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BLOWUP AND GLOBAL EXISTENCE OF A SOLUTION
TO A SEMILINEAR REACTION-DIFFUSION SYSTEM
WITH THE FRACTIONAL LAPLACIAN

ToMOYUKI KAKEHI AND YOSHIHITO OSHITA

ABSTRACT. In this paper, we deal with the semilinear reaction diffusion
system with the fractional Laplacian.

0.1) ur + (—A)*u =", v+ (-A)*v=u?, zeR" ¢t>0,

u(0,z) = uo(z) >0, v(0,2) =wvo(z) >0, ze€R",
where p,g > 1 and 0 < a < 1. We study the existence of a global
in time solution, the blowup of a solution, and the life span of the
blowup solution to the above reaction-diffusion system for sufficiently
small initial data.

1. INTRODUCTION
Let us first start with the semilinear reaction diffusion system
ur — Au =P, xe€R" t>0,
nw—Av=ul xe€R" t>0,
u(0,z) = up(z), xR,
v(0,2) = vo(x), ze€R",

(1.1)

where p,q > 1, n > 1, and where ug and vy are nonnegative bounded
functions.

As is easily seen by the contraction argument, the solution of (1.1) exists
locally in time. Here we define a blowup time and a blowup solution as
follows. Let us write the solution of (1.1) as (u(t),v(t)) and let
(1.2)

T* =sup{T >0]| sup |Ju(t)||re < o0, and sup ||v(t)|[re~ < o0 }.

0<t<T 0<t<T
We call T* a blowup time and (u,v) = (u(t),v(t)) a blowup solution if
T* < oo. On the other hand, we call (u,v) = (u(t),v(t)) a global in time
solution if T* = oo. The problem of blowup and global existence for the
above system has been extensively studied by a lot of people. For example,
Escobedo and Herrero gave the following result.

Theorem 1.1 (Escobedo and Herrero, [2]).
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(I)  Suppose that

max{p,¢} +1 n
< —.
pg — 1 2
Let
(1.3) ug € L*(R™) N L>®(R™), vo € L*2(R™) N L>=(R"),
n(pqg — 1) n(pg — 1)
h = —-= = ——", If both a d
where oy 2D s 2T 1) f both ||luo||rer an

llvol|Lee are sufficiently small, then there exists a unique global
in time solution of (1.1).
(IT)  Suppose that
max{p, ¢} +1
pg—1
Then the solution (u,v) of (1.1) with any non-trivial inticial data
blows up in a finite time.

n
5"

In this paper, we consider the semilinear reaction diffusion system with
the fractional Laplacian

u + (—A)*u =P, xeR" t>0,
v+ (A =ul, ze€R" t>0,
u(0,2) = up(z), x€R",
v(0,2) = vo(x), x€R",

(1.4)

where p,qg > 1, n > 1, 0 < a < 1, and where ug and vy are nonnegative
bounded functions. Here in (1.4), the fractional Laplacian (—A)® is defined
by

(1.5)

_ 92ap(n 4
(~8)ule) = Cpap. [ UMD gy g 2B
m2T(1 — «)

for a bounded C? function u whose first and second order derivatives are

also bounded. We note that if u belongs to the Sobolev space H?¥(R") of
order 2a, then (—A)%u is defined by

(—A)*u(z) = (27)" / e |E[2(E) die,

n

‘y|n+2a

n

where u denotes the Fourier transform of u. In the same manner as in the
case of (1.1), we define a blowup time and a blowup solution of (1.4). The
exponent « in (1.4) is expected to measure the effect of diffusion. So our
interest lies in the following problem:

“How does the exponent « of the fractional Laplacian in (1.4) affect the
blowup and the global existence for (1.4)?”
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For example, if « is small, then the diffusion term (—A)%u is expected
to become weak and therefore, the corresponding blowup time is expected
to become shorter. Surprisingly, it turns out that the effect of diffusion

becomes stronger. Let us first state our result on the global in time solution
of (1.4).

Theorem 1.2 (Global existence). We assume that p, ¢ > 1 and that

max{p,¢} +1 _ n

1.6 .
(1.6) pqg—1 2a

In addition, we assume that the initial data (ug,vo) satisfies
(1.7) 0 < ug(x), vo(z) < o (1+ )77,
where &g is a positive constant. Then the following (I) and (II) hold.

