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ON H-EPIMORPHISMS AND CO-H-SEQUENCES
IN TWO-SIDED HARADA RINGS

Yosuiromo BABA

ABSTRACT. In [8] M. Harada studied a left artinian ring R such that
every non-small left R-module contains a non-zero injective submodule.
And in [13] K. Oshiro called the ring a left Harada ring (abbreviated left
H-ring). We can see many results on left Harada rings in [6] and many
equivalent conditions in [4, Theorem B]. In this paper, to characterize
two-sided Harada rings, we intruduce new concepts “co-H-sequence”
and “H-epimorphism” and study them.

In §1 we define a H-epimorphism, a co- H-sequence and a w-H-epimorphism.

In §2 we characterize H-epimorphisms and left co- H-sequences of two-sided
Harada rings using well-indexed set of left Harada ring. In Lemma 2.1
we show that a left (resp. right) H-epimorphism induces the inverse right
(resp. left) H-epimorphism. In Theorem 2.2, using Lemma 2.1, we char-
acterize left (right) H-epimorphisms. In Corollary 2.3 we characterize left
co-H-sequences by a well-indexed set of left Harada ring. And in Exam-
ple 2.4 we given a simple example of left co-H-sequences in a Nakayama
ring. In §3 we consider a w-H-epimorphism. In Lemma 3.1 we consider
a left H-epimorphism with the codomain the Jacobson radical of the first
term of some left co-H-sequence. And in Lemma 3.2 we further consider
the left (right) H-epimorphism in Lemma 3.1. In Lemma 3.3 we consider
colocal pairs in two-sided Harada rings. And in Proposition 3.4 we consider
w-H-epimorphisms.

1. DEFINITIONS

Let R be a basic artinian ring. A ring R is called a left Harada ring or a
left H-ring if, for any primitive idempotent e of R, there exists a primitive
idempotent f. of R with E(T'(rRe)) = rRfe/Sn.(rRfe) for some n, € N.

By, for instance, [4, Theorem B (5),(6),(14) and the proof of (6) = (5)],
the following are equivalent:

(a) R is aleft Harada ring.
(b) There exist a basic set {e; ; }Z;nl?(zz)l of orthogonal primitive idem-
potents of R and a set { f; }/*, of primitive idempotents of R such
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that E(T (RRGZJ)) = pRfi/Sj—1(rRf;) for each i =1,2,...,m and
j=1,2,...,n(i).

(¢) There eX1stS a basic set { e; }Z;nl?(i)l of orthogonal primitive. idem-
potents of R such that e; 1 Rg is injective and e; jRg = emJ]J%_l for
eachi=1,2,...,mand j=1,2,...,n(7).

We may consider the sets

{eas "0

in (b), (¢) coincide and call it a well-indexed set of left Harada ring or a left
well-indezed set.
Further, for primitive idempotents e, f of R, we call

(eR, Rf)

is an i-pair if both S(eRgr) = T(fRr) and S(rRf) = T(rRe) hold. And,
since {e; 1 R}, is a basic set of indecomposable projective injective right
R-modules, for each i = 1,2,...,m, there exists e,(;) ,i) € {e”}zflg(:z)l
such that (e; 1R, Re,(;) 5(y) is an i-pair by [7, Theorem 3.1], where o, p :
{1,2,...,m} — N are mappings.

Unless otherwise stated, throughout this paper, we let R be a basic two-
sided Harada ring, let {e;;},_7 = n(z) be its well-indexed set of left Harada
ring, let o, p be mappings above and, for each ¢ = 1,2,...,m and each

j=2,3,...,n(i), let
Qi,j : ei,jRR — ei,j—ljR

be an R-isomorphism.

Let R be an artinian ring, let {e;}! be a complete set of orthogo-

nal primitive idempotents of R and let {f;}% ; C {e;}",. A sequence
fiR, foR, ..., frR is called a right co-H-sequence of R if the following
(CHS1), (CHS2), (CHS3) hold.

(CHS1) For each i = 1,2,...,k — 1, there exists an R-isomorphism
& fiRr — fiv1Jr -
(CHS2) The last term fiRp is injective.

(CHS3) fiR, faR, ..., frRisthe longest sequence among the sequences
which satisfy both (CHS1) and (CHS2), i.e., there does not exist
an R-isomorphism: fRr — f1Jg, where f € {e;}I ;.

