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1 Introduction

Throughout this paper let N and Z denote the set of nonnegative integers and
integers, respectively. A numerical semigroup is a subset of N which is closed under
addition, contains the zero element and whose complement in N is finite. Every
numerical semigroup H is finitely generated and has the unique minimal system of
generators aq, ..., a, € N; that is

H={ay,...,a.) :=={\ay + -+ M\a, | \1, ..., \, € N},

where ged(ay, ...,a,) = 1. The Frobenius number of H, denoted by F(H), is the
maximal integer which is not belonging to H. A numerical semigroup H is symmetric
if for any integers x € Z, either x € H or F(H) —x € H. Let k be a field and ¢ be
an indeterminate over k. The ring

E[[H]] := E[[t™, ..., t]] C k[[t]]

is called the numerical semigroup ring associated to H = (aq, ..., a,). A numerical
semigroup ring k[[H]] is a one-dimensional Cohen-Macaulay local ring with maximal
ideal m = (¢*,...,t%). It is well known that k[[H]] is Gorenstein if and only if H is
symmetric.

Our purpose in this paper is to investigate Ulrich ideals of Gorenstein numerical
semigroup rings which generated by monomials. The notion of Ulrich ideals was
introduced recently by S. Goto, K. Ozeki, R. Takahashi, K-.i. Watanabe and K.
Yoshida in [GOTWY].

Definition 1.1. [GOTWY] Let (R, m) be a Cohen-Macaulay local ring with d =
dim R > 0 and I be an m-primary ideal of R. Suppose that I contains a parameter
ideal @ = (ay,...,a4) of R as a minimal reduction. Then [ is called an Ulrich ideal
of R if the following two conditions hold true:
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(1) I*=QI.
(2) R/I-module I/I? is free.

By definition, any parameter ideal of R is Ulrich. For convenience, in this paper,
we except parameter ideals whenever we refer to Ulrich ideals. We put R = k[[H]]
and let x% denotes the set of Ulrich ideals of R which generated by monomials in .
When H is a numerical semigroup generated by 2-elements, the set x% is completely
described in [GOTWY]. So, in Section 3, we consider the case where H is generated
by 3-elements, that is H = (a,b,c). In this case, we completely determine when
XZ[[ HI] is empty or not so. In section 4, we consider the case where H is a numerical
semigroup generated by an arithmetic sequence, that is H = (a,a +d, ...,a + nd),
where a,d > 0,n > 2 and ged(a,d) = 1. Then we state that Xi“H” # () if and only
if n=2.

2 Preliminaries

We start this section by recalling some results on Ulrich ideals from [GOTWY]. The
following theorem is very important to achieve our goal.

Theorem 2.1. [GOTWY]| Suppose that R = k[[H]] is a Gorenstein numerical
semigroup ring (equivalently, H is a symmetric numerical semigroup) and let I be
an ideal of R. Then the following conditions are equivalent.

(1) Iexp

(2) I=(t*1%) (o, B € H,a < 3) and if we put x = B—a, the following conditions
hold.

(i) x¢ H,2x € H.
(i) the numerical semigroup Hy = H + () is symmetric, and
(ii) o =min{fh € H |h+x € H}.
In particular, we note that x% # 0 if and only if there is an integer € Z which

satisfies that conditions (i) and (ii) above.

Example 2.2. (1) Let H = (4,5) = {0,4,5,8,9,10,12 —}. We can find the integers
which satisfy the condition (i):

v =26,711.
In these integers, 2 and 6 just satisfy the condition (ii). Therefore we have
XZ[[H]] = {<t87 t10)7 <t47 th)}

by the condition (iii).
(2) If H = (3,5), then XZ[[H]} = () since we can check that there are no integers
which satisfy the conditions (i) and (ii).



Actually, when H is generated by 2-elements, the set x% is completely described
in [GOTWY]. In particular, the following assertion holds true.

Theorem 2.3. [GOTWY] Let H = (a,b) be a numerical semigroup. Then the
following conditions are equivalent.

(1) Xy 7 0

(2) a orb is even.

3 The case of H = (a, b, c)

In this section, we consider the case where H = (a, b, ¢). There is a characterization
for H to be symmetric.

Lemma 3.1. [He|, [Wa] Let H = (a,b,c) be a numerical semigroup generated by
3-elements. Then following assertions are equivalent.

(1) H is symmetric.

(2) Changing order of a,b and c if necessary, we can write a = a’d,b = b'd, where
ged(a,b) =d > 1 and c € (a', V), c #d V.