(I) The global in time solution to the semilinear system with the frac-
tional Laplacian (1.4) exists if &g is sufficiently small.

(IT) Let us write the global in time solution of (1.4) as (u(t),v(t)). Then
(u(t),v(t)) satisfies
lu@llzs € OO+, [o®llie <O +8 7

for some constant C > 0.

For the details, see Theorem 5.2 and Corollary 5.1 in Section 5.

In the above theorem, we assume a stronger condition on the initial data
of (1.4) than that on the initial data of Escobedo and Herrero [2]. Instead,
we obtain a time decay of the global in time solution of (1.4). Next, we will
state our result on the blowup solution of (1.4).

Theorem 1.3 (Blowup). We assume that p, ¢ > 1 and that

max{p,q} +1 _ n
pg — 1 — 2a

(1.8)

Then the solution to the semilinear reaction diffusion system with the frac-
tional Laplacian (1.4) blows up in a finite time for any nontrivial initial
data.

For the details, see Theorem 6.1 in Section 6.

Thus Theorems 1.2 and 1.3 can be regarded as a generalization of the
result by Escobedo and Herrero [2]. In addition, we would like to emphasize
the following.

Remark 1.1. We assume that ug and vg satisfy the condition (1.7) for suf-
ficiently small g > 0. Let (u™)(t),v()(¢)) and (u(®(t),v(®(t)) be the so-
lution of (1.1) and the solution of (1.4) with the same initial data (ug,vg),
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respectively. Next, let us take any p > 1 and ¢ > 1 such that
max{p,q} +1 _ n
pqg— 1 -2
Then (uM(t),v™M(t)) blows up in a finite time, due to Theorem 1.1. How-
ever, if we take sufficiently small o > 0 such that

max{p,q} + 1 n
<5
pq —1 2ce
then (u(®(t),v(®(t)) becomes a global in time solution, due to Theorem

1.2. As a result, we see that if a becomes smaller then the effect of diffusion
becomes stronger.

Finally, we go into the problem of life span for the blowup solution of
(1.1). For example, Huang, Mochizuki and Mukai proved the following.

Theorem 1.4 (Huang, Mochizuki and Mukai [6]). Suppose that ¢ > p > 1,
1 1
and pqg > 1. Let (ug,vg) = (Aa+tT o, A\p+1)). Here ¢ and ¢ satisfy

lim sup \:d?(qil) p(x) < oo,

. lim sup \:d?(plfkl) P(x) < oo, lim inf |:c\2<zﬁ%1) P(x) >0

for some a € R™. Let
2(p+ (g +1)
pqg—1
If 0 <a < min{a*,n(p+ 1)}, then the blowup time TY satisfies

(1.10) a =

(1.11) TF ~ A 7, as A — 0.

In the above theorem, the authors assume that the initial data satisfies
the slow decay condition. However, in the case where the initial data decays
faster near |x| = oo, few results are known about the life span. For example,
Kobayashi [8] assumes that the initial data has exponential decay near |z| =
oo, and gives an optimal estimate for the life span. (For the details, see
Theorem 1 (ii) of [§].)

In the case of (1.4), we give an optimal estimate of the life span under
the assumption that the initial data has a certain polynomial decay. Our
third main result is the following.

. 2 2
Theorem 1.5 (Life span). Let 1 <p <1+ 2% 1< ¢ <1+ 2% pg>1,
and put

1 1
(1.12) o= Pt _ ﬁ, vt = 9+ _ A
pqg—1 2« pqg—1 2«
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We also assume that
(1.13) up(z) = M o(x),  vo(z) =N ¥(x),

where X is a small positive parameter and p, 1 are continuous functions on
R™ such that

(1.14) 0 < (@), Y(x) <O+ [af) 72

for some constant C > 0. Then the blowup time T5 of the solution to (1.4)
with initial data (1.13) satisfies

1
(1.15) Ty ~ X as A — 0.

In the above theorem, we note that 4* > 0 and v* > 0. So as A — 0, the
initial data also converges to 0. For the details, see Theorem 7.1 in Section
7.