Similarly, we define a left co-H-sequence Rf1, Rfa, ..., Rfr of R.

Obviously, for each i = 1,2,...,m
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€ini)BR; €in@)-1RR, -, €i1RR
is a right co-H-sequence of R. And, for an artinian ring R/, it is a left
Harada ring if and only if there exists a basic set {6”}131?(:2)1 of orthogonal
primitive idempotents of R’ such that e; R, €; niy—1 R, ..., €1 R is a
right co-H-sequence of R’ for all i =1,2,...,m.
From the definition of a left Harada ring, the following lemma holds:

Lemma 1.1. For a left Harada ring R’ and primitive idempotents f1, fa, ...
fr of R, the following are equivalent.

(a) fiR', foR, ..., fxR’ is a right co-H-sequence.
(b) fiR', foR', ..., fxR' satisfies (CHS1) and the following (CHS3'):

(CHS3) fiR/, foR/, ..., frR' is the longest sequence among se-
quences which satisfy (CHS1).

In this paper, using a well-indexed set {611}1217;(:2)1 of left Harada ring,

we characterize left co-H-sequences of R, i.e., we give the structure of R
as a right Harada ring.

Let {e;}_; be a complete set of orthogonal primitive idempotents of R
and let { fz}fill C {e;}l~, where fi, fa,..., fj+1 are mutually distinct. Then
we call ¢ : fiRr — foJr (resp. grRf1 — rJf2) a right (resp. left) H-
epimorphism if ¢ is a non-zero R-epimorphism with J - Kerp = 0 (resp.
Kero-J =0). And we call o : fiRr — fj41J% (resp. RRfi = rJ/ fj11) a
right (resp. left) weak H-epimorphism (or simply a right (resp. left) w-H -
epimorphism ) if there exist right (resp. left) H-epimorphisms ¢; : fRp —
firiJr (1=1,2,...,7) with o = @;0; 1---¢1 (resp. @; : RRfi — rJ fix1
(i: 1a27"'7j) WithQDZQOISOQ"'(:Oj)'

For a € R, we write the left (resp. right) multiplication map by a
(a)r, (resp. (a)r).

And, for primitive idempotents e, f and g, we use the following termi-
nologies.

o If both S(creeRf) and S(eRffrs) are simple, we call (eR,Rf)
is a colocal pair following [12] and [11]. And then S(cpceRf) =
S(eRfrry) holds. We abbreviate it to

S(eRf).

e We put

put

R(e) = eRe.
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2. H-EPIMORPHISMS AND LEFT CO-H-SEQUENCES OF TWO-SIDED
HARADA RINGS

First we give basic results.

Lemma A.

(I) For any i = 1,2,...,m and any j = 1,2,...,n(i), the following
hold.
(1) rRes(i) o0y /Si-1(RReo(s),p(5)) = E(T(rRei ;). S0 Sy (RREs() pi))

is uniserial.

(2) Si(rReo(iypi) = Dh_1S(eirRR).

(3) S(eRr) = T(esi) o) Rr) and S(ei;Rr) = S(eijRR) €o(i),p(i) =
S(eijReq(iy (i) -

(4) Suppose that T(eng(i)) &> T'(ex RRr). Then [ = 1.

(5) S(Rr) = O T(eo() o0 Rr)" .

1=

(IT) Let
Rfla Rf27 ) an’

be a left co-H-sequence of R and let (e; 1 R, Rf,/) be an i-pair, where
fi, fo, ..., fnr are primitive idempotents of R. Then, for any p =
1,2,...,n/, the following hold.

(1) ei,lRR/Sp_l(ei,lRR) = E(T(fn’—p—HRR))- So Sn’(ez',lRR) is

uniserial.

(2) Sp(eirRr) = &1 S(RRSE).

(3) S(rRfp) = T(rRein1) and S(rRfp) = €1 S(rRR[p) = S(ei 1 Rfyp).
So, in particular, if S(rRey,;) = T'(rRes,;) for some ey ; and e 4,
then t =1 and S(rRer;) = es1 S(rRek,) = S(es,1Rex,) -

(4) Suppose that T(rJ"™ fu) ®> T(rRg), where g is a primitive
idempotent of R. Then rRg is injective.

