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Abstract

We define local cohomology on a diagram of schemes, and discuss
basic properties of it. In particular, we prove the independence the-
orem and the flat base change for local cohomology on diagrams of
schemes. We also introduce the notion of G-localness of a G-scheme.
It is an equivariant analogue of localness of a scheme. As an appli-
cation, we prove that Cohen—Macaulay property is inherited by the
affine geometric quotient under the action of a linearly reductive group
scheme over a field. This generalizes the special case (that the ring
in question contains a field) of the theorem of Hochster and Eagon
on the Cohen—Macaulay property of an invariant subring under the
action of a finite group.

1. Introduction

Let S be a scheme, G a flat S-group scheme, and X a G-scheme (i.e.,
an S-scheme on which G acts). In [18], a G-linearization of an invert-
ible sheaf on X is defined. As quasi-coherent sheaves are important in
studying a scheme, G-linearized quasi-coherent sheaves are important in
studying a scheme with a group action. If S, G, and X = Spec A are all
affine, then the category Lin(G, X) of G-linearized quasi-coherent sheaves
on X is equivalent to the category of (G, A)-modules, see [8]. In partic-
ular, if S = Speck = X with k a field, then Lin(G, X) is equivalent to



the category of G-modules. However, the definition of a G-linearization
in [18] is complicated, and probably it is difficult to study the homolog-
ical algebra of Lin(G,X) only from the definition. In [9], the diagram
BY(X) of schemes is defined, and the category of quasi-coherent sheaves
Qch(G, X) = Qch(BY (X)) is studied. Note that Lin(G, X) and Qch(G, X)
are equivalent. The category Qch(X) of quasi-coherent sheaves on X is em-
bedded in the category of Ox-modules Mod(X), and this embedding gives
some flexibility to the homological algebra of Qch(X). Similarly, Qch(G, X)
is embedded in Mod(G, X) := Mod(BY (X)), and the homological algebra
of Qch(G, X) is considered in Mod(G, X). Note that BY(X) is a diagram
of schemes of the form
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where a : G xg X — X is the action, u : G Xxg G — G is the product, and p,
and po3 are appropriate projections. Thus the study of sheaves on diagrams
of schemes is important to study Lin(G, X).

Local cohomology is a powerful tool in commutative ring theory. Espe-
cially, the local cohomology H! on a local ring (A, m) is very important.
However, when we consider a group action, “local phenomena” sometimes
occur on non-affine schemes, see Example 8.19. Thus, to construct a the-
ory of equivariant local cohomology, it seems that we need to discuss local
cohomology on diagrams of not necessarily affine schemes.

The objective of this paper is to give foundations of local cohomology on
diagrams of schemes, and give an application to invariant theory. We also
introduce the notion of G-localness of a G-scheme.

The local cohomology is a derived functor of the local section functor I'y;
for a pair of open subdiagrams of schemes U and V' of a diagram of schemes
X, such that U D V. As in the usual single schemes case, ',y depends only
on U\ V. However, it is interesting to point out that U \ V' may not be a
subdiagram of schemes. Moreover, not all families of locally closed subsets
(Z;) of X; can be expressed as Z; = U; \ V; for a pair of open subdiagrams U
and V such that U D V.

As unbounded homological algebra is getting more and more important,
we discuss unbounded derived functor of I';;y,. We introduce the notion of
K-flabby property over a diagram of schemes.



Section 2 is preliminaries. Problems of commutativity of diagrams is
inevitable in studying sheaves over diagrams of schemes. In section 3, we
prove some basic commutativity of diagrams. We also prove that for a locally
quasi-coherent sheaf over a locally noetherian diagram of schemes, the local
section functor can be expressed in terms of some inductive limit of hom
functors. In section 4, we discuss local cohomology. We discuss K-flabby
property. In section 5, we slightly modify and discuss Kempf’s quasi-flabby
property. In section 6, we state and prove the flat base change. In the theory
of local cohomology for the usual single schemes, the flat base change and the
independence theorem (see Corollary 4.17) are important. We generalize and
prove these theorems. In section 7, we consider the group action. We consider
the local cohomology with a group action, the equivariant local cohomology.
This is realized as a cohomology on the diagram of schemes BY (X). We
prove that the local section functor I';;, is compatible with the G-invariance
functor. In section 8, we define an equivariant version of a local scheme, a G-
local G-scheme (Definition 8.13), give some examples, and prove some basic
properties. It seems that this notion has some importance in invariant theory,
since if G is a (strongly) geometrically reductive k-group scheme (see for the
definition, (8.22)), A a G-algebra, and p € Spec AY, then A, := A® 4¢ ApG is
G-local (Proposition 8.27).

In section 9, applying equivariant local cohomology on a G-local G-
scheme, we prove

Theorem 9.5 Let k be a field, G a linearly reductive k-group scheme, and
X a Cohen—Macaulay noetherian G-scheme. Let m : X — Y be a geometric
quotient under the action of G in the sense of [18]. Assume that 7 is an
affine morphism. Then 'Y is noetherian and Cohen—Macaulay.

As we will show, this is a generalization of the special case (that the ring
in question contains a field) of the theorem of Hochster and Eagon on the
Cohen-Macaulay property of the invariant subrings under the action of finite
groups [11, Proposition 13].

The author is grateful to Professor Melvin Hochster for kindly communi-
cating Theorem 9.10 and Corollary 9.11 to the first named author.

2. Preliminaries

(2.1) We use the notation, terminology, and results from [9] freely (how-
ever, see (2.11)).



(2.2) Let f:Y — X be a ringed continuous functor between ringed sites
as defined in [9, (2.3), (2.4), (2.19)]. As in [9], let PM(X) and Mod(X)
respectively denote the category of presheaves and sheaves of Ox-modules.
Let f& : O(X) — Q(Y) denote the canonical pull-back, and f;f : O(Y) —
O(X) denote its left adjoint, where @ denotes either PM or Mod.

For b, ¢ € Mod(Y), Anoq : fEUb® ) — [ ® fil°dc is the composite
of the following, see [9, (1.40), (2.19), (2.20), (2.52)]:

f(b® c) = afygqa(qb &P qc) sTere, afuqa(qagb ®F gage)

2 afyqalqaf® fyab &F qaf? frae) S afpqalafFafyab © aftafyac)
2 aftqa(fFgafyab @ fFqafpge) “ afFqaf* (gafyab & gafyqe)
% afpaftalgafyad & qafyac) © afyf*galaafpad @ qafpqe)

= aqa(qafyqb @ qafyqe) = alqafyqb @ qafyqe) = fb® fyc.
See for the notation, [9, section 2]. Tt is easy to see that this composite map

agrees with

ApMm

w1
fa(b®c) = afgqa(gb @ qc) — afu(qb & gc) —
a(fuab @ fuqe) " a(qafuqb @ qafyqe) = fub® fyc,
see [9, Lemma 2.34].

2.3 Lemma. Let the notation be as above. If Apyy @ fu(gb®P qc) — fuqb®P
fuqc is an isomorphism, then so is Ayoa : f(b®c¢) — fob® fuc.

Proof. Follows immediately by the discussion above and [9, Lemma 2.18]. [

(2.4) The map I'(z, Apym), the map Apy at the section at x € X, is given
as follows. It is the map

[z, fa(b®Pc)) =1i

—

F(LE, OX) ®F(y,(9y) (F(ya b) ®F(y,0y) F(y7 C))
— I'(z, fb @ fyc) =
(h_H)l F(.CE, Ox) Ar(y,0y) F(y’7 b)) Ar(z,0x) (hl)n F(.CE, Ox) Qr(y”,0y) F(y//’ C))

given by a ® (F® ) — (a® () ® (1 ® 7v), where the colimits are taken
over y,y',y" € (I7)°P, respectively. This description is obtained from the
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definition of A [9, (1.40)] and the explicit descriptions of u, m, and ¢ in [9,
(2.20), (2.50)]. If the category (I)°P (cf. [9, (2.6)]) is filtered, then mapping
(a®B)®(a/®7) to ad’ @ (®7), the inverse of I'(x, Apy) is given explicitly.
Thus we have:

2.5 Lemma. Assume that (IJ)°P is filtered for every v € X. Then Apy :

fu(b®Pc) — fub®P fuc is an isomorphism for b,c € PM(Y). Hence Apjoq :

fa(t @) — fub @ fuc is an isomorphism for V', ¢ € Mod(Y).
(I

Note also that C': f#Oy — Ox is also an isomorphism, if (IJ)°P is filtered

for every x € X.

(2.6) For b,c € Mod(X), the evaluation map ev : [b,c] ® b — ¢ is the
composite

b, c] ® b= a(q[b, c] R qc) N a([gb, qc] @ qc) =% age S ¢,
where [b, c| denotes Hom, (b, ¢) and so on.

(2.7) Let the notation be as in (2.2). Assume that for any x € X, the
category (IJ)°P is filtered. Then by Lemma 2.5, Apy and Apgeq are isomor-
phisms. Thus P : fg[b,c] — [fub, fuc] is defined for b, ¢ € Mod(Y), see 9,
(1.50)]. It is the composite

Fulb,c = afualb,d = aqafsqlb,c] % alqafuqd, qafuald, d &F qafuqh)
. lagafpab, alqafyalb, d &7 qafyab)] “ [afpab, algafypalb, ] @ qafypqb)]
LS faf b, al faalbsc] & frab)] 2= [afab, afylalb,c] ® gb)]

“ lafgab, afpqalglh,c © gb)] > [afpab, afyqa(gh, qc] @ gb)]

= [afuqb, afpqaqc] = [afeqb, afuqc] = [fub, fac]

by [9, (2.48)] and (2.2). It is straightforward to check that this composite
map agrees with

(1) fulb,d = afpalb,d 5 afylad,qd &
]3

alf4qb, faqc] — lafugb, afpqc] = [f4b, fyuc].



(2.8) Let X be as in (2.7). By the definition of P ([9, (1.50)]) and the
explicit descriptions of tr, A, and ev in [9, (2.42)], (2.4), and [9, (2.41)], Ppum
is described as follows. It is the map

L(a, folbd]) =

—

['(z, Ox) Or(y,0y) HomOY/y (b’yv C|y)
— Homo,, (f40)ls, (f20)ls) = T(x, [f4b, fuc])
which sends f ® ¢ to the map which sends ' ® a to 30’ ® ¢(«a) for 3 €

I'(z,0x), ¢ : bl, — ¢|y, ' € I'(«/,O0x), and a € I'(y/, b) for some commuta-
tive diagram

o — fy Y
l lfp lﬁ
$*>f’y Y,

where the colimit is taken over y € (IJ)°P.
Thus we get

2.9 Lemma. Let j: U — X be an open immersion of ringed spaces. Then
P j*[b,c] — [j*b, j*c| is an isomorphism for b,c € Q(X) for © = PM, Mod.

Proof. First consider the case that © = PM. Then for V C U, I'(V, P) :
I'(V, j*[b,c]) — T'(V, [5*b, j*c]) is the identity map of Home,, (b|y, c|v). Thus
it is an isomorphism.

Now consider the case that QO = Mod. Then Pyioq is the composite

. . 7 . P . . p - .
7[b, ] = aj*q(b, ] = aj*[gb, qc) = a[j*qb, j*qc] = [aj*qb, aj*qc]

as described in (2.7). Note that H is an isomorphism by definition [9,
Lemma 2.38]. Ppy is an isomorphism, as we have just seen. P is also
an isomorphism, since j*qc is a sheaf, see [9, (2.39)]. Thus Pyq is also an
isomorphism. O

2.10 Proposition. Let f : X — Y be a morphism of schemes and b,c €
Mod(Y). If one of the following conditions hold, then P : f*[b,c] — [f*b, f*(]
18 an isomorphism:

1 f is locally an open immersion. That is, there is an open covering (Uy) of
X such that f|y, is an open immersion for every .