Our paper is organized as follows. In Section 2, we will give a brief
summary of the asymptotic behavior of the fundamental solution W (¥ (¢, z)
to the linear parabolic equation u; + (—A)%u = 0. Section 3 is devoted to
the comparison theorem. Here we point out that it is a nontrivial problem
to prove a comparison theorem in the case of (1.4). It is basically due to
the fact that (—A)® is no longer a local operator. In Section 4, we prove
that the solution to the system of the integral equations arising from (1.4)
becomes a strong solution to (1.4) under the assumption that % <a<l
In Section 5 and 6, we prove Theorem 1.2 and Theorem 1.3, respectively.
In Section 7, we deal with the problem of life span for (1.4) for small initial
data.

2. ASYMPTOTIC PROPERTY OF W(¥(t, ) REVISITED

In this section, we give a brief summary on asymptotic properties of the
function W) (¢, z) defined by the following Fourier integral:

21) WOa) = (@2m)" / Y e

n

We see easily that W(O‘)(t,:c) is the fundamental solution to the parabolic
pseudodifferential equation

(2.2) Owu(t,z) + (—A)u(t,z) =0,
in the sense that the solution w of the Cauchy problem

Owu(t,z) + (—A)*u(t,z) =0
(2:3) { u(0,x) = up(x) € L*®(R™)
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1s written as
(24) u(ta 37) = W(a) (t7 T — y)u0<y) dy
]Rn

The asymptotic behavior of W(® (¢, z) is explicitly given in Kakehi and Sakai
[11]. We will summarize the results of Section 2 in [11] here.
Let

(2.5) w®(z) = W(1,2) = (2m) ™" / e ISP gtz e,
Then, we have
(2.6) W@ (¢, 2) = t2aw(® (¢ 2a2).

So, it suffices to calculate the asymptotic expansion of w(® () as |z| — oo
in order to know the asymptotic behavior of W(® (¢, z).

Let us first state several results on the asymptotic expansion of w(® ()
near |x| = +o0o. Note that the asymptotic expansion

o0

f(z) ~ Z aj |z| "2 as |x| — +oo
j=1
means that for each N € N, there holds
N .
f(x) = Z a; |z| TP 4 O(|z| 2N+ as |x| — +o0.
j=1
Theorem 2.1. We define constants aj (j =1,2,---) by
—1)i—192ay
(2.7) a; = % sin(maj) I'(1 4+ ) F(2 + aj).
jlratl 2
(I) w'® (z) has the asymptotic expansion.:
m .
(2.8) w® (z) ~ Z aj |z| "2 as |x| — 4o0.
j=1

(IT) For each multi-index vy, the derivative O3 w @) of w® has the asymp-
totic expansion:

(2.9) ANw'® (x Z a; 07 (|z|~"~2%9) as |z| = +oo.

In addition to the above theorem, we have the following.
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Theorem 2.2. For 8> 0, (=A)Pw(® has the asymptotic expansion:

o
(2.10) (—A)Pw @ (z) ~ Z bj || 20d 28 as |z| = +oo.
7=1
Here the constants bj (7 =1,2,---) in (2.10) are given by
_1)i—1920j+28 n
(2.11) b; = ( )j' i sin(mraj + 7)) (1 + aj + B) I‘(§ +aj+p).

Remark 2.1. For the proofs of the above two theorems, see Kakehi and Sakai
[11], Section 2.

The following two corollaries are a direct consequence of Theorem 2.1 and
Theorem 2.2.

Corollary 2.1. The fundamental solution W' ¥ (t,z) and its deriwatives
have the following asymptotic expansions:

o0
W@, z) ~ Z a; t|z| A as |x| = 400,
7j=1
(2.12) YW (t, x) Z aj t/(8]x| " HYY  as |z = +oo,

(=AW (¢, 2) ~ Z b t9]x| 299728 g5 x| = 400,

where the coefficients a; (j = 1,2,---) and bj (j = 1,2,---) are given re-
spectively by (2.7) and (2.11).

Corollary 2.2. There hold

) (z) = O(|z| "),
(2.13) 0y, w @ (z) = O(lz|"7172)  forj (1< j <n),
| By, 0w (x) = O(Jx| ™ 272)  forj, k (1< 4,k <n),

(=) (z) = Oz "2*72%)  for 5 >0,

as |x| = +oo. In particular, w®), 8xjw(°‘), 8$j8ka(°‘), and (—A)Pw(® are
all integrable on R"™.