(5) Foreachi=1,2,...,m,welet Rf;1,Rfi2,... aRfi,n; = Rea(i)m(i)
be a left co-H-sequence with the last term Rey(;) ,;)- Then
S(rR) = &, @1, S(rRfi;). So S(rR) = & T(rRei1)" .

Proof.
(I) (1) By [6, Lemma 3.3.1].

(2) By [14, Proposition 3.5 (1)].

(3) By [3, Theorem 1], S(ei,jRR) = T(ea(i),p(i) Rp) and S(R(ei7j)€i,jReg(i)7p(i))
is simple. So the statements follow from, for instance, [3, Lemma
1 (2),(3)] since R is a basic ring.
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(4) There exists ¢ : e Rr — ei,ng(i) with Im¢ & ei,lJ"(i)Jrl
by the assumption. Suppose that [ # 1. There exists ¢ :
eri—1Rr — €;1Rr with ¢0,; = ¢ since e; 1Rg is injective.
Then, because Im ¢ C ¢;1J™" and Tm ¢ Z e; 1 J"D+ Tm @ C
62'71Jn(i)_1 and Img& SZ 61'71Jn(i). SO T(6k7l_1RR) = T<€i71Jg(z)—1)

m n(i)
i=1,j=1"

On the other hand, T(ei,ng(i)_l) = T(€;n@)Rr) by the defini-

tion of {e”}lg?g Therefore (k,1) = (i, n(i) +1). But

€ n(i)+1 does not exist, a contradiction.

since e; 1 Rp/ei1J (i) is uniserial by the definition of {eij}

(5) By the equivalent condition (c) given in the definition of a left
Harada ring.

(IT) By left-right symmetric argument of (I), we see that (1),(2),(4),(5)
and the first half of (3) hold. We only show the second half of
(3). We assume that S(rRey;) = T(rRes;) for some ey and e .
Then t = 1, ie., ez Rp is injective, by (II)(5). And S(rRey;) =
S(rReg(s),p(s))- Now we consider a left co-H-sequence with the last
term Reg(s) p(s)- And we may assume that Rey; is a term of the left
co-H-sequence. Hence S(rRey;) = es1S(rRek,) = S(esiReg;) by
the first half.

O]

Now we give an important lemma which gives the relationshop between
left H-epimorphisms and right H-epimorphisms.

Lemma 2.1.

(I) Suppose that ¢ : rRe; j — rJey, is a left H-epimorphism. Then
the left multiplication map

ut
= ((ei)C)r ek Rr — €ijJR

by (e; ;)¢ is a right H-epimorphism.
Further, we put I, e { (p,q) | S(rRepq) = T(rReg1) } and let
Rf1,Rfa,...,Rfp = Resu),pr) be a left co-H-sequence with the

last term Req (k) o(k), Where { f1, fo, ..., fur } C { e }Z-ZLL;L:(? (then,
since R is a right Harada ring, { f1, f2,.- ., far } = {epq }pger )-
¢ satisfies the following conditions (1),(2),(3).

Dp,g)er, S(rRRepq) # 0 (if 1=1)

(1) Keré =eg; S(rR) = 0 (if 1#1)
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(2) (i) Suppose that ey ;Rp is injective, i.e., I = 1. Then the
following (x), (y), (2) hold.
(x) For each (p,q) € I,
S(rRepq) = ex1S(rRepq) = S(ex1Repq) -
(y) Keré = @™ ,S(rRfi) = Sw(er1Rr) and it is unis-
erial as a right R-module.
(z) j=mn(i), ie, & ex1RR — € ni@)JR-
(i) Suppose that ey ;Rp is not injective, i.e., [ # 1. Then
(k,0) = (i,7+1) and j <n(i), ie, e jr1Rr — € jJR.