2 f is flat and b is coherent.



Proof. We prove 1. By [9, Lemma 1.54], we may assume that f is an open
immersion, and this case is Lemma 2.9.

We prove 2. By [9, Lemma 1.54] and Lemma 2.9, we may assume that
both X and Y are affine. So there is a presentation of the form Oy — Oy —
b — 0. By the five lemma, we may assume that b = Oy, and this case is
easy. 0

(2.11) Let I be a small category. For a category C, the functor category
Func(/°P,C) is denoted by P(I,C). We denote the category of schemes by
Sch. An object of P(I,Sch) is called an I°P-diagram of schemes. Although
in [9], whose notation we mainly use, diagrams of schemes are denoted by
Xe, Ye, Z4 and so on, we write X, Y, Z and so on for simplicity of notation.
Similarly, morphisms in P(1,Sch) are denoted by fs, ge, he and so on in [9],
but we use f, g, h and so on for simplicity.

Let X € P(I,Sch). Fori € I, X(i) is denoted by X;. For ¢ € Mor([I),
X (¢) is denoted by X,. For a property of schemes PP, we say that X satisfies
P if X; satisfies P for every ¢ € I. Let Q be a property of morphisms. We
say that X has Q arrows if X, satisfies Q for each ¢ € Mor(/). Let S be a
scheme and consider the case X € P(I,Sch/S). We say that X is Q over S
if the structure morphism X; — S satisfies Q for each 7. Let f : X — Y be a
morphism in P(/,Sch). We say that f is Q if f; is Q for each i. We say that
f is cartesian if the commutative diagram Y, f; = f; X, is a cartesian square
for each (¢ : i — j) € Mor([).

For a subcategory J of I, the restriction of X, to J was written X,|; in
[9]. In this paper, X, is written X as mentioned before, and X|; is written
X for simplicity of notation. Similarly, for a morphism f of P(7,Sch), the
restriction of f to J is denoted by f; rather than f|,.

(2.12) Let X € P({,Sch). Asin [9], we denote the category of Ox-modules
by Mod(X). Let M € Mod(X). The restriction of M to X; is denoted by
M, for i € I. We say that M is locally quasi-coherent (resp. locally coher-
ent) if M; is quasi-coherent (resp. coherent) for each i € I. We say that
M is quasi-coherent (resp. coherent) if M is locally quasi-coherent (resp.
locally coherent) and equivariant [9, (4.14)]. We denote the full subcate-
gory of Mod(X) consisting of equivariant (resp. locally quasi-coherent, lo-
cally coherent, quasi-coherent, coherent) sheaves by EM(X) (resp. Lqc(X),
Leh(X), Qch(X), Coh(X)). The derived categories such as D(Mod (X)),

quC(X)(Mod(X)), and Dgch(x)(ch(X)) are denoted by D(X), Df .(X),



and D¢, (Lqe(X)), respectively for short.

2.13 Lemma. Let f : X — Y be a morphism in P(I,Sch), and b,c €
Mod(Y). If one of the following holds, then

P f*Homy, (b,c) — Hom, (f*b, f*c)
s an isomorphism.
1 f s locally an open immersion and b is equivariant.
2 f is flat and b is coherent.

Proof. By [9, Lemma 1.59], the diagram

(Dif* 0o ] ——— [ (?)ilb, ] —— frlbi i)

) |
[0,0~]

(Dl f70, fre] = [(2)if *b, (D) f*e] == [fF ()i, f7(?)ic]

is commutative for every ¢ € I, where |, | denotes the Hom sheaf. As b is
assumed to be equivariant in both cases, the horizontal arrows are isomor-
phisms by [9, Lemma 7.22] and [9, Lemma 6.33]. By Proposition 2.10, the
right-most vertical P is an isomorphism. Thus, the left most P is also an
isomorphism. As ¢ is arbitrary, we are done. O

A morphism of schemes is said to be concentrated if it is quasi-compact
and quasi-separated. A scheme X is said to be concentrated if the unique
morphism X — SpecZ is concentrated.

2.14 Lemma. Let
x Ly
ool
Xty

be a cartesian square in P(I,Sch), and M € Mod(Y”). If one of the following
hold, then 0 : f*g.M — h.(f')*M is an isomorphism.

1 f is locally an open immersion.

2 g is concentrated, f is flat, and M € Lqc(Y”).



Proof. Using [9, Lemma 1.22] twice, it is easy to see that the diagram

F(90) ()i ——= fr(Digs ——= (V)i f* 9.

) i

(R (f)(2)i = (Ra)« ()i f1)" = ()b ()"

is commutative. As the horizontal arrows are isomorphisms, we may assume
that the all diagrams of schemes are single schemes.

We prove 1. The case that f is an open immersion is proved in the first
paragraph of the proof of [9, Lemma 7.12]. The general case follows from |9,
Lemma 1.23]. 2 is nothing but [9, Lemma 7.12]. O

3. Local section functor for diagrams

(3.1) Let X be an [°P-diagram of schemes. As in [9], the category of
presheaves and sheaves of abelian groups are denoted by PA(X) and AB(X),
respectively. Let U be an open subdiagram of schemes of X, and V be an
open subdiagram of schemes of U. Let f : U — X be the inclusion, and
g : V. — U the inclusion.

For M € Mod(X) or M € AB(X), we denote the kernel of the unit of
adjunction

u: fof M — fig.g" fTM

by Ly;yy M. We denote the canonical inclusion 'y, M — f.f*M by @
Note that the formation of I';y is compatible with the forgetful functor
Mod(X) — AB(X).

If U = X, there is an exact sequence

0— EX,VM 4 M = 9+9" M,
where ¢/ is the composite
Dy M5 (idy).(idx) "M 25 M,

3.2 Lemma. [y : Mod(X) — Mod(X) is a left exact functor.



Proof. Let 0 — L — M — N be an exact sequence in Mod(X). Since f*
and ¢g* are exact and f, and g, are left exact, the diagram

0 0 0

0 4>£U,V L—— [, f*L—— f.g.g" [*L

has exact rows, and the second and the third columns are exact. Hence the
first column is exact, and the assertion follows. O

(3.3) Let X, U, V, f, and g be as in (3.1). Let J be a subcategory of I.
Let M € Mod(X). Then we have a commutative diagram with exact rows

0— EULVJ My —— (fJ)*ijJ — (fJ)*(gJ)*g:;f;MJ

lc_w J{c_lc_199

0— (EU,V M)J —— (f*f*M)J — (f*g*g*f*M)J,

where ¢710 is the composite isomorphism

L300 5 () f S (Vafef,

see [9, Example 5.6, 2], [9, Lemma 6.25], and [9, Lemma 1.24]. Similarly,
¢ te7100 is the composite

0

(£)e(92)-035(D)s 2 (£2)4(9.0)3 (7)o" =
(FDe(92)e(ag" 15 (f)e(D)00:9" S (7)1 fu0.9"
Thus we get a unique natural map
= TA/U,V,J : EULVJ (?>J - (?)J EU,V

such that (4 = ¢710:. Note that 4 is an isomorphism by the five lemma.
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3.4 Lemma. Let the notation be as above, and K a subcategory of J. Then
the composite

leggXﬁ(<?

)k = Lo vie (D (g = (s Loy v, (7).

. -

- (N, (?)s Tyy — (Mx Lyy
IS W VK-

Proof. Consider the diagram

lzlhg,tﬁ<(?

)k ——— ()i ———

Cc

)k, (?

IZLH(,VQ(<?
¥
(7>K,J EUJ,VJ <?)

,:Y

(a)

)7 —= (fr)« S5 ("

(b)

Jé

(c)

[

)k, (7)s
(e)
(N r.s(f)f5(7)

c 1o

7

c 16

c o

(?)K,J(?)JEU,V —(7

(d)

L

)Jf*f*

i (7
071

() fuf ~—

1

(7

)k Loy

The commutativity of (a) and (d) is trivial. The commutativity of (b) and
(c) is by the definition of 4. The commutativity of (e) follows from [9,
Lemma 1.4] and [9, Lemma 1.22]. So the whole diagram is commutative,

and the assertion follows from the definition of 4. [
(3.5) Let
(2) v L Ly

J{hv (a) J{hu (b) \Lh

¢

be a commutative diagram in P(I,Sch) such that the horizontal arrows are
inclusion maps of open subdiagrams.
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By [9, Lemma 1.24], we have a commutative diagram with exact rows

lce lcc@H

0——=he Ly — = b fU( ) =" o flgL9) ()",

where cf is the composite

Fofhe B flho)o(F)" S ho (ST

and ccff is the composite

J49:9" [ he 2 f*g*g*(hU)*(f,)* % f*g*(hV>*(g,)*(f/>*
= fulhu)«gi(g) (f)" = huflg(d) (f)".
So a unique natural map

Y =Avvu v Lyy he — h Ly
such that ¢y = ¢t is induced. In particular, considering the case that X’ = X
and h is the identity,
¥ =y Lyy — Lyoys
is defined.

3.6 Lemma. Assume that (a) and (b) in the diagram (2) are cartesian.
Then Yy v v.n 15 an isomorphism.

Proof. By the five lemma, it suffices to show that cf and ccff in (3) are
isomorphisms. This is an immediate consequence of Lemma 2.14. O

3.7 Lemma. Let

" g” " f” "
Vi—U"—>X

o, e, b

g

V/ 7 5 U/ s X/
ihv th lh
VA N

12



be a commutative diagram in P(I,Sch) such that the horizontal maps are
inclusions of open subdiagrams. Then the composite

Doy (hk)e 5 Tyy hke 5 ha Doy b 2 Bk Ty < (hk)y Dy o
equals 7.
Proof. Consider the diagram

Loy (k). " fof* (b} ——

c (a) c

Lyy huke — > f, f*h,k,

e A
7 () ch
heke Loy ——= hok. fU(f)°
c ! (d) o1

(). Loy —= (hh). ()"~

The commutativity of (a) and (d) is trivial. The commutativity of (b) and
(c) is by the definition of 4. The commutativity of (e) follows from [9,
Lemma 1.4] and [9, Lemma 1.22]. So the whole diagram is commutative,
and the assertion follows from the definition of 7. O

3.8 Lemma. Let (2) be as in (3.5) and J a subcategory of I. Then the
diagram

EUJ,VJ(?)Jh* % (?)J EU,V h. —W> (?)Jh* EU’,V/

lc |

Loyv, (hy)a(?) s (hy)s Ly vi(?)s e (h)u(2)s Loy

18 commutative.

13



Proof. Consider the diagram

ﬁEUJ,VJ (?)Jh* % <?)J£U7V h. — (?)Jh* EU’,V’ TN
. (a) lb (b) L
(£ 5Dt — e () fuf e ——S— () fU ')
¢ (c) ¢ (d) c (e) c
(F)eF3(R)e(2)g == (h)(F5)(£)7(2)0 2 (h) (D) FU )
L () TL (8) L

STy, () () —— (B L vy (7). — (7)o (2) Doy ~—

By the definition of 4, (a) and (g) are commutative. By the definition of 7,
(b) and (f) are commutative. The commutativity of (c) and (e) is trivial.
The commutativity of (d) follows from [9, Lemma 1.4] and [9, Lemma 1.22].
Since ¢ is a monomorphism, the assertion follows. O

3.9 Lemma. Let (2) be as in (3.5). Assume that X = X' and h = id.
If U\ Vi = U\ V] for any i € I, then yuvuv : Lyy — Ly is an
1somorphism.

