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Abstract. This is an announcement of [Sa]. We consider the in-
variant subring of the Cox ring by the automorphism group of the
projective variety X. We prove the ring is finitely generated if X is
K3 surfaces.

1. result and motivations

Cox rings were introduced by D.Cox in [C] and are important rings
which appeared in algebraic geometry.

Definition 1.1 (Multi-section rings and Cox rings). Let X be a normal
projective variety over the algebraic closed field k. For a semi-group
Γ of Weil divisors on X, the Γ-graded ring

RX(Γ) =
⊕
D∈Γ

H0(X,OX(D))

is called the multi-section ring of Γ.
Suppose that Cl (X) is freely finitely generated. For such X, choose a

group Γ of Weil divisors on X such that Γ→ Cl (X) is an isomorphism.
Then the multi-section ring RX(Γ) is called a Cox ring of X and it does
not depend on the choice of Γ.

Remark 1.2. Aut(X) naturally acts Cox(X) by pulling back the sec-
tions. Thus we can consider the invariant subring of Cox(X) by
Aut(X).

One of the main topic related with Cox rings is the finite generation
of the rings. We consider the Cox ring of K3 surfaces.

Definition 1.3. A K3 surface over k is a smooth projective surface X
such that ωX/k = OX and H1(X,OX) = 0.

The main theorem is the following:
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Theorem 1.4. Let X be a K3 surface defined over C. Then the invariant
subring of Cox(X) by Aut(X) is finitely generated over C.

The theorem has the following meaning. At first, by [BCHM] and
[DAM], we know the Cox rings are finitely generated if the base
varieties are of Fano type or smooth surfaces with big anti canonical
divisor. This means that the positivity of the anti canonical divisors
make the Cox rings finitely generated. Secondly, we consider the
case in which the anti canonical divisor is trivial. If the variety is an
Abelian variety, then the picard group is not finitely generated. We
can not define the Cox ring. Therefore, we consider the K3 surfaces.
By [K] and [AHL], we know the Cox ring of a K3 surface is finitely
generated if and only if the automorphism group is finite group.
Therefore, we have both of the examples of finitely generated and
infinitely generated. This implies that if the Cox ring is finitely
generated, then the invariant subring of the Cox ring by the auto
morphism is finitely generated. It is natural to ask whether this
holds in general or not. This question is first asked in ”lectures on
K3 surfaces” by D. Huybrechts [H].
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