(3) For any e, the restriction map of £

put
fs,t = £|ek7lReS,t : ek:,lRes,t — ei,jjes,t

is a right R(es)-epimorphism with
Ker&,; =

if S(rRes;t) =T (rRey,),
S(@k,lRes,t) < i.€.7 {=1 and (6k,1R7 E(RRes,t)) is an i-pair
0 if S(rResyt) % T (rReky),
i.e., either [ #1 or (ey 1R, E(rRes;)) is not an i-pair

(IT) Suppose that & : e; ;Rr — e Jg is a right H-epimorphism. Then

the right multiplication map

ut
= (&(eij) )R : RReky — rJeEi

by &(ei ;) is a left H-epimorphism. Further, if pRey; is injective,
we let (ep 1R, Rey,) be an i-pair. ¢ satisfies the following conditions

(1),(2),(3),(4)-

(1) Ker¢ = S(Rr)en; = Doy S(epqRr) # 0 (if pRey is injective)
’ 0 (if rRey; is not injective)
(2) Suppose that rRey; is injective. Then the following (z), (y)
hold.

(x) For each ¢ =1,2,...,n(p),
S(ep,qRR) == S(ep’qRR) 6/671 = S(ep,qRek,l) .

(y) Ker¢ = Sy (rRer) and it is uniserial as a left R-
module.

(3) For any e+, the restriction map of ¢

put
Cs,t = C|es,tRek’l : es,tRek:,l — es,tjei,j
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is a left R(est)-epimorphism with
Ker (s =
S(€s7tR€]€’l) (if 5(6571RR) = T(ekJRR), i.e., (63,1R, Rek,l)

is an i-pair )

0 (if S(esaRr) Z T(exiRR))
(4) For any i =1,2,...,m, RRei,n(i)/J”(i)eivn(i) is uniserial.
Proof. (I) First we show that § is surjective. Take any es;. Since

R is a right Harada ring, E(rRes:) = Re,, for some e, ,, there
exists an R-isomorphism ¢ : gRes; — rJ"ey ., where n € N, and
RReum/J"Heu’v is uniserial. Then, for any v € e;;Jess, we can
define the right multiplication map

(V)R : Re; j/ Ker( — Reg

by « since ( is a left H-epimorphism. Therefore we consider the
diagram

0 — Rem/KerC L) Rek,l,

Ve

where ¢ is an R-monomorphism naturally induced from ¢. And we
have 1 : Rer; — Rey, with (¢ = (y)rt since grRe,, is injective.
Then J Imv = (Jegy )y = (Im¢)y = Im(Cyp) = Im((v)re) C
J" ey ». So Ime C J%,, because gRey,/J" e, , is uniserial.
Therefore there exists 5 € ey Res; with C(B)r = (7)r- So

£B8) = ((ei;)O)r(B) = (@@5)C (B)r = (@j) (Mr =7
Hence Im¢& O e; ;Jes for any e; ;. We see that Im& = e; ;J.

Next we show that (1),(2),(3). From (1), we see that £ is a right
H-epimorphism.

(1) For any a € Kerf (C e R), 0 = R(e;j)Ca = Jega = Ja
since ( is surjective. So a € S(rR). Hence Ker{ = ey S(rR).
And, by Lemma A (II)(5),

PS(rRf) (B 1=1)

ek’ZS(RR){o (it 1#£1)
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since Rf1, Rfa,...,Rfp = Reg@) pk) is a left co-H-sequence
with the last term Req ) o). So the statement follows since

{fi,f2, - fw b = {epa tpaen-
(2) (i) (x) Since (p,q) € I, S(rRepq) = T(rRek,1). So the
statement holds by the second half of Lemma A (II)(3).
(y) Keré = @ S(rRf;) by the proof of (1). The
remainder follows from Lemma A (IT)(1),(2).
(2) Assume that j € {1,2,...,n(i) —1}. Then e;;Jr
is projective by the definition of a well-indexed set

{ei; }Zﬂ}jn(z of left Harada ring. So ex; = €; 41
and £ is an R-isomorphism because £ is an R-epimorphism.
But, since [ = 1, Ker& # 0 by (1), a contradiction.

Hence j = n(i).

(¢4) Let l# 1. Then ¢ : ey Rr — €;jJr is an R-isomorphism
y (1). So (k,l) = (i,j+1) and j < n(i) by the definition

of a well-indexed set {e; ;}," Jn(? of left Harada ring.

(3) By (1), (2)(¢)(x). (We only note that, if S(rRes ) = T'(rRex,),
then | = 1 by Lemma A (II)(5).)

(IT) We see that ( is a left H-epimorphism and (1),(2),(3) hold by the
same way as in (I).