Proof. In view of Lemma 3.8, we may assume that X is a single scheme.
Let M € AB(X) or M € Mod(X). For any open set W C X, we have a
commutative diagram with exact rows

OHF(VV;EU,VM) *L>P(W M U7M) i>F(VV N V;M)

0—>F(W,£U/7V/M)#>F(WﬂU/,./\/l)&r(WﬂV/,M)
By assumption, U =V UU and V' =V NU’. So
0—-T(WNUM)-TWNV, M) ST (WNUM)—-T(WnNV' M)

is exact. So 7 is bijective, as can be seen easily. O]
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(3.10) Let X € P(I,Sch). Let Y be a cartesian closed subdiagram of
schemes of X. That is, Y is a subdiagram of schemes such that the inclusion
Y — X is a cartesian closed immersion. Let Z be a cartesian closed subdi-
agram of schemes of Y. Then letting U; = X; \ Z;, U = U(Z) is a cartesian
open subdiagram of schemes of X, and letting V; = X; \Y;, V = U(Y) is
a cartesian open subdiagram of schemes of U. Thus L'y, := L'y 2 py) 18
defined.
If Z is empty, L'y is denoted by I'y. There is an exact sequence

0—TIy 51d% gg,

where g : U(Y) — X is the inclusion.
For a subcategory J of I, U(Y),; = U(Y;) and U(Z); = U(Z,). Thus the
isomorphism

Yy 7.0 = 'S/U(Z),U(Y),J 3£yJ;ZJ<?)J - (?)JEY;Z

is defined, see (3.3). We denote Jy..; by Jy.;.

(3.11) Let the notation be as above, and h : X’ — X a morphism in
P(I,Sch). Then Y’ := h~'(Y) is a cartesian closed subdiagram of X’
and Z' := h™1(Z) is a cartesian closed subdiagram of Y’. Thus 7y.z) =
;YU(Z),U(Y),U(Z/),U(Y’)JL is deﬁned, see (35) We denote '7Y;@;h by ’_}/y;h. By
Lemma 3.6, we immediately have

3.12 Lemma. Let the notation be as above. Then 7y.z., is an isomorphism.

(3.13) Let X € P(I,Sch). A collection Z = (Z;);er is called a locally
closed system of X if there exist some open subdiagram of schemes U of X
and an open subdiagram of schemes V' of U such that Z; = U; \ V;. Such a
pair (U,V) is called a UV-pair of Z. If Z is a locally closed system of X,
then Z; is a locally closed subset of X; for any i. If ((Uy,Vy)) is a family
of UV-pairs of Z, then (|JU,,|JV)) is also a UV-pair of Z. So if Z is a
locally closed system of X, there is a largest UV-pair (U(Z),V(Z)) of Z.
We define L', := L'z (7 for a locally closed system Z of X. If (U, V) is
a UV-pair of Z, then 5 : I, — L',y is an isomorphism by Lemma 3.9. If Z
is a cartesian closed subdiagram of schemes of X, then Z can be viewed as
a locally closed system of X, and I', is defined. This definition of I', agrees
with that defined in (3.10), and there is no confliction.
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(3.14) Let the commutative diagram (2) be as in (3.5). Assume that h is
flat. Then there is a commutative diagram with exact rows

0——=h"Lyy ——Nh*f.f* ——=h*f.g.9" f*
ld@ ldd@&
0 ——=Lor v " —= fL(f')h* —— flg.(g) (f')h7,
where df is the composite
WL b SR
and ddf@ is the composite

W fg:9" * = fihira.9"f* = figihvg" f
d w7 % px d * * 7 %
= f10.(d) hi 7 = fig.(g) (f) R
So thelre is a unique natural map 0 = gU,V,U’,V’,h :h*Lyy — Lyrys h* such
that 10 = db.

3.15 Lemma. Assume that the squares (a) and (b) in (2) are cartesian, and
h is flat. Let M € Mod(X). If one of the following conditions holds, then
0:h Ly M — Loy B M s an isomorphism.

1 A is locally an open immersion.

2 f and g are quasi-compact and M s locally quasi-coherent.

Proof. In both cases, 0 : h*f. — fLh}, and 0 : hj;g. — ¢.h} are isomorphisms
by Lemma 2.14. The assertion follows from the five lemma. O

(3.16) Let the notation be as in (3.11). Assume that h is flat. Then
we define 6Y;Z;h = 5U(Z),U(Y),h—1(U(Z)),h—l(U(Y)),h- By Lemma 315, if h is
locally an open immersion, or X is locally noetherian and M is locally quasi-
coherent, then dy .z, is an isomorphism.

3.17 Lemma. Let the notation be as in Lemma 3.7. Assume that h and k

are flat. Then the composite

(hk)* Ty o kB Ly 5 K ooy B Dy K05 Ty (h)*

18 0.
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Proof. Consider the diagram

(hk)* EU,V — (hk)*f*f* T\

d-! () d-!
Kh* Tyyy — = ke f, f*
5 (b) g (e)
K Lyoyo B —— k= fL(f')*h* d6
5 (c) do
Loy KB s f(f7) kR
d (d) d

EU“,V”(hk)* — fi/(f”)*(hk)* -~

The commutativity of (a) and (d) is trivial. The commutativity of (b) and (c)
is by the definition of 6. The commutativity of (e) follows from the opposite
assertion of [9, Lemma 1.4] and [9, Lemma 1.23]. So the whole diagram is
commutative, and the assertion follows from the definition of é. n

3.18 Lemma. Let the notation be as in Lemma 3.8. Assume that h is flat.
Then the diagram

W5 (75 Loy —> 15Ty, v, ()0 =2 Loy vy 15(?).

] )

(M) Ly S (M) Loy b L>EU",,VJ’(?)JFL*

15 commutative.
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Proof. Consider the diagram
——15(2)s Ly == 5 Ly, (1) —— Loy vy (1) ——
L (a) ¢ (b) .
Wy () s fef " <L RS (F)< F5(2) 0 — 2 (F)(f5) R (),
6 (o) 6 (d) 0 (e) 0
(D) B fuf 2 ()2 fL )R <2 () f5)(2)
L ) Tﬂ (8) L
N (N Dy~ (2) 5 Dy < Ty 4y (7)<

By the definition of 4, (a) and (g) are commutative. By the definition of 4,
(b) and (f) are commutative. The commutativity of (c) and (e) is trivial.
The commutativity of (d) follows from [9, Lemma 1.22] and [9, Lemma 1.23].
Since ¢ is a monomorphism, the assertion follows. O

3.19 Lemma. Let

Ve gx7 Us: fxr X
ki, ki V
Vi Uy Tz A
A
hU h
o v —2 v—1 X
) e e
V. 9z 7 fz
z A A

be a commutative diagram in P(I,Sch). Assume that f, fz, fx', [z, 9, 92
gx:, and gz are inclusions of open subdiagrams. Assume that h and h are

flat. Then the diagram
Wk, v, ~<——h* Tyy ke —25 Ty y, Bk
| 3
K.h* Ty, v, K, Ly v, 2 Ly v, K"

18 commutative.
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Proof. Consider the diagram

Wk Ly, < W Tyy ke —25Ty v, W'k —

L (a) iL (b) ¢
W k(f2)fy <= R fuf b — = (fx)fxh R
0 (c) 0 (d) 0 (e) 0
KB (F2)efy =2 K. (f ) fh* < (fx)u ik
L () Tt (8) ¢

\H k;]jl* EUZ:VZ HS k; EUZ/’VZ’ FL* # EUX“VX/ k; ]_7/* &J

By the definition of 7, (a) and (g) are commutative. By the definition of 4,
(b) and (f) are commutative. The commutativity of (c) and (e) is trivial.
The commutativity of (d) follows from [9, Lemma 1.22] and [9, Lemma 1.23].
Since ¢ is a monomorphism, the assertion follows. O

(3.20) Let X € P(I,Sch). Assume that X has flat arrows. Let Y be a
cartesian closed subdiagram of schemes of X (that is, a closed subdiagram
such that the inclusion j : Y < X is cartesian) so that the defining ideal Z
of Y is quasi-coherent. Set U := X \ Y. Then U is an open subdiagram of
schemes of X. Note that f: U — X is also cartesian.

As the sequence

I®0XI®@X'--®(9XI—>Ox—>Ox/In—>O

is exact, Ox /Z™ is coherent for n > 1, since coherent sheaves are closed under
tensor products and cokernels. Applying (7); to the exact sequence, we have
For M € Mod(X), there is a canonical monomorphism

Oy : @@oX(OX/InaM) — M
induced by the obvious maps
®, : Homy  (Ox /1", M) — Hom,, (Ox, M) = M.
The composite

(4) Hom,, (Ox/T", M) 25 M % f.f* M
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factors through
. f* Hotme, (Ox /T", M) = f, Homo, (*(Ox/T"), f*M).
As f*(Ox/I™) =0, (4) is zero, and the monomorphism
Py - li_r)nHo_mOX(OX/I",M) — Ly M

such that //py = ®y is induced.
By [9, Lemma 1.47], the diagram

(7)Homg, (Ox/T",7) 22> (7),

b

is commutative. Hence

(5) (?):lim Hom,, (Ox /T",7) -~ (7), T
lim(7);Hom,,  (Ox/T",?) vk

|

lim Home,, (Ox,/Z7",?)(?): - Ty, (7),;

is also commutative.

3.21 Lemma. Let X € P(I,Sch) be locally noetherian with flat arrows, and
Y its cartesian closed subdiagram. If M € Lqc(X), then

py :limHomy (Ox/I", M) — Ly M
18 an isomorphism.

Proof. Since Ox /Z" is coherent, H in (5) is an isomorphism by [9, Lemma 6.33].
Thus we may assume that X is a single scheme. This case is a special case
of [6, Theorem 2.8]. O
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4. Local cohomology for diagrams

(4.1) Let the notation be as in (3.1). For a complex M of Mod(X), the
right derived functor R'L';, M is denoted by H Z’V(M), and we call it the
1th local cohomology sheaf of M.

For a cartesian closed subdiagram Y of X and a cartesian closed subdi-
agram Z of Y, R'I'y., M is denoted by Hi.,(M). Hj.p(M) is denoted by
HY ().

(4.2) Let F € K(Mod(X)). We say that F is K-flabby if for any i € I, F;
is K-flabby in the sense of [21]. By [9, Lemma 8.17|, a weakly K-injective
complex is K-flabby. By [9, Proposition 8.2], a K-flabby complex is K-limp.
A single sheaf M € Mod(X) is said to be flabby, if it is K-flabby as a
complex. By [21, Proposition 5.13], M is flabby if and only if M; is a flabby
sheaf on the topological space X; in the usual sense.

