> =0

def

/We define a function on M X M by
p(p,q) = (v(q), f(p) — f(q))

p is called the geometric divergence on M.

-
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ooy

S [ an exponential family
M [ a curved exponential family embedded into S, U C M
Given (x1,--+ ,xn), the likelihood function L is defined by

L(u) = p(esu) - planiu) = 11 p(wisu)

4 N
@ : the maximum likelihood estimator <% 4 = arg max L(u)
ue
oottt oogtddoootdddd
0 0
——log L(u) =0, ... log L(u) =0
\ B g L(u) ’ -y g L(u) )

hi = %Zm(w» (F;,00000), ¢(6) = Egllogp(6))

KL(p()|p(w) = $(7) — ~log L(u)

0000 @:00000 <= d(KLy)(Xy,) =0 ("X, € T,M)
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5.2 Divergences for non-integrable systems

w:T(TM) — R"™: a R""'-valued 1-form
£: M — R a R""'-valued function

44

/Deﬁnition 5.6
{w, &} is called an affine distribution

det For an arbitrary point p € M,
(1) R"™' = Image w, ® R{¢,}
(2) Image (dw), C Image w,
-
Xw(Y) = w(VxY)+ h(X,Y)E,
X¢ = —w(SX) + 17(X)E.
w : non-degenerate &L h non-degenerate

”; : equiaffine {dzef) =20
{w,€} : eq

Remark 5.7 Image (dw), C Image w, <= h: symmetric.
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SLD Fisher metrics

Herm(d) : the set of all Hermitian matrices of degree d.
S : a space of quantum states

S ={P € Herm(d) | P > 0, traceP = 1}

TpS = A, N Ay = {X € Herm(d) | traceX = 0}
We denote by X the corresponding vector field of X.
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~

For P € §, X € A,, define wp(f) (€ Herm(d)) and £ by
1 _ __
X = E(PwP(X) -+ wp(X)P), f = —Id

Then {w, &} is an equiaffine distribuion.
( wp(X) is the symmetric logarithmic derivative of X !)
o

The induced quantities are given by

hp(f(/, 17) = %trace (P(wp(f)wp(f}) + wp(?)wp(f))) .

~ — ~ 1 ~ ~
VY = hp(X,Y)P — _(Xwp(Y) +wp(Y)X).
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W . nonde enerate. e uiafﬁne
{ 9 6} g 9 q
4
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v: M — R, is the conormal map of {w, £}

<’U(p)a£p> = 1,
(v(p),w(Xp)) =0

def

We define a function on I'(TM) X M by
p(X, q) = (v(q), w(X)).

p is called the geometric pre-divergence on M.
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Information geometry Differential geometry
7] natural paprameters V-affine coordinates
exponential arc V-geodesic
N mixture paprameters V*-affine coordinates
expectation parameters
g or h | Fisher metric Riemannian metric
affine fundamental form
T or C |skewness cubic form
Y cumulant generating function | affine hypersurface
free energy
0 entropy dual map
Legendre transformation dual transformation
D, p, .- | Kullback-Leibler divergence |geometric divergence
relative entropy affine support function
p,w, -+ |prior distribution volume form
T, - bias-correction Tchebychev vector

47
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Final remarks I

Jobbobootdddboboobdobotdoobbobbodth

e Geometry for dually flat spaces
— AdaBoost, U-Boost, ...

— Modern information theory (LDPC codes, etc. )
— Linear programming problems

e Bayesian statistics
— prior distribution <= volume form

e Infinite dimensional case (Orlicz space geometry)
— affine immersion into an functional space

e Quantum version of information geometry
— statistical manifold admitting torsion

e |00 0O0O0OUOOODO0O0OOUOODODOUOOODOOUUO OO
— kernel method