(4) For each i = 1,2,...,m and j = 2,3,...,n(i), we put & e

0;;:ei;Rr — € j—1Jr. And there exists a left R-epimorphism

ut
¢t= (&(eij) )r : rReij—1 — rJ€ij.

So RRem(i)/Jn(i)ei,n(i) is uniserial.

Using Lemma 2.1, we characterize left (right) H-epimorphisms.

Theorem 2.2.

(I) Suppose that ¢ : rRe; ; = rJeg,; is a left H-epimorphism. And,
if rRe;; is injective, we let (e, 1R, Re;;) be an i-pair. Then the
following hold.

(1) (i) Suppose that e ;Rp is injective, i.e., [ = 1. Then j =
n(z), le., C : RRez’,n(i) — RJek,l.

(i) Suppose that ey ;Rp is not injective, i.e., [ # 1. Then
(l{i,l) = (i,j—|—1) (] < n(z) ), ie., (C: RRei’j — RJ€¢J+1 .
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(2) (i) Ker¢ = S(Rr)ei; =

@Zipl)s(ep,qRR) = n(p)(RRei,j) # 0
and it is uniserial as a left R-module
0 (if RRGZ"J' is

not injective )

(if rRe; is injective )

(i1) If rRe; ; is injective, then, for each ¢ =1,2,...,n(p),
S(epqRr) = S(epRRr) €ij = SlepqReiy) .

(IT) Suppose that & : e; jRr — e Jg is a right H-epimorphism. And,
if e; ; Rp is injective, we put I; e { (p,q) | S(rRepq) =T (rRe;i1) }
and let n’ be the number of elements in I;. Then the following hold.

(1) (i) Suppose that e; ;Rg is injective, i.e., j = 1. Then | =
n(k), i.e., £ e 1Rr — e pni)JR -
(i) Suppose that e; jRg is not injective, i.e., j > 2. Then
(k, 1) =(i,7—1) (I<n(k)),ie, e jRr—e€ij-1Jr.
(2) (1) Ker{ = ¢€;S(rR) =
DBp,g)er €i,1 S(rRRepq) = Sw(ei1Rr) # 0
and it is uniserial as a right R-module
0 (if j#1)
(it) Ife; jRp isinjective, i.e., j = 1, then, for each (p,q) € I;,
S(rRepq) = €i1S(rRRepq) = S(ei1Repq) .

(if j=1)

Proof.
(I) (1) By Lemma 2.1(I) (1), (2)(i)(2), (i), we can define a right H-
epimorphism
put

§:=((eij)C)r  ex Rr — €i;JR
which satisfies the following.
(i) Suppose that e ;Rp is injective, i.e., [ = 1. Then j =
n(z), le., é : ekleR — ez’,n(i)JR .

(it') Suppose that e, ;Rp is not injective, i.e., [ % 1. Then
(k,1)=(4,7+1) (j<n(i)), ie, £:ej+1Rr = €i;Jr
and it is a right R-isomorphism.

Using Lemma 2.1 (II) for the &, either the following (i) or (i7)
holds.
(i) er Rp is injective, i.e. [ =1, j = n(i) and
¢ = (((eine) )C)rler1))r = (&lex1) )r + rRRE ey —
RJ€k71 .
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(it) er Rp is not injective, i.e., I # 1, (k,I) = (i,j + 1) and
¢ = (((eig)Q)rleijr))r = (&(eijra))r : rReij —
rJ€ij+1-
(2) Since ¢ = (((ei; )¢ )r(ex,) )R, the statements follow from Lemma
2.1(II) (1), (2).

(IT) (1) By Lemma 2.1 (II), we can define a left H-epimorphism

ut
Cp— (f(em' ) )R : RRek,l — RJGZ'J.

So, using Lemma 2.1 (I) (1), (2)(i)(2), (73) for the (, the state-
ments hold.

(2) Since & = ((ex1)(&(€ij) )R )L, the statements follow from Lemma

2.1(D) (1), (2)(@) (), ().
0

By the definition of a well-indexed set { e; }Zmln_l)l of left Harada ring,
Cin) By €in@—1R, e 1R (1=1,2,...,m)
are right co- H-sequences of R. And, from Theorem 2.2, we obtain the follow-
ing characterization left co- H-sequences of R using the same set { e; ; } ifl T;(:Z)l
Corollary 2.3. Every left co-H-sequence of R is of the form
Reil,s, R€i1’5+1, cevy Reil,n(il)a Rem’l, Rei%g, vy Reiz,n(ig)? Rei&l, . ,Reiu,t R
where 1 < idy,49,...,5, <m, 1 <s<n(iy) and 1 <t < n(iy).