4.3 Proposition. Let the notation be as in (3.1). Let1 be a K-flabby complex
in Mod(X). Then I is [y, -acyclic.

Proof. Let ¢ : I — J be a K-injective resolution, which exists, since Mod(X)
is Grothendieck, see [3]. Note that J is K-flabby. So replacing I by the
mapping cone of ¢, we may assume that I is exact, and we need to prove that
Ly (I) is exact. It suffices to prove that for any i € I, (7); Ly (I) = Ly, v, (1)
is exact. So we may assume that X is a single scheme. To verify that L'y (I)
is exact, it suffices to show that I'(W,L';y,(I)) is exact for any open subset
W of X. Applying the functor I'(W, ?) to the exact sequence

0— EU,V - A = fe9:9" 17,

we get an exact sequence

0—T(W,?) oLy, - TUNW,?) =TV NW,?).
Letting Z := (U \ V) NW, I'(W,?) L is isomorphic to Home, (Ozcx, 7).
By [21, Proposition 5.21}, I'(W, Ly 1/(I)) = Homg,, (Ozcx, ) is exact. This
is what we wanted to prove. O

(4.4) Let (X,0Ox) be a ringed space, and F € K(Mod(X)). Then F is
K-flabby if and only if F is K-flabby as a complex of sheaves of abelian
groups. To verify this, it suffices to show that if F is a K-injective complex
in Mod(X), then F is K-flabby as a complex of sheaves of abelian groups.
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Let G be a bounded above exact complex of sheaves of abelian groups, and
assume that each term of G is a direct sum of sheaves of the form Zy-x for
some locally closed subset Z of X. Since G is Z-flat, G’ = Ox ®7; G is again
exact. Thus

Homy (G, F) = Homg,, (G, F)

is exact by the K-injectivity of F. So F is K-flabby as a complex of sheaves
of abelian groups.

Similarly, a complex of Ox-modules on a ringed site (X, Ox) is K-limp if
and only if it is K-limp as a complex of sheaves of abelian groups.

4.5 Lemma ([21, Proposition 5.15]). Let f : X — Y be a continuous
map between topological spaces. If F is a K-flabby complex of sheaves of
abelian groups, then so is f,F.

Similarly, If f : Y — X is an admissible continuous functor (see [9, (2.8)])
between sites, and F is a K-limp complex of sheaves of abelian groups on X,
then f#TF is also K-limp, see [9, Lemma 3.31].

4.6 Lemma. Let X be a topological space, U an open subset of X, and F
a K-flabby (resp. K-limp) complex of abelian groups. Then F|y is again
K-flabby (resp. K-limp).

Proof. Let ¢ : F — I be a K-injective resolution. Let i : U — X be the
inclusion. As i* has an exact left adjoint ', i*I is K-injective. Since i* is
exact, "¢ : *F — ¢*1 is a K-injective resolution. Let J be the mapping
cone of . It suffices to show that for any locally closed subset Z (resp. open
subset V) of U, I'z(U,i*]) (resp. I'(V,i*])) is exact. This is trivial, since
Iz(U,*]) 2 Tz(X,]) (vesp. I'(V,¢*]) = T'(V,J)). O

4.7 Lemma. Let X be a topological space, U, V., W, W' open subsets of X
such that V-C U and W' C W. Set Z := W\ W'. Let F be a flabby sheaf of

abelian groups on X. Then the canonical map
Lzq0 (X, F) = Tzav (X, F)

18 surjective.

Proof. Let a € T'zqy (X, F) = Ker('(W NV, F) — I'(W' NV, F)). Then
there is a unique section & € I'(W' N U) U (W N V), F) such that the
restriction of & to W NV is «, and the restriction of & to W/ N U is zero.
Since F' is flabby, & is extended to an element 3 of I'(W N U, F). Then
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BeKer(I(WNU,F) - T(W'NU,F)) =Tzw(X, F), and the restriction of
B to W NV is a. This shows that the canonical map

FZOU(Xa F) - FZOV(Xa F)

is surjective. O

4.8 Lemma (cf. [6, Lemma 1.6]). Let the notation be as in (3.1). Let I
be a K-flabby complex in Mod(X). Then L'y 1 is again K-flabby.

Proof. We may assume that X is a single scheme.

Let W/ C W C X be open subsets, and Z := W \ W’. As in the proof of
Proposition 4.3, it is easy to check that I'z(X,?) o I';; is isomorphic to the
kernel of the map

LUNW,?)=T(VnW,?)eT(UNW,?).
Since this map factors through the injective map
(VAW uUnWH), ) -=TVnW,?)eT(UNW'7),

['z(X, 7)ol is isomorphic to I'p(X, ?), where E is the locally closed subset
NN (VnIV)uUnW))=U\V)n(W\W.

First we consider the case that I is strictly injective (i.e., K-injective with
each term injective). Then

(6) 0_)£U,V]IL> f*f*ﬂﬁf*g*g*f*]l—)()

is exact, since each term of I is flabby. By Lemma 4.5 and Lemma 4.6,
fof T and f.g.g* f*1 are K-flabby. So the (—1)-shift of the mapping cone of
u: fuof'T — figeg™ f*I is a K-flabby resolution of I';;1 . So to verify that
Iy Tis K-flabby, it suffices to show that (6) remains exact after applying
I'z(X,?) for any locally closed subset Z of X. Applying I'z(X,?) to (6), we
get a sequence

(7) 0— FE(X, ]I) — FUOZ(Xa ]I) — Fsz(X, ]I) — O,

which is exact by Lemma 4.7, as can be seen easily, where E = (U\ V)N Z.
Thus the case that I is strictly injective is done.

Next consider the general case. Let ¢ : I — J be a strictly injective
resolution, which exists, as Mod(X) is Grothendieck, see [3]. Since [y J
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is K-flabby, it suffices to show that for any locally closed subset Z of X,
Lz(X,Lyy D) — I'z(X,Lyy J) is a quasi-isomorphism. So letting K the
mapping cone of ¢, it suffices to show that I';(X, [y, K) is exact. But this
is trivial, since I'z(X, [ K) = I'p(X,K), and K is K-flabby exact, where
E=U\V)nZ. O

4.9 Lemma. Let X be a topological space, and F a complex of sheaves of
abelian groups. If F is K-limp and each term of F is flabby, then F is K-

flabby.

Proof. Let ¢ : F — I be a strictly injective resolution. Note that I is K-limp,
and each term of I is flabby. So replacing F by the mapping cone of ¢, we
may assume that [ is exact, and we are to prove that I'z (X, F) is exact for
any locally closed subset Z of X. Let V. C U C X be open subsets of X such
that U \ V = Z. Since each term of F is flabby,

0—-IzX,F)—-T'(UF) - TI(V,F)—0
is a short exact sequence of complexes. Since F is K-limp exact, I'(U, F) and

['(V,F) are exact. Hence I'z(X,F) is also exact. O

4.10 Lemma. Let the notation be as in (3.1). Then there is a triangle of
the form
REU,V — Rf.f" — RfRg.g" " — REU,V[1]~

Proof. Let I be a K-limp complex with each term of I flabby. Then there is
a short exact sequence of complexes

0— £U7V]I = ST = feg:g” [T — 0.

The lemma follows immediately. O

4.11 Corollary. Let the notation be as in (3.1). If f and g are quasi-
compact, then RLyy(Drge(X)) C Dree(X). If f and g are quasi-compact
cartesian and X has flat arrows, then Ry (Dqen(X)) C Doen(X).

Proof. This follows from Lemma 4.10, [9, Lemma 8.5], [9, Lemma 8.7], and
9, Lemma 8.20]. O

4.12 Lemma. Let the notation be as in (3.1). Assume that f : U — X and
gV — U are quasi-compact. If X is quasi-compact and I is finite, then
RTyy @ Drge(X) — Drge(X) is way-out in both directions.
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Proof. Obvious by [9, Lemma 8.5] and Lemma 4.10. O

4.13 Lemma. Let J be a subcategory of I. Then the canonical functor
¢:R(Ly, v, (7)) = RLy, v, (7)s is an isomorphism.

Proof. This is because if I is a strictly injective complex of Mod(X), then I,
is K-flabby. 0

By the lemma, we have an isomorphism

—1

¢ RA ¢
REUJ,VJ(?)J I R(EUJ,VJ(?)J) o R((?)JEU,V) - (?)JREU,Va

which we denote simply by 4.

4.14 Lemma. Let the notation be as in (3.5). Then the canonical map
¢: R(Lyy he) — RLyy Rh, is an isomorphism.

Proof. Let 1 be a K-injective complex of Ox/,-modules. Then h,I is K-flabby
by Lemma 4.5. So h.I is I'; ~acyclic by Proposition 4.3, and the assertion
follows. [

(4.15) By the lemma, the canonical map

RLyy Rh. LR R(Lyy hy) - R(hy Ly y) - Rh.RLyy,

which we denote by 7, is defined.

4.16 Lemma. Let the notation be as in (3.5). Then the canonical map
¢: R(hiLypyr) — RhoRLyy0 is an isomorphism.
Proof. If T is a strictly injective complex of Oxs-modules, then L'y T is

K-flabby by Lemma 4.8. The lemma follows immediately. O]

4.17 Corollary (Independence Theorem, cf. [2, (4.2.1)]). Let the no-
tation be as in (3.5), and assume that (a) and (b) in the diagram (2) are
cartestan. Then 7 : REUy Rh, — Rh*REU,y, 18 an isomorphism.

Proof. Follows immediately by the lemma and Lemma 3.6. O]
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(4.18) Let the notation be as in (3.1). Let W C V be an open subdiagram
of schemes, and h : W < V the inclusion. Let I be a complex in Mod(X).
Assume that each term of [; is flabby for any ¢ € I. Then the diagram

0

0 0 Lywl

\L d=le

0—Lyyl——ffT—— fig.g" fT—0

\L’Y id u

0 4>£U,W]I — Jo 71 — Jegxhh*g* f* 1 ——0

0 0

is commutative with exact rows and columns, where d~'cs is the composite

2 % C x d71 * Pk

Lyw = (f9)(f9)" = fug:(f9)" — figg™[".

Utilizing the snake lemma, it is easy to see that the sequence

0—Lyy I - Lywl lE\/,W]I —0
is exact. Thus we have a triangle

7 7 J
RIyy = RLyw — RLyyw — RLy (1],
where § is induced by
Ly w—— Cone(Ly uR Lyw) ~—Lyy[l],

where ~ means a quasi-isomorphism.

5. Quasi-flabby sheaves

(5.1) The following definition is due to Kempf [16], although we make a
slight modification here.
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5.2 Definition. Let X be a topological space. A presheaf M of abelian
groups on X is said to be quasi-flabby if the restriction map I'(U, M) —
['(V, M) is surjective for any quasi-compact open subsets U and V' such that
UDV.

Note that a flabby sheaf is quasi-flabby. For the sake of completeness, we
list Kempf’s results for this modified definition.

5.3 Lemma ([16]). Let X be a topological space such that the intersection
of two quasi-compact open subsets is again quasi-compact. Let

0—=L->M-—-=N—=0

be a short exact sequence of sheaves of abelian groups. If L s quasi-flabby
and U 1is a quasi-compact open subset of X, then the sequence

0—-TUL) - T(UM)—-T(UN)—0

15 exact.
5.4 Corollary. Let X be as in the lemma. Let
0—>L->M-—->N—=0
be a short exact sequence of sheaves of abelian groups. If L and M are
quasi-flabby, then so is N.

5.5 Corollary. Let X be as in the lemma. If L is quasi-flabby and U is a
quasi-compact open subset, then H'(U, L) = 0 for i > 0.