If this case occurs, we denote by H = (d (a',V') ,c).

Example 3.2. (1) H = (8,12, 15) is symmetric since we can write as H = (4 (2, 3) , 15).
(2) H = (7,11,13) is not symmetric since any two pairs of minimal generators
of H are pairwise coprime.

Using Lemma 3.1, we state our main theorem.

Theorem 3.3. Let H = (a,b,c) be a symmetric numerical semigroup and assume
that H = (d{a',b') ,c). We set R = k[[H]], Hi = (¢/,V') and Ry = k[[H1]]. Then
the following assertions hold true.

(1) If d and c are odd, then
X% = {(t*,t%) | a, B € Hy such that (t*,t7) € x%, }.
In particular, #x% = #X%, -
(2) If a,b and c are odd, then x% = 0.
In the following, we assume that a' and b are odd.
(3) Ifd is odd and c is even, then

(i) x% # 0 if and only if H + (c/2) is symmetric.



(ii) if x% # 0, then
X% = {(t2,t29) | 1is even with 1 <1 < d}.
In particular, #x% = (d —1)/2.
(4) If d is even and c is odd, then x% # 0.
We provide some lemmas to prove this.

Definition 3.4. [RG] For two numerical semigroups H; = (ay, ..., ) and Hy =
(b1, ..., b,), we define a gluing of H; and Hj as follows:

<d1H1, dgHg) = <d1a1, ceey dlam, dgbl, cees dgbn> s
where dl S HQ\{bl, ceny bn}, d2 c Hl\{al, coey (Zm} and ng(dl, dQ) =1.
By the constructions of gluings, we have the following result.

Proposition 3.5. Let H = (d1H,,dyHs) be a gluing of two numerical semigroups
Hy and Hy. Then the ring k[[H]] is a k[[H1]] (resp. k[[Ha]]) - free module of rank
dy (resp. dy).

We say that a numerical semigroup H is a complete intersection if its semigroup
ring k[[H]] is a complete intersection.

Theorem 3.6. [De], [RG| The following assertions hold true.

(1) Let H = (d1Hy,dyHs) be a gluing of two numerical semigroups Hy and H,.
Then H is symmetric (resp. a complete intersection) if and only if Hy and Ho
are symmetric (resp. complete intersections).

(2) A numerical semigroup other than N is a complete intersection if and only if
it 18 a gluing of two complete intersection numerical semigroups.

Remark 3.7. When a numerical semigroup H is generated by 3-elements, H is sym-
metric if and only if H is a complete intersection. Therefore Lemma 3.1 is a special
case of Theorem 3.6 (2) since H = (a,b,c) = (d(da’,V'),c) is a gluing of (da’,b') and
(1) = N.

Lemma 3.8. Let H = (d1H;,d2Hs) be a gluing of two symmetric numerical semi-
groups Hy = {(ay, ..., an) and Hy = (by,...,by). We put R = k[[H]] and R; = k[[H;]|
fori=1,2. The following assertions hold true for i =1,2.

(1) If (t*,t7) € X%, , then (t4 t4P) e X% -

(2) If (t7,t°) € X% and d; divides © := § —~ > 0, then there exists two integers
o, 3 € H; with ¢/d; = 3 — a > 0 such that (t*,t°) € X%, -

(3) #xk, < #XE-



Proof. (1) There is an natural injection from R; to R:

p: Ry — R

t% tdlaj
We note that R = R?dl by Proposition 3.5. If I C Ry is an Ulrich ideal, then
e(IR) = dre(I) = dypr, (I)lr,(R1/I) = pr(IR)(r(R/IR),

where IR is the extension of I from R; to R (see [GOTWY, Lemma 2.3.]).
(2) This easily follows form Theorem 2.1.
(3) This is clear by (1) and (2). O

Example 3.9. (1) Let H; = (4,5) and Hy = N. We know that
Xk, = {5119, (¢4,1)}

and x%, = 0 (see Example 2.2). Let H = (3H,,13H,) = (12,13, 15) be a gluing of
H, and Hy. By Theorem 2.1, we can check that

e (N R}

In this case, there is a one-to-one correspondence between the sets x7, and x%. In
other word, all Ulrich ideals of R are extensions from those of R;. This example
illustrate Theorem (1) since 3 and 13 are odd.

(2) Let Hy; and Hs be as above and let H = (3H;,16H5) be a gluing of H; and
H,. Then we see that

X?% — {(t24, t?)O)7 (15127 t30), (t16, t24), (25167 t30)}.
In this case, the ideals (¢19,¢?1) and (¢'¢,#3%) are not extensions from those of R;.
By using Bresinsky’s results in [Br], we have the following.