Proof. By Theorem 2.2 (I) (1). O

Example 2.4. Let R be a basic indecomposable Nakayama ring with a com-
plete set { g; }1'7:1 of orthogonal primitive idempotents which satisfies

(Z) T(g’LJR) = T(gi+1RR) fOT any 1=1,2,...,6, and

(ir) c(g1Rr) =10, c(g2Rr) =9,
c(gsRr) =10, c(gaBRr) =9,
c(gsRr) =11, c(geRr)=10, c(grRr) =09,
where ¢( M ) means the composition length of an R-module M.

We put

put put put put put put put
€1,1 ‘= g1, €1,2 ‘= g2, €21 ‘= (g3, €22 = (G4, €31 = g5, €32 = (g6, €33 ‘= gr-
And {e11, e12, e21, €22, €31, €32, €33} is a left well-indexed set of R

and
(e11R, Rea1), (e21R, Res1), (es1R, Reiq)
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are 1-pairs and
RGLQ, Reg,l
R6272, Reg,l
R€3’2, R€373, R€171

are left co-H -sequences.

3. w-H-EPIMORPHISMS

In section 2, we characterize H-epimorphisms in Theorem 2.2 and left co-

H-sequences by a well-indexed set {e; ; } iZ’L jn:(?

lary ( Corollary 2.3). In this section, we characterize w-H-epimorphisms.

of left Harada ring as a corol-

Lemma 3.1. Let Rfy, Rfs, ..., Rfy be a left co-H-sequence and let f1 =
ek,l’
(1) Suppose that | > 2.  Then we have a left H-epimorphism (' :
rRer -1 — rJf1.
(2)  Suppose that | = 1. If there exists a left H-epimorphism (' :
RRei,j — RJGk,l = rJ f1, then j = TL(Z), 1.€., C/ : RReim(i) — rJf1.

Proof.
(1) By Lemma 2.1 (H), (Qk,l(ek’l) )R : RRekJ_l — RJek.’l is a left H-
epimorphism.
(2) By Theorem 2.2 (I)(1).
O]

Now we further consider a left H-epimorphism the codomain of which is
the Jacobson radical of the first term of some left co-H-sequence.

Lemma 3.2.

(I) Let Rfy, Rfo, ..., Rfy be aleft co-H-sequence. And suppose that
there exists a left H-epimorphism (' : gRfy — rJfi. Then the
following hold.

(0) Then rRfy is injective.

So we let (e 1R, Rfp) be an i-pair. Then the following hold.
(1) Ker¢' = Syuy(rRfo)-
(2) rRfo/Si—1(rRfo) = E(T(rRey,;)) for any j =1,2,...,n(k).
(3) Snk)+1(rEfo) is uniserial as a left R-module.
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Further we let (e; 1R, Rf,/) be an i-pair. Then the following hold.

(4) S(xRfo/Snwyri-1(rRfo)) = T(rRey ;) forany j = 1,2,...,n(l).

(IT) Suppose that £ : e;1Rr — €j n(k)JR is a right H-epimorphism and
we let both Rg1, Rga, . .., Rgn, = Rey() pq) and Rhy, Rha, ..., Rhy, =
Res(k),p(k) be left co-H-sequences. Then the following hold.

) Kerd =Sy, (e11RR) -

2) e 1R/Sj_1(e11RR) = E(T(gn,—j+1RR)) forany j =1,2,...,ny.

3) Sn,+1(er1RR) is uniserial as a right R-module.

4) S(ej1Rr/Sn,+j-1(e11RR)) = T(hn, —j+1RRr) forany j =1,2,...,ny.

—_

/N /N /~

Proof.

(I) (0) By (CHS3) in the definition of a left co-H-sequence and The-
orem 2.2 (I)(2)(2).
(1) By Theorem 2.2 (I)(2)(3).
(2) By Lemma A (I)(1).
(3) Snk)(rRfo) is uniserial by Lemma A (I)(1). And Sy, )+1(rEf0)/
Sniky(rRRfo) is simple by (i) since rRf; is colocal.