5.6 Lemma. Let f : X — Y be a continuous map of topological spaces.
Assume that Y has an open basis consisting of quasi-compact open subsets,
and f~Y(U) is quasi-compact if U is a quasi-compact open subset of Y. As-
sume moreover that Y has an open covering (Uy) such that for any A\ and
quasi-compact open subsets V., V' of f=1(Uy), VNV’ is again quasi-compact.
Then for a short exact sequence

0—-L->M-—->N—=0
of sheaves of abelian groups on X with L quasi-flabby, the sequence
0— fL— fM— fN—0

18 exact.
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Proof. Tt suffices to show that (f|s-1u))«M| 10y = (flr-100) N f-10y)
is surjective for each A. Since L|;-1(y,) is quasi-flabby for each A, we may
assume that for any two quasi-compact open subsets V, V' of X, VNV’ is
quasi-compact, replacing f : X — Y by fly-1@w, : [ (Ux) — U,

Since there is an open basis of Y consisting of quasi-compact open sub-
sets, it suffices to show that I'(U, f.M) — T(U, f.N) is surjective for any
quasi-compact open subset U of Y. Since f~1(U) is quasi-compact, this is
Lemma 5.3. O

5.7 Corollary. Let f : X — Y be as in the lemma. Then if L is a quasi-
flabby sheaf of abelian groups on X, then R'f.L =0 fori > 0.

Proof. The question is local on Y, and we may assume that for any two
quasi-compact open subsets V', V' of X, VNV is again quasi-compact. Take
a short exact sequence of the form

0-L—->T5L -0

with Z injective. Since an injective sheaf is quasi-flabby, £’ is quasi-flabby
by Corollary 5.4.
We use the induction on i. Note that

FT I fo0  RUAL — RUAT

is exact. Since Z is injective, R' f.Z = 0. On the other hand, f,p is surjective
by the lemma. So R'f,.L = 0.
Consider the case that ¢ > 2. Then R‘/L = R=!£’ = 0 by induction. [

5.8 Lemma. Let X be a topological space. Assume that X has an open
basis consisting of quasi-compact open subsets. Let U be a quasi-compact
open subset of X, and (M) a pseudo-filtered inductive system of sheaves of
abelian groups on X. Then the canonical map

lim I'(U, M) — ['(U, lim M)

s an isomorphism.

5.9 Corollary. Let X be as in the lemma. Then a filtered inductive limit of
quasi-flabby sheaves is quasi-flabby.
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5.10 Corollary. Let f : X — Y be a quasi-compact morphism in P(I,Sch).
If (M) is a pseudo-filtered inductive system of sheaves of abelian groups on
X, then the canonical map

li_r)n f*M/\ - f* hLQM/\
18 an isomorphism.

Proof. By restriction, we may assume that the problem is on single schemes.
Since Y has an open basis consisting of quasi-compact open subsets, it suffices
to show that for a quasi-compact open subset U of Y,

is an isomorphism. Since U and f~'(U) are quasi-compact, the canonical
maps

lim T(U, £. M) = D(U, lim £, M)

and
lim D(f~(U), My) — (£~ (U), lim M)

are isomorphisms by Lemma 5.8. Hence the map (8) is also an isomorphism,
as required. O

5.11 Lemma. Let X € P(I,Sch), U an open subdiagram of X, and V
an open subdiagram of U. Assume that the inclusions f : U — X and
g : V. — U are quasi-compact. Then for a pseudo-filtered inductive system
(M) of Ox-modules, the canonical map

lim L'y My — Ly lim M
18 an isomorphism.

Proof. Consider the commutative diagram with exact rows

0—— h_I)HEU,V My —— h_r)nf*f*/\/l,\ — li_r)nf*g*g*f*MA

l l |

0> Loy i My s fof* i My 2 fgug” f*limy M,

The middle and the right vertical arrows are isomorphisms by Corollary 5.10.
By the five lemma, we are done. ]
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5.12 Lemma. Let f: X — Y be a concentrated morphism in P(I,Sch). Let
Z be an Ox-module such that Z; is quasi-flabby for each i € I. Then 1T is
fe-acyclic.

Proof. We may assume that the problem is on a single scheme. This case is
Corollary 5.7. |

5.13 Lemma. Let X € P(I,Sch), and U an open subdiagram of schemes
of X, and V an open subdiagram of schemes of U. Let f : U — X and
g :V — U be inclusions. Assume that f and g are concentrated. If M is a
quasi-flabby sheaf of abelian groups on X, then

0— EU,VM - Jof*M = [29:9" [FfM — 0
18 exact.

Proof. 1t suffices to show that for a quasi-compact open subset W of X, the
restriction I'(U N W, M) — I'(V N W, M) is surjective. This is trivial.  [J

5.14 Corollary. Let the notation be as in the lemma. Then M is L'y, -
acyclic.

Proof. Note that f*M is quasi-flabby, and hence is f,-acyclic. Similarly,
g* [*M is (fg).-acyclic. The lemma follows from the long exact sequence

0— EU,VM - fof* M = [e9:9" "M —
Hyy M — RUf.f*"M — RY(fg).(fg)' M — -,

in which v : f, f*M — f.g.g9* f*M is surjective. O

(5.15) Let A be an abelian category, and C' a complex in A. For n € Z,
we define 75"C' to be the truncated complex

= C"? 5 0" S Kerd" — 0.
727(C' is defined to be the complex
0 — Cokerd" ' — C"™' — "2 ...

which is quasi-isomorphic to C'/7=""1C.
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5.16 Lemma (cf. [17, (3.9.3.1)]). Let X, f: U — X, and g : V — U be as
in Lemma 5.13. Let (C,) be a pseudo-filtered inductive system of complexes
of Ox-modules such that for each j € I, there exists some n; € Z such that

for any o, 75" 7Y(C,,); is exact. Set C' = lim Co. Then the canonical map

(9) hiﬁlﬂzﬁ,v Co — ﬂ%],v ¢
s an isomorphism for i € 7.

Proof. We may assume that the problem is on single schemes. Let n be an
integer such that for any «, 7<""1C, is exact.

As in the proof of [17, (3.9.3.1)], let 7="C, — F,, be the Godement
resolution so that we have a composite quasi-isomorphism C, — 72"C, —
F,. Note that each term of F}, is flabby. In particular, this is a I';-acyclic
resolution. Then taking the inductive limit, we have a quasi-isomorphism
C — F:=lim F,,. Note that each term of F' is quasi-flabby by Corollary 5.9.
So this is also a I'j; ~acyclic resolution.

So the map (9) is nothing but the composite

[ =3

h_I>nHi(£U,v Fo) — Hi(h_H}EU,V Fo) — i(EU,vh_H}Fa) = Hi(EU,V F),

where the second = is an isomorphism by Lemma 5.11. This is what we
wanted to prove. O]

6. Flat base change of local cohomology of diagrams

(6.1) Let the commutative diagram (2) be as in (3.5). Assume that h is
flat. Then there is a canonical composite map

WRTyy - R Lyy) ™ Ry 1) S RLyoy I,

which we denote by 4.

6.2 Lemma. Let the notation be as above. If h is an open immersion, then
¢: R(Lyryi h*) — RLy s B* is an isomorphism.

Proof. Let 1 be a K-injective complex of Ox-modules. Then, by Lemma 4.6,
h*Iis K-flabby, and hence is I'y y-acyclic. The assertion follows. O
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6.3 Corollary. Let the commutative diagram (2) be as in (3.5). If h is locally

an open immersion and (a) and (b) are cartesian in (2), then 0 : R*RITy;,, —
RLy v b is an isomorphism.

Proof. For ¢ € I, the diagram

thEUi,w(?)i L> hf(?)iREU,v s (?)ih*REU,V

s o

is commutative by Lemma 3.8. It suffices to show that the right vertical
arrow (?);0 is an isomorphism. So it suffices to show that the left vertical
arrow 6 : hRLy, 1 (?7); — RLyy 0 hi(?); is an isomorphism. Hence we may
assume that the problem is on éiﬁgle schemes.

First assume that h is an open immersion. Then the assertion follows
immediately from the lemma, and Lemma 3.15.

Now consider the general case. Take an open covering (J, W) of X’ such
that h|w, is an open immersion for each A. It suffices to show that j*6 :
JR*RLyy — j*RLy 0 b is an isomorphism for each A, where j : W =
W, — X' is the inclusion. However, the diagram

5" Ry - (hj)* Ry

o :

- * “k 1k -1 -\ %
J REU’,V’h *6>R£WQU’,WOV"7 h LREWQUCWQ\//(}U)

is commutative by Lemma 3.17, and the all arrows except for j *§ are isomor-
phisms by what we have already proved. Hence j*9 is also an isomorphism,
as desired. O

6.4 Lemma (cf. [17, (3.9.3.2)]). Let X, f: U — X, and g:V — U be as
in Lemma 5.13. Let (C,) be a pseudo-filtered inductive system of complexes
in Mod(X). Assume one of the following.

a) U is locally noetherian, and for each i € I, U; admits an open covering
(Uy) such that each U, is of finite Krull dimension.

b) C, has locally quasi-coherent cohomology groups for each .
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c) Foreach j € I, there exists some n; € Z such that for any o, 75"~ H(C,);
18 exact.

Then the canonical map
lim Hy;y Co — Hiyy ©
is an isomorphism for i € Z, where C' = h_n)lCa.

Proof. The case that c) is satisfied is Lemma 5.16. We consider the case that
a) or b) is satisfied.

By restriction, we may assume that the problem is on a single scheme.
Also, by Corollary 6.3, we may assume that X is an affine scheme.

As we assume a) (resp. b)), there exists some dy € Z such that for any
i € Z, any d > dy, and any complex D in Mod(X) (resp. any complex D
in Mod(X) with quasi-coherent cohomology groups), R'f,f*(7="4D) = 0
and R (gf).«(gf)*(7=79D) = 0, see [17, Remarks in (3.9.3.2)]. This implies
that ﬁ@}V(TSi*dD) =0 forany ¢« € Z, d > dy + 1, and any complex D in
Mod(X) (resp. any complex D in Mod(X) with quasi-coherent cohomology).
So Hy (D) — Hyy(7277?D) is an isomorphism for d > do. As the square

h_IQEZUV (Ca) = lim ﬂ%},v(Tzi_dO Ca)

L

ﬂ?],v(c> = EZ,V (1= 0)

is commutative, replacing C, by 72-%(C,, we may assume that there exists
some n € Z such that 7=""1C,, is exact for each o. This is the case where c)
is assumed, and we are done. O

6.5 Corollary (cf. [17, (3.9.3.3)]). Let X, f:U — X, andg: V — U
be as in the lemma. Let (Cy) be a small family of complexes in Mod(X). If
one of a), b), and c) in the lemma is satisfied, then the canonical map

@ REU,V Co — REU,V(@ Ca)

18 an isomorphism.

6.6 Corollary. Let X, f: U — X, and g : V — U be as in the lemma. If
X is concentrated, then Ry @ Dpge(X) — Drge(X) has a right adjoint.
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Proof. Note that Dy.(X) is compactly generated by [9, Lemma 17.1]. The
corollary follows from Corollary 6.5 and Neeman’s theorem [19, Theorem 4.1].
O

6.7 Corollary (cf. [17, (3.9.3.4)]). Under the assumptions of Lemma 6.4,
if each Cy, is L'y yy-acyclic, then C' is L'y -acyclic.

Proof. By assumption, H'(L';, C,) — Hy,y Cy is an isomorphism for each
1 € Z and «. Taking the inductive limit, the composite

H'(Lyy C) 2 lim H'(Lyy Co) 2 lim Hyyy Co = Hyyy C

is an isomorphism, where the first = is an isomorphism is by Lemma 5.11,
and the last = is an isomorphism by Lemma 6.4. So C'is I';;-acyclic. [

6.8 Corollary (cf. [17, (3.9.3.5)]). Let X, f: U — X, and g: V — U be
as in Lemma 5.13. Let C be a complex in Mod(X), and assume one of the
following.

a) U is locally noetherian, and for each i € I, U; admits an open covering
(U,) such that each U, is of finite Krull dimension, and for eachi € I,
each term of C; is quasi-flabby.

b) X is locally noetherian, and for each i € I, each term of C; is an injective
object of Qch(X;).