Lemma 3.10. Let H = (a,b,c) be a symmetric numerical semigroup. If H + (x)
is symmetric for an integer x € Z such that x ¢ H and 2x € H, then H + () is a
complete intersection.

Using Lemma 3.10, we can prove the following lemma.

Lemma 3.11. Let H = (a,b,c) = (d{(d', V'), c) be a symmetric numerical semigroup.
Suppose that S = H + (x) is symmetric for an integer x € Z such that x ¢ H and
20 € H. We write as 2x = Aja + \ob + Azc, where A, Ao, A3 > 0. If A3 > 0, and
A1 >0 or Ay > 0, then the following statements hold.

(1) emb(S) > 2.

(2) a orb is even, and c is even.



Now we give the proof of Theorem 3.9.

Proof of Theorem 3.9. (1) We assume that H + (z) is symmetric for an integer x
such that z ¢ H and 2x € H. Then it suffices to prove that d divides x by Lemma
3.8. Since 2x € H, we can write as 2x = Aja + \2b + A3¢, where A\, Ao, A3 > 0. If
A3 = 0, then d divides x since d is odd, and so we are done. Therefore we assume
that A3 > 0. Then it must be A\; > 0 or Ay > 0 since otherwise we see that x is a
multiple of ¢, which is a contradiction. By Lemma 3.11, ¢ is even, which contradict
to our assumption. Hence we obtain A3 = 0.

(2) This follows from (1) and Theorem 2.1.

(3) First, we claim that if H + (x) is symmetric for an integer # € Z such that
r ¢ H and 2z € H, then x = A¢/2, where A is an odd positive integer. We write
as 2 = Aja + Aob + Azc, where A\, Ay, A3 > 0. If A3 = 0, then d divides x, which
is a contradiction. Hence we have A3 > 0. And if \; > 0 or Ay > 0, then we see
that either a or b is even by Lemma 3.11. This is contradict to our assumption, and
hence \; = \y = 0. Therefore we have x = A3¢/2, where A3 is odd.

Now we prove the first assertion (i). We assume that H + (¢/2) is not symmetric
and Xy # 0. Then

g ¢ (a', V). (3.1)

since otherwise H + (¢/2) = (d (a/, V') , ¢/2) which is symmetric. By our assumption,
there is an integer x € Z such that x ¢ H, 2x € H and H + (x) is symmetric.
We can write as z = Ac/2 for some odd integer A > 0 by the claim in previous
paragraph. If A\ = 1, then H + (z) never be symmetric. Hence we have A > 3.
Then it is easily seen that H + (z) = (a, b, ¢, A\c/2) is generated by 4-elements, and
which is symmetric. Therefore this numerical semigroup is a complete intersection
by Lemma 3.10. Hence we can write as

H+ (z) = <d<a’,b’> , g (2,)\>>

since we know that both (da’, b') and (2, \) are complete intersections. This contradict
to the condition (3.1). This complete the proof of (i). The second assertion (ii) easily
follows from the previous arguments.

(4) By using Lemma 3.1, we can check that H + (da’/2) or H + (d'/2) is sym-
metric. Hence Xian # () by Theorem 2.1. O]

4 The case of H = (a,a+d,...,a+ nd)

We say that a numerical semigroup H is generated by an arithmetic sequence if
H = {(a,a+d,...,a+ nd), where a,d > 0,n > 2 and ged(a,d) = 1. The following is
the main result about this.

Theorem 4.1. [Nu] Let H = {(a,a+d,...,a + nd) be a symmetric numerical semi-
group generated by an arithmetic sequence. Then XZ[[H]] # 0 if and only if n = 2.



When H = (a,a+d,...,a + nd) is a symmetric numerical semigroup generated
by an arithmetic sequence, H is a complete intersection if and only if n = 2 (for
example, see [GSS]). So we had expected that if k[[H]] is a Gorenstein numerical
semigroup ring which is not a complete intersection, then XZ[[ o) = (). But, unfortu-
nately, there are counter examples.

Example 4.2. A numerical semigroup H = (10,12,13,14,15) is symmetric but
not a complete intersection. However H + (5) = (5,12,13,14) is symmetric, and
hence the ideal (19 1) € Xi[[HH‘ In general, H,, = (2m,2m +2,2m + 3, ...,3m)
is symmetric but not a complete intersection if m > 5. Then we can check that
<t2m7t3m) c Xi

([Hm])®
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