(4) By (1), rRfo/Sniy(rRfo) = rJfi = gJ"fw. And, for
any j =1,2,...,n(0), S(4Rfw/Sj-1(rRfw)) = T(rRey;) by
Lemma A (I)(1) since (e; 1R, Rfy/) is an i-pair. So the state-
ment holds.

(IT) We see by the same way as in (I).

O
Next we consider colocal pairs in two-sided Harada rings.
Lemma 3.3. Let Rfi, Rfo, ..., Rfw be aleft co-H-sequence and let (e; 1 R, Rfy)
be an i-pair. Then the following hold.
(I) (0) S(e;Rfs) is defined for any j = 1,2,...,n(l) and any s =
1,2,...,n.
(1) Suppose that there exists a left H-epimorphism (' : pRRgn» —
rJ f1 and we let Rgi, Rga, ..., Rg,» be a left co-H -sequence.

Then S(e;jRg: ) is defined for any j = 1,2,...,n(l) and any
t=1,2,...,n".



(2)

Proof.
(D (0)

(1)
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We further suppose that there exists a left H-epimorphism (" :
rBRh,m — rJg1 and we let Rhy, Rho, ..., Rhym be a left co-H -
sequence. Then S(e; jRh, ) is defined for any j =1,2,...,n(l)
and any u=1,2,...,n".

Suppose that there exists a right H-epimorphism &' : ey 1Rp —
ein@)Jr- Then S(ey Rf;) is defined for any t =1,2,...,n(l')

/

and any 7 =1,2,...,n'.

We further suppose that there exists a right H-epimorphism
" vem1Rr — ey nyJr. Then S(ep  Rf;) is defined for any

/

u=1,2,...,n(") and any j =1,2,...,n'.

S(e,1Rfs) is defined by Lemma A (II)(3). So S(eijRfs p(s,))

is simple since e; ; Rg = €11 Jg{l. On the other hand, S(R(el,j) el iR fn)
is defined by Lemma A (I)(3). So S(r(e, )e1,;E[s) is simple since

rRfs = pJ" 5 f,,. Hence S(e ;Rfs) is defined.

First we consider the case rRg,» = rRf,. Then gs = fs. So

the statement holds from (0).

Next we consider the case rRg,» 2 rRfn. Let (ex1R, Rgn)

be an i-pair. Then

T'Rg,n (el,jR) = Sn(k)—l—j—l(Rgn”)
and

S( Rgy, /?‘Rgn,, (el’jR)) = T(RRel,j)
by Lemma 3.2 (I)(2),(4). So

RRGw /TRy 4 (€1;R) = RI™ frr/Si—1(rRR fnr)

E(rRgn /TRy, (e1;R)) = rRRfn /S 1(RRfn)
by Lemma 3.2 (I)(1) and Lemma A (I)(1) since Rf1, Rfa,..., Rfy
is a left co-H-sequence. Therefore

rRRGt /TRy, (e1;R) =2 pJVT D /S 1 (RRfw)

E(rRg: /TRy, (e1jR)) = rRRfn/Sj—1(rRfpnr)

since Rg1, Rga, . .., Rgy is aleft co-H-sequence. So rRg:/T Ry, (€1 R)
is quasi-injective. Hence S(¢e; ;Rg; ) is defined by [5, Corollary
1.6].

If RRhym = RRf,, the statement holds from (0). So we assume
that grRh,»w 2 rRf,. Let (ek/71R, Rh,m) be an i-pair. Then

and

and
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the follong (7), (1), (¢i3), (iv), (v), (vi) hold by Lemma 3.2 (I)(1),(2),(4)
and Lemma A (I)(1).

(@) 7Rhm (€1 R) = Snktytn(k)+j—1(RRRnm)

(i) S(rRhyw [rRA,,.,(€1;R)) = T(rRey;)

(ii6) rRRhuw [TRR 0 (€1;R) = RIVT fr /S _1(RRf)
)
)

(iv

E(rRhym [TRR, 0 (€1 jR)) = RRf0/Sj1(REf)

(v) RrRhy/rRh, (e ;R) = g7 0" =0 g /S 1 (RRfw)
(vi) E(rRhu/Trh,(e1;R)) = rRfn/Si—1(rRRf0)

So grRhy/TRh, (€1 ;R) is quasi-injective and S(e; jRh, ) is de-
fined by [5, Corollary 1.6].