Then C' 1s L'y -acyclic.

Proof. Let €' — I be a K-injective resolution. Then I; is I';;, 1. -acyclic for
each @ € I, since I; is K-flabby. So it suffices to show that each Cj is I'y;, .-
acyclic, and we may assume that the problem is on single schemes.

In each case, each term C™ of C'is ['y;y-acyclic. Indeed, in case a), this is
Corollary 5.14. In case b), this is obvious, since an injective object of Qch(X)
is an injective object of Mod(X) [7, (II.7)]. Thus the truncated subcomplex

o="C:s - 0—0—-C"—C" — ...

of C'is L'y y-acyclic for any n € Z. Since C' = lim 0="C, the assertion follows
from Corollary 6.7. O

6.9 Lemma. Let h: X' — X be a flat morphism between locally noetherian
schemes. Let'Y be a closed subscheme of X. Let I be an injective object of
Qch(X). Then h*T is Ty -acyclic, where Y' := h=1(Y).
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Proof. By [7, Theorem I1.7.18], h*I has an injective resolution J in Qch(X").
It is an injective resolution in Mod(X") as well, see [7, (IL.7)]. Let Z be the
defining ideal sheaf of Y. Then Y’ is defined by ZOy+. So by Lemma 3.21
and [7, Proposition 11.5.8],

R'Ty(T) = H'(Ty.(J)) = H'(lim Hom, , (2*(Ox/T"),1))
Ly Extly,, (8" (Ox/T"), A°T) 2 ling " (Excthy (Ox /T",T)) = 0
for 7 > 0. O

6.10 Theorem (Flat base change, cf. [2, Theorem 4.3.2]). Let h :
X" — X be a flat morphism in P(I,Sch). Assume that X and X' are locally
noetherian. Let Y be a cartesian closed subdiagram of schemes of X, and
Z a cartesian closed subdiagram of schemes of Y. Then the canonical map
0 : h*RTy., — Ry, h* is an isomorphism of functors from Dyg(X) to
Droo(X"), where Y = h=Y(Y) and Z' = h™1(Z).

Proof. By an argument similar to the proof of Corollary 6.3, we may assume
that the problem is on single schemes. Moreover, the question is local both
on X and X’ by Corollary 6.3, we may assume that both X = Spec A and
X' = Spec B are affine.

Now by Lemma 4.12, I'y ; : Dyqc(X) — Drge(X) and Ly 5 0 Dpge(X') —
Dry(X') are way-out in both directions.

By the way-out lemma [7, Proposition 1.7.1], it suffices to show that
5 h*RIy.,7 — RIy. 5 h*Z1 is an isomorphism for an injective object Z of
Qch(X).

Note that ¢ is the composite

WRTy., T < R(h*Ty.)T & R(Ty., k)T S RTy. , h*T.

So it suffices to show that RS and ¢ are isomorphisms.

By Lemma 3.15, 6 : h* Ty.2Z — L'y, z h*T is an isomorphism. Since 7 is
injective in Mod(X) [7, (IL.7)], R6 is an isomorphism.

To prove that ¢ is an isomorphism, it suffices to prove that h*Z is 'y, -

acyclic. By (4.18), there is an exact sequence
= Hy(WT) — Hy (W'T) — Hy 5, (W'T) — HF ' (WT) — - .

By Lemma 6.9, Hy (h*Z) = 0 (i > 0) and Hy(h*I) = 0 (i > 0). So
Hy 7 (h*T) = 0 for i > 0, as desired. O
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7. Compatibility with G-invariance

(7.1) Let S be a scheme, G a flat S-group scheme, and X an S-scheme
with a trivial G-action. As in [9, (30.1)], we denote the G-invariance functor
Mod(G, X) — Mod(X) by (?)¢. By [9, Lemma 30.3], (?)¢ agrees with
(?)_1Ra,,, where Ra,, : Mod(G, X) = Mod(BY¥ (X)) — Mod(BY¥ (X)) is
the right induction, where Jg’é‘f (X) is the augmented diagram described in
9, (30.2)]. If G is concentrated over S, then (?)%(Lqc(G, X)) C Qch(X).
Note that BY(X)a,, = B¥(X). As in [9, section 29], for a G-morphism f,
BY(f). is simply denoted by f., BM(f)* is denoted by f*, and so on.
(7)¢ = (?)_1Ra,, has an exact left adjoint (?)a,,L_;. So

(1) : Mod(G, X) — Mod(X)

preserves injectives, and R(?)¢ : D(G, X) — D(X) preserves K-injectives.
It seems that the following question is fundamental.

7.2 Question. Let Z be an injective object of Qch(G, X). Then R¥(?)%Z = 0
for i > 07

This is not obvious a priori, since the derived functor is computed in
D(G, X).

(7.3) Let f: X — Y be a morphism of S-schemes with trivial G-actions.
Then BY(f): BY(X) — BY(Y) is induced. Note that BY(f) is cartesian.
The composite isomorphism

—1

€c=¢cy: f*(?)G = f*(?>—1RAM — (?)_1Bg(f)*RAM
= (1)-1Ray B (). = (O°F,
is induced, see [9, Corollary 6.26].

(7.4) Moreover, the natural map

e=¢e f*(NC = f(?)_1Ra,, 2 (N)=1B (f) Ray,

= (?)—1RAMBg’/[(f)* = (?)Gf*

is induced, see [9, (6.27)]. Note that # is an isomorphism [9, (6.25)]. Exactly
the same proof as in [9, (10.7)] shows that p is an isomorphism of functors
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from Lqc(G,Y) to Qch(X), provided f is flat and G is concentrated over S.
Similarly, p is an isomorphism of functors from Mod(G,Y) to Mod(X) if f
is locally an open immersion. Thus we have

7.5 Lemma. Let f : X — Y be an S-morphism between S-schemes with
trivial G-actions. If f is flat and G is concentrated over S, then

e FOF = (0

is an isomorphism between functors from Lqc(G,Y) to Qch(X). If f is lo-
cally an open immersion, then € is an isomorphism between functors from

Mod(G,Y) to Mod(X).
7.6 Lemma. Let f: X — Y be as in (7.3). Then the diagram

()6 = £ ()0
lid l
(1) ——= (LS
18 commautative.

Proof. We need to prove that the composite

(?)—1RAM = f*f*(?)_lRAIVI i f*(?>_1BGM(f)*RAJM 5 f*(?)—lRAMf*
s () BY(f)Ray " 5 ()1 Ray fof

agrees with u. Since ¢!y in the composition above agrees with pc™! by the
naturality of ¢!, it suffices to show that the composite

(1) () LI (a2 F(DBY () S () BY()-BY(f)

agrees with u, and that the composite

(11)  Ray % BY(f).BY(f) Ray 2 BY(f)eRay f* 5 Ray fof*

agrees with wu.
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(10) agrees with u by [9, Lemma 1.24]. (11) agrees with u by the com-
mutativity of the diagram

Ry ——— Ra, fof*

99" Bay —— g.g" By, [ f* et
s
K g*g*g*RAMf*&g*RAMf*
o
e ¢
* E *
g*RAA{f RA[\/[f*f 9
where g = BY(f). O

(7.7) Let X be a G-scheme, U a G-stable open subscheme of X, and V
a G-stable open subscheme of U. The local section functor L'ga iy par(vy
Mod(G, X) — Mod(G, X) is simply denoted by 'y, and called the equiv-
ariant local section functor. The right derived functor R'Ly is denoted

by Hyy, and called the equivariant local cohomology. For a G-stable closed
subscheme Y of X and a G-stable closed subscheme Z of Y, the local section
functor Lpar vy, par(z) 1s simply.denoted by L'y ;. As gsual, LY;@ is denoted
by I'y. The derived functor R'Ly., is denoted by Hy.,. R'Ty is denoted
by HY .

(7.8) Let X be an S-scheme with a trivial G-action. Let U be an open
subscheme of X, and V an open subscheme of U. Let f : U — X be the
inclusion, and g : V < U the inclusion.

By Lemma 7.6, we have a commutative diagram with exact rows

(12) 0——=Lyy () ——= £ f* ()7 —= fogug™ [*()C

l€€ \L6€€E

0—= () Lyy —=Nff —> () fugug™ [".
So there is a unique natural map
E: EU,V(?)G - (?)GEU,V
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such that tE = eet.
By Lemma 7.5, the vertical maps in (12) are isomorphisms. So F is an
isomorphism.

8. (-local G-schemes

Let S be a scheme, G a flat S-group scheme concentrated over S, and X a
G-scheme (i.e., an S-scheme with a left G-action).

(8.1) Let::Y — X be a subscheme. We denote the composite

GxY 2 G X 45 X

by ay, where a is the action. If ay factors through Y, then we say that Y
is G-stable. In this case, Y has a unique G-scheme structure such that ¢ is a
G-morphism.

The scheme-theoretic image of ay is denoted by Y*. If ¢+ is quasi-compact,
then Y* is the smallest closed G-stable subscheme of X containing Y, see |8,
Lemma 2.1.5].

(8.2) A closed subscheme Y of X is G-stable if and only if Y = Y*. Let
(Y))rea be a family of closed subschemes of X. If Y) is defined by a quasi-
coherent ideal sheaf 7,, then the sum ), 7, is a quasi-coherent ideal sheaf
again, and it defines the intersection [, Y\ (that is, the direct product of Y, in
the category of X-schemes. It is also the usual intersection, set theoretically).
If each Y) is G-stable, then (1Y) is also G-stable. The complement of a G-
stable closed subscheme is a GG-stable open subset.

(8.3) The intersection of finitely many G-stable open subsets is G-stable.
Moreover, the union of G-stable open subsets is G-stable. Letting a G-stable
open subset open, we can define a topology on X. We call this topology the
G-Zariski topology.

If X is quasi-compact with respect to the (G-Zariski topology, we say
that X is G-quasi-compact. Since the G-Zariski-topology is coarser than the
Zariski topology, a quasi-compact G-scheme is G-quasi-compact.

Let U be a G-stable open subset of X, and let Y be X'\ U with the reduced
structure. It is easy to verify that Y* does not intersect U (so Y* =Y, set
theoretically). Note that Y* is G-stable. So U has a G-stable complement Y*.
Thus a closed subset in the GG-Zariski topology is nothing but an underlying
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subset of some G-stable closed subscheme. If Y is a G-stable subscheme of
X, then the GG-Zariski topology of Y agrees with the induced topology of Y,
induced from the G-Zariski topology of X. If f: X — X' is a G-morphism
of G-schemes, then f is continuous with respect to the GG-Zariski topologies.

8.4 Lemma. If X is G-quasi-compact and Y s a G-stable closed subscheme
of X, then there is a minimal non-empty closed G-subscheme of Y .

Proof. Y is G-quasi-compact, since it is a closed subset of quasi-compact
X, with respect to the G-Zariski topology. Let 2 be the set of non-empty
G-stable closed subschemes of Y. For Z,7Z" € Q, we say that Z < Z' if
Z D Z'. Then by Zorn’s lemma, €2 has a maximal element, and the proof is
complete. O

8.5 Lemma. Assume that G — S is universally open. Then any x € X has
a quasi-compact G-stable open neighborhood.

Proof. Let U be an affine open neighborhood of z. Since the action a :
G x X — X is an open map, U* := a(G x U) is open, and it is G-stable, as
can be seen easily. Since U is quasi-compact and G is quasi-compact over S,
G x U is quasi-compact. So U* is quasi-compact. Since U* D U is obvious,
U~ is a desired open neighborhood of z. O]

Since we assume that G is flat, if G is locally of finite presentation over
S, then G — S is universally open ([5, (1.10.4)]).

8.6 Corollary. Let G — S be universally open. If X is G-quasi-compact,
then X is quasi-compact.

Proof. X has an open covering U) consisting of quasi-compact G-stable open
subschemes by the lemma. By assumption, there exists Aq,..., A\, such that
X =J, Uy, Since each U,, is quasi-compact, X is quasi-compact. O

(8.7) A topological space I' is said to be local if it has a unique minimal
non-empty closed subset, say ©. In this case, we say that (I, ©) is local.

8.8 Lemma. Let I" be a topological space. Then the following are equivalent.
1 T is local.

2 T is non-empty, and if (F\) is a non-empty family of non-empty closed
subsets of ', then () F\ is non-empty.

40



3 T is non-empty, and for any open covering (Uy) of I', there exists some A
such that X = U,.

In particular, a local topological space is non-empty and quasi-compact.

Proof. 1=2 Let (I',0) be local. Then I" D © # (). Moreover, (), F\ D O #
0.

2=>1 Let €2 be the set of non-empty closed subsets of I'. Then (), £ is
the desired unique minimal non-empty closed subset of I'.

243 is trivial. O

8.9 Corollary. If f : T' — I" is a surjective continuous map of topological
spaces and T is local, then T" is local. If (T, ©) is local, then (I",©") is local,
where ©' is the closure of f(©).

Proof. As f is a map and I' is non-empty, I/ is non-empty. Let (' be a non-
empty set of non-empty closed subsets of IV. Then f~(F') # 0 for F' € (¥
by the surjectivity of f. So f~H(Npeq F') = ([ 'F' # 0 by the localness
of I". So I is local.

We prove the last assertion. As f is surjective, f~1(©’) is a non-empty
closed subset of T', and hence f~'(®') D ©. So the closure of f(O) is a
non-empty closed subset of ©’. By minimality, they agree. m

8.10 Lemma. A Ty-space T is local if and only if T is quasi-compact and
has ezactly one closed point . In this case, (I',7y) is local.

Proof. We prove the ‘only if’ part. I' is non-empty and quasi-compact by
Lemma 8.8. A non-empty quasi-compact Ty-space has a closed point. So
I' has at least one closed point 7. However, a closed point is minimal non-
empty closed. Such a point must be unique, and the last assertion is also
obvious.

We prove the ‘if’ part. Let I’ be a non-empty closed subset of I'. Then
F'is non-empty quasi-compact Tj, and has a closed point. This closed point
must be 7. So v is the unique minimal non-empty closed subset of T'. m

For z,y € T', we define x = y if ¥ = ¢, where the bar denotes the closure.
The quotient space I'/ = is called the Ty-ification of T

8.11 Lemma. Let w : I' — Iy be the Ty-ification. Then T' is local if and
only if To is local. If (I',©) and (Ty,Oq) are local, then m(©) = Oq, and
6= W_l(@o).
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Proof. Since 7 is surjective and continuous, if I' is local, then Ty is local by
Corollary 8.9.

We prove the converse. As I'y is non-empty and 7 is surjective, I' is non-
empty. Let €2 be a non-empty set of non-empty closed subsets of I'. Then
for each F' € Q, F = 7~ !(x(F)). Since 7 is submersive (i.e., for any subset
F" of Ty, F" is closed if and only if 771(F") is closed), w(F) is closed, and is
non-empty. So

w(() F) = n(x (r(F) = (7(F) #0.

FeQ

Hence () F is non-empty, and T is local.
7(0) = Oy follows from Corollary 8.9, since Oy is a point by Lemma 8.10.
Since O is closed, © = 771(7(0)) = 771(Oy). O

8.12 Lemma. For a scheme Z, the following are equivalent.
1 The underlying topological space of Z s local.

2 Z is local, that is, Z = Spec A for some local ring (A, m).
3 Z is quasi-compact, and has a unique closed point z.

In this case, (Z,z) = (Spec A, m) are local topological spaces.

Proof. 1=2 Let (U,) be an affine open covering of Z. Then Z = U, for
some A by Lemma 8.8. So Z = Spec A is affine. Since Z is non-empty, A
is non-zero, and has a maximal ideal. If A has two or more maximal ideals,
then Z has two or more closed points, and Z cannot be local. So A is a local
ring.

2=3 is obvious.

3=1 is a consequence of Lemma 8.10, since a scheme is Tj.

The last assertion is obvious. 0

8.13 Definition. We say that a G-scheme X is G-local if there is a unique
minimal non-empty G-stable closed subscheme of X. If X is G-local and Y
is the unique minimal non-empty G-stable closed subscheme, then we say
that (X,Y") is G-local.

8.14 Lemma. Let X be a G-scheme. Then the following are equivalent.
1 X is G-local.
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2 X is local in the G-Zariski topology.

In particular, a G-local G-scheme is G-quasi-compact. Moreover, if (X,Y)
is G--local, then (X,Y) is local in the G-Zariski topology.

Proof. 1=2 Let (X,Y) be G-local. If F'is a non-empty closed subset of X in
the G-Zariski topology, then F' is the underlying set of some non-empty G-
stable closed subscheme of X. So F' D Y, and (X,Y) is local in the G-Zariski
topology.

2=1 Let Y = (\peq F', where Q is the set of all non-empty G-stable
closed subschemes of X. Then Y is non-empty by assumption, and (X,Y)
is G-local. O

8.15 Corollary. If G — S s universally open, then a G-local G-scheme is
quasi-compact.

Proof. Follows immediately from the lemma and Corollary 8.6. O

8.16 Corollary. Let f: X — X' be a surjective G-morphism of G-schemes.
If X is G-local, then X' is G-local. If, moreover, f is concentrated, (X,Y")
is G-local, and (X', Y") is G-local, then the scheme-theoretic image of fl|y is
Y’

Proof. The first assertion is an immediate consequence of the theorem and

Corollary 8.9. We prove the last assertion. As f is surjective, Y C f~1(Y”).

So the scheme-theoretic image of f|y is contained in Y’. Since f is concen-

trated, f|y is also concentrated, and hence the scheme-theoretic image of f|y

is G-stable closed, since (f|y).Oy € Qch(G, X’). By the minimality of Y,

it agrees with Y. ]
Here are some examples of G-local G-schemes.

8.17 Example. Assume that G is trivial. Then the G-Zariski topology
agrees with the usual Zariski topology, and X is G-local if and only if X is
a local scheme by Lemma 8.12.

8.18 Example. If S = Speck, where k is a field, then (G,G) is G-local,
where G acts on G left regularly.

Proof. 1t suffices to show that if Y is a non-empty G-stable closed subscheme
of G, then Y = G. AsY is non-empty, Y has a geometric point 7 : Spec K —
Y. Taking the base change and replacing k£ by K, we may assume that Y has
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a k-rational point y. Then G — G (g — gy) is an isomorphism, and hence
Y=Y*"D{y}r =G. O

8.19 Example. If S = Spec k, where k is a field, G affine and of finite type,
and X is a homogeneous space G/H for some closed subgroup scheme H of
G, then (X, X) is G-local. This example shows that even if S and G are
affine, a G-local G-scheme X need not be affine in general.

Proof. Let p : G — X = G/H be the canonical projection. Then p is
faithfully flat, and is surjective. As (G, G) is G-local by Example 8.18, (X, X)
is G-local by Corollary 8.16. [

8.20 Example. Let S = SpecZ and G = G}, the split torus over S. Let
X = Spec A be affine. Then A is a Z"-graded ring in a natural way |8,
(I1.1.2)]. By definition, X is G-local if and only if A is H-local in the sense
of Goto~Watanabe [4].

8.21 Example. Let S = Speck with £ an algebraically closed field, G a
reductive group, B a Borel subgroup of GG, and P a parabolic subgroup of GG
containing B. A Schubert subvariety of G/ P is a B-stable closed subvariety
by definition. The point P/P is the unique minimal Schubert subvariety (see
[15, Chapter 13]), and we have (G/P, P/P) is B-local.

(8.22) Let S = Speck, with k a field. We say that G is geometrically
reductive, if G is affine of finite type, and for any finite dimensional G-module
V and any v € VY \ 0, there exists some r > 0 and f € (Sym, V*)¢ such
that f(v) # 0. If, moreover, r can be taken to be 1 (for any V and v),
then we say that G is linearly reductive. If r can be taken to be 1 if the
characteristic of k is zero, and a power of p if the characteristic p of k is
positive, then we say that G is strongly geometrically reductive (SGR for
short). By definition, a linearly reductive group scheme is SGR. We can
prove that G is geometrically reductive if and only if G is SGR if and only if
the radical of the linear algebraic group (k®j G)req is a torus if and only if for
any finitely generated k algebra A with a G-action, A“ is finitely generated
[10]. This fact is probably well-known for linear algebraic groups. We will
not use this fact later, and mainly consider SGR property.

(8.23) Assume that S = SpecR and G are affine. We say that A is a
G-algebra if A is an R-algebra, and a (G-scheme structure of Spec A is given.
This is equivalent to say that A is both an R-algebra and a G-module (whose
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underlying R-module structure agree), and the product A @ A — A is G-
linear. An ideal I of A is called a G-ideal if Spec A/ is a G-stable closed
subscheme of Spec A. Or equivalently, I is a (G, A)-submodule of A.

8.24 Lemma. Let S = Speck with k a field, and G an SGR k-group scheme.
Let A be a G-algebra. If I is a family of G-ideals. Let f € (3., 1\)¥. Then
there exists some q such that f7 € ), I¢, where q is required to be a power
of p if the characteristic of k is p > 0, and ¢ = 1 if k is of characteristic
zero.

Proof. See [18, Appendix to Chapter 1, C]. ]
(8.25) Let S and G be affine, and A a G-algebra. A maximal element of

{I'|Iis a G-ideal and I # A}

is said to be G-mazimal. We say that A is G-local if A has a unique G-
maximal G-ideal. A is G-local if and only if Spec A is G-local.

8.26 Lemma. Let S and G be affine. If A is a G-algebra and I # A a
G-ideal, then there is a G-mazimal ideal of A containing I.

Proof. Since X = Spec A is quasi-compact, it is G-quasi-compact. Now
apply Lemma 8.4. O

8.27 Proposition. Let S = Speck with k a field and G SGR. Let A be a
G-algebra. If p € Spec AY, then A, := A ® 4¢ ApG 18 G-local.

Proof. Note that (A,)¢ = ApG. Replacing A by A,, we may assume that
(A% m) is a local ring, and we are to prove that A is G-local.

Since A% is nonzero, A is nonzero. By Lemma 8.26, A has a G-maximal
ideal. Assume that A has two different G-maximal ideals [ and J. Since
1¢Tand1 ¢ J, I Cmand J Cm. On the other hand, I + J = A by
maximality. By Lemma 8.24, 1 € I¢ + J¢ C m. This is a contradiction. So
A is G-local. m

Note that in the proposition above, pA, may not be the G-maximal ideal.
Indeed, if G = G, and A = k[z] with degz = 1 and p = 0 C AY = k, then
0 = pA, is not G-maximal, since (z) C A is a G-ideal.
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9. A generalization of a theorem of Hochster—Eagon

Let S, G, and X be as in the last section. In this section, we give an appli-
cation of equivariant local cohomology on a G-local G-scheme to invariant
theory.