(IT) We see by the left-right symmetrical argument of (I).
[

Using Lemma 3.3, last we generalize Lemma 2.1 to w-H-epimorphisms.

Proposition 3.4. Let fi1, f2,. .., fut+1 be distinct elements in {e;; },; ;7.

Suppose that
put ()
=G Cu: rRRf1 = RS fura
is a left w-H-epimorphism, where (; : rRf; — rJ fi+1 is aleft H-epimorphism
fori =1,2,...,u. Foreachi =1,2,...,u, we consider a right H-epimorphism
put

&= ((fi)G)r: fimR— fid

given in Lemma 2.1 (I). And we put
put

§ = ()L : fupr R — frJ".
Further we put

X" ie{2,3,...,ut+1}| fiRp is injective }.

And, for each i € X, put I; e {(p,q) | S(rRepq) = T(rRfi) }, let
(fiR, Rg;) be an i-pair, let n; be the length of a left co-H-sequence with

t
the last term Rg; and put n/ *= Y iex -

Then the following hold.
(1) ¢ is a right w-H-epimorphism with & = &+ &, .

(2) Keré = @iex Dpger S(fur1Repq) = Sp(fur1Rr) and it is unis-
erial as a right R-module.
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We note that the left- right symmetric statement of (I) also holds for a
right w-H-epimorphism 5 = &8y furiRr — fiJp, where & :
fix1Rr — fiJg is a right H- eplmorphlsm fori=1,2,...,u
Proof.

(1) &(fus)

()L (futr)

((f1)CiC2- - Cu)r(furt)
((f)CU)E)R((f2)¢2 )R ((fu)Cu)R )L (fut1)
fi-(f1)é- (f2)G - - - (fu)Cu - furt

(1)) ((f2)C)r -+ ((fu)Cu)L(fus1)
&2 Gulfus)-

So & = &1&y---&,. Therefore £ is a right w-H-epimorphism.
(2) If foRp is not injective, ie., 2 ¢ X, then Ker¢; = 0 by Lemma
2.1 (I)(1). If foRp is injective, i.e., 2 € X, then
Ker&y = @) (f2R€pq) = Sy (f2RRR)

and it is uniserial as a right R-module by Lemma 2.1 (I)(1), (2)(¢)(z), (v).
Next, with respect fy and f3, we consider the following four cases.
(1) If both foRp and f3Rp are not injective, i.e., 2,3 ¢ X, then
&5 (Ker €y ) = 0 by Lemma 2.1 (I)(1).

(1i) If foRp is not injective and f3Rp is injective, i.e., 2 ¢ X and

3 € X, then
& ' (Ker&y) = &7(0)
= B(p,g)e1sS(f3Repq)
= Su, (fsRR)

and it is uniserial as a right R-module by Lemma 2.1 (I)(1), (2)(7)(x), (y).

(7ii) If foRpg is injective but f3Rp is not injective, i.e., 2 € X and
3 ¢ X, then

& (Ker&r) = & 1 (®pgenS(f2Rep))
= D(p,g)el, (f3R€p,q R(ep,q))
= Sny (f3RR)

and it is uniserial as a right R-module by Lemma 2.1 (I)(1), (2)(7)(x), (y).
Further S(fsRepq ree,,) = S(fsRepq) for any (p,q) € I by
Lemma 3.3 (IT)(1).
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(iv) If both foRr and f3Rp are injective, i.e., 2,3 € X, then
& ' (Ker&y)
= & (BpgenS(f2Repqg))
= (®p.genS(fsRepq Re,q)) © (S g)erS(fsRep g))
= Spytny (f3RR)

N—r
~~

[\
N—r

and it is uniserial as a right R-module by Lemma 2.1 (I)(1 (
Further S(fsRep g pe,,)) = S(fsRepq) for any (p,q) € Iz by
Lemma 3.3 (IT)(1).

Inductively we obtain

Keré = ®iex Opgpen S(fur1Repq) = Sp(fur1RR)
and it is uniserial as a right R-module.
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