9.1 Lemma. Let S = Speck with k a field, and G SGR. Let A be a G-
algebra. Assume that the canonical map 7 : Spec A — Spec A® is a geometric
quotient in the sense of [18]. Then for any prime ideal p of A, pA, and the
G-mazimal ideal P of the G-local ring A, have the same radical.

Proof. Since pA, is a G-ideal of Ay, we have P D pA,. Assume that VP #
/PA,. Then there is an algebraically closed extension field K of x(p) such
that, there are K-valued points £ of V(P) and 7 of V(pA,)\V (P), and the set
of K-valued points of V(pA,) is one orbit with respect to the action of G(K).
But since V(P) is G-stable, £ € V(P)(K), andn ¢ V(P)(K), £ and n cannot
be on the same orbit. This is a contradiction. Hence P = , /PA,. O]

(9.2) Let X be a locally noetherian G-scheme, and M a coherent (G, Ox)-
module. Then Hom, (M, M) is also a coherent (G, Ox)-module, as can be
seen easily from [9, Lemma 6.33] and [9, Lemma 7.11]. The canonical map

Ox — Hom,, (M, M)

is (G, Ox)-linear. Hence the kernel ann M is a coherent G-ideal. Hence
Supp M = V(ann M) is a G-stable closed subscheme of X.

(9.3) Let (X,Y) be a G-local G-scheme. Assume that X is noetherian.
Let Z be any irreducible component of Y, and ( the generic point of Z.

9.4 Lemma. The functor (?) : Qch(G, X) — Mod(Ox,) is faithful exact.

Proof. The restriction Qch(G, X) — Qch(X) is obviously exact. On the
other hand, the stalk functor (?); : Qch(X) — Mod(Ox,) is exact. Hence
the composite is exact.

We prove that the functor in question is faithful. Assume the contrary,
and let M € Qch(G,X), M # 0, and M = 0. Then since Qch(G, X)
is locally noetherian and a noetherian object of Qch(G, X) is nothing but a
coherent (G, Ox)-module by [9, Corollary 11.8], there exists some nonzero co-
herent (G, Ox)-submodule N of M. Let V' := Supp . Then V is nonempty,
closed, and G-stable. Hence VO Y D Z 5 (. Hence 0 = M D N, # 0, and
this is a contradiction. ]
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9.5 Theorem. Let k be a field, G a linearly reductive k-group scheme, and
X a Cohen—Macaulay noetherian G-scheme. Let m: X — Y be a geometric
quotient under the action of G in the sense of [18]. Assume that 7 is an
affine morphism. Then Y is noetherian and Cohen—Macaulay.

Proof. Since w is surjective, Y is quasi-compact. So it suffices to show that
Y is locally noetherian and Cohen—Macaulay. The question is local on Y,
and we may assume that Y = Spec A is affine.

Since 7 is affine, X = Spec B is also affine, and A = B® by assumption.
Note that A is a direct summand subring of B, since G is linearly reductive.
In particular, A is noetherian, since B is (see [14, Proposition 6.15]).

It remains to show that A is Cohen—Macaulay. In order to prove this,
localizing A at a maximal ideal of it, we may further assume that (A4, m) is
local. Note that 7 is still submersive after localization, since G is linearly re-
ductive and A = BY, see the proof of [18, Theorem 1.1]. By Proposition 8.27,
X is G-local. Let Z be the unique maximal non-empty closed G-subscheme
of X.

Let y be the closed point of Y. Then

H,(Oy) = H'(RL,((m.0x)%)).

Let J be the injective resolution of m,Ox in Qch(G,Y). Then J¢ is an
injective resolution of (m,Ox)% in Qch(Y), since (7)¢ : Qch(G,Y) — Qch(Y)
is exact, and preserves injectives (since it has an exact left adjoint (?)a,, L—1).
Any injective object of Qch(Y') is injective in Mod(Y') by [7, (I1.7)]. Hence

we have isomorphisms
H;(Oy) = H'(L,J%) = H'(T, ))%) = (H'(T, 1))

where the second isomorphism is by (7.8), and the third isomorphism is by
the exactness of (?)¢ on Qch(G,Y) (note that L', J is a complex in Qch(G,Y')
by Corollary 4.11).

So to show that Y is Cohen-Macaulay, it suffices to show that the coho-
mology of the complex I, J is concentrated in one place.

By Lemma 9.1, 77!(y) and Z agree, set theoretically. So by Corol-
lary 4.17,

H'(L,J) = H'(RL,(m.Ox)) = H'(RL, R1.Ox)
=~ H'(Rm.RT, 1, Ox) = H(Rm,RT, Ox).
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Note that
(?7)c H(Ox) = H'((?)¢RL; Ox) = H{(Ox )

by Theorem 6.10. H{(Ox ) = 0 for i # d (d := dim Ox), since Ox ¢ is
a Cohen-Macaulay local ring. Since (7)¢ is faithful exact by Lemma 9.4,
H(Ox) =0 for i #d. Let M := H%(Ox). Note that M is quasi-coherent.
So

Rr.RL, Oy = Rr M|—d] = m,M|~d.

Hence

H(T,J)= H(Rm.RT,Ox) = H" '(m.M) =0
for ¢ # d. This is what we wanted to prove. [

9.6 Corollary. Let k be an algebraically closed field, G a linearly reductive
k-group scheme, and X = Spec B a Cohen—Macaulay affine G-scheme of
finite type. Let m: X — Y = Spec BY be the canonical morphism, and set

U:={z € X |dimO(z) is mazimal, and O(z) is closed},

where O(x) is the G-orbit of x. Then U is a G-stable open subset of X, and
w(U) is Cohen—Macaulay.

Proof. Obvious by the theorem and [20, Proposition 3.8]. O

9.7 Corollary. Let k be a field, G a linearly reductive finite k-group scheme,
and B a noetherian and Cohen—Macaulay G-algebra. Then B is noetherian
and Cohen—Macaulay.

The corollary is an immediate consequence of a theorem of Hochster and
Eagon [11, Proposition 12] (note that B is integral over BY, see the proof of
Lemma 9.8 below). Indeed, the case that G is a finite group is stated in their
paper [11, Proposition 13] (however, note that they do not assume that B
contains a field there, and Corollary 9.7 is not a complete generalization of
[11, Proposition 13]). Corollary 9.7 is also obvious by Theorem 9.5 and the
following lemma.

9.8 Lemma. Let k be a field, and G a finite k-group scheme. Let B be a
G-algebra. Then the canonical map 7 : Spec B — Spec BY is a geometric
quotient.
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Proof. As G° (the identity component of ) is normal in G, it suffices to prove
that Spec B — Spec B and Spec B®" — Spec(B%)¢/¢ are geometric
quotients. Thus we may assume that G is either infinitesimal or étale.

Consider the case that G is infinitesimal. We may assume that the charac-
teristic p of k is positive, since any group scheme over a field of characteristic
zero is reduced [22, Theorem 11.4]. Let H be the coordinate ring of G°.
Since G° is a point set-theoretically, H is an artinian local ring. Let m be
the maximal ideal of H, and take e > 1 sufficiently large so that m?" = 0.
Then it is easy to see that ¥»° € BY for any b € B. This shows that any base
change of 7 is a homeomorphism (note also that B is integral over BY). So
7 is a geometric quotient, as can be checked easily.

Next consider the case that G is étale. We show that B is integral over
B To verify this, by the base change, we may assume that k is algebraically
closed. In this case, G is a finite group. Then b € B is integral over B¢,
since b is a root of the monic polynomial [],.,(t — gb) € BEIt].

It remains to show that 7 is an orbit space. To verify this, we may assume
that k is algebraically closed again. Thus G is a finite group.

Then G is SGR. Indeed, let V be a finite dimensional G-module and
v € VE\ 0, then there is a linear form ¢ € V* such that p(v) # 0. Let H
be the trivial subgroup of G if the characteristic of k is zero, and a p-Sylow
subgroup of G if the characteristic p of k is positive. Let r be the order
of H. Let {¢1,...,9} be a complete set of representatives of G/H. Note
that [ is nonzero in k. Then f := S\ | 9i(ITem hep) is in (Sym, V*)¢, and
fw) =lp(v)" #0.

Now assume that 7 is not a geometric quotient. Then there is an al-
gebraically closed field K and Spec K — Spec BY such that the geometric
fiber Spec C' has two K-rational points x and y on different two G(K)-orbits,
where C':= K ®pc B.

For any ¢ € C%, there exists some ¢ such that ¢? € K, where ¢ = 1 when
the characteristic of k is zero, and ¢ is a power of p when the characteristic
p of k is positive, as can be seen easily from Lemma A.1.2 of [18, Appendix
to Chapter 1, C]. Thus C¢ is a ring with only one prime ideal.

On the other hand, Gx and Gy are closed orbits in Spec C', since x and
y are closed points, and G is finite. By the choice of x and y, Gx N Gy = (.
By Lemma 8.24 and the proof of [18, Theorem 1.1], z and y are mapped to
different points in Spec C“. This contradicts the fact that C% has only one
prime ideal. O
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(9.9) Assume that the characteristic of k is zero. In addition to the as-
sumption of Theorem 9.5, assume that X is of finite type over £ and has
rational singularities. Then Y is of finite type and has rational singular-
ities by Boutot’s theorem [1], and Theorem 9.5 is unnecessary. Similarly,
if the characteristic is positive and X is F-regular, then Y is F-regular by
Corollary 9.11 below.

However, if D is a non-reduced artinian local G-algebra with the residue
field k& which is finite over k, then Spec D x X is still of finite type and
Cohen—Macaulay, but does not have rational singularities, since it is not even
integral. By [18, Proposition 1.9], Spec D x X admits an affine geometric
quotient, which is Cohen-Macaulay by Theorem 9.5.

The following theorem and its corollary are due to Hochster. We include
proofs, because there is no appropriate reference.

9.10 Theorem. Let B be a ring, and A its pure subring. If A is noetherian,
then for any maximal ideal m of A, there exists some maximal ideal M of B
such that Ay — By is pure.

Proof. Note that A,, — By, is pure. By [13, (2.2)], there exists some maximal
ideal 9 = MB,, of By, (M = M’ N B) such that A, — (Bn)ow = Bo is
pure. Let M be a maximal ideal of B containing 9. Since 91 lies on m by the
purity and m is maximal, M also lies on m. So M’ = MB,, C M By, # Bn.
Since M’ is maximal, MB,, = M B, and hence 9 = M is maximal. O

9.11 Corollary. Let B be a noetherian ring, and A its pure subring of B.
If B is normal (resp. of prime characteristic and weakly F-regqular, of prime
characteristic and F-regular), then so is A.

Proof. Note that A is noetherian [14, Proposition 6.15]. The assertion for
F-regularity follows from that for weak F-regularity by localization, and we
consider normality and weak F-regularity. Note that each property in prob-
lem is local on maximal ideals, see [12, (4.15)]. So by the theorem, we may
assume that both A and B are local. Since weakly F-regular implies normal
by [12, (5.11)], B is a normal domain. Now the assertion for normality fol-
lows from [14, Proposition 6.15]. The assertion for weak F-regularity follows
from [12, (4.12)]. O
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