3. COMPARISON THEOREM

In this section, we will show a comparison theorem for a semilinear reac-
tion diffusion system with the fractional Laplacian.
Let us start with the following theorem.
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Theorem 3.1. The following (i) and (ii) hold.

(i) (,x)>0fort>0andforx€R”
(ii) (@) (t,2) is monotone decreasing with respect to |x|, that is,

W(O‘ (t,z) > W (t,y) if |z <|yl.

For the above theorem , see, for example, Kakehi and Sakai [11], Theorem
3.2.
By Corollary 2.2 combined with the above theorem, we have

Corollary 3.1. For each fized t > 0, there exist positive constants Ci and
C5 such that

(3.1) CL(14z))™ % < W (tz) < Cy (1+4|z])™ 2 for © € R"™.
The positivity of the fundamental solution W(O‘)(t, x) plays an essential

role in the proof of our comparison theorem.
Let us consider the semilinear reaction diffusion system

ut + (—A)u = f(v), z€R" t>0,
v+ (—A)* =g(u), z€R" t>0,

3.2
(3:2) u(0,z) = up(z), = €R”,
v(0,2) =vo(z), x€R™
If « =1and (—A)* = —A, then it is easy to show a comparison theorem for

the above system (3.2) using the maximum principle for parabolic differential
equations. (See Protter and Weinberger [18].) However, if 0 < a < 1,
the usual maximum principle cannot be applied to (3.2), due to the fact
that (—A)® is no longer a local operator. Instead, in order to obtain the
corresponding comparison theorem, we use the positivity of the fundamental
solution W(®(¢, z).

Now, we go into our comparison theorem.

TheorEm_3.2. Let f and g be continuous functions on [0,00) and
ug,vo, Ug, Vo,Ug, Vg € LYR™) N L>®(R"™). Let u,v € C((0,T); L*(R™) N
L>®(R™)) be nonnegative solutions to the following system of integral
equations:
(3.3)
u(t, ) = (W (t,-) % uo) (@) + fy W@t —5,-)  f(v(s,-))(x) ds,
U(ta .I) = (W(a) (t7 ) * Uo)(.’l’,‘) + f(;5 [W(a) (t - S, ) * g(U(S, ))](ZL‘) ds.
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In addition, let nonnegative functions U,V,U,V < C((0,T7); LY(R™) N
L>°(R™)) satisfy the following inequalities:
(3.4)
(t’ .Z‘) > (W(a) (ta ) * UO
> (W@(t,-) « Vo

(3.5)

{ U(t,x) < (WOt ) = Up)(a) + fo Wt = s,) # f(V(s, )

)

We assume the following conditions:
(A1)  f and g are monotone increasing.
(A2)  For any M > 0, there exists a positive constant Cys such that

fO) =0 ¢ qp W 9@ o

(3.6) sup
0<v,0<M v—v 0<u,a<M uUu—1u

(A3)
(3.7) Uy(x) < ug(x) < Up(x), Vo(z) <vo(x) < Vo(x) forxz e R™.
(A4)  ForanyTp (0<To<T),

sup |[|u(t, -)|| oo mn) < 400, sup |[|v(t, )| oo (rry < +00,
te(0,70] te(0,70]
(3.8) sup ([T (t,)|| oo (rn) < +00, sup [V (t, )| poo(mny < +00,
t€(0,To] t€(0,To]
sup |[U(Z,-)|| oo mn) < +00, sup |[V.(t,)]| oo (mny < +00.
te(0,7T0] t€(0,70]

Then we have
(3.9) Ut,z) <u(t,z) <U(t,x), V(t,r) <v(t,z) < V(t )
for (t,xz) € [0,T) x R™,
Proof. Let us take any Ty € (0,7) and fix it. It suffices to show only two
inequalities u(t,z) < U(t,z) and v(t, ) < V(t,z) for (t,z) € [0, Tp] x R™. In
fact, the proof of the inequalities that u(t,z) > U(t, z) and v(t,x) > V (¢, )
is similar. o - -

Let w=U —u, wo=Ug—up, 2=V —v, zg =Vy—vg. Moreover let

f(V ()~ f(v(t,z)) e

(3.10) Gi(t,z) =4 Vi —ulta) if Vit @) #v(t2).
0, if V(t,x) = U(t, a;')
9(U(t,x))—g(u(t.x)) e T

(311) Gz(t, CE) = U(tx)—u(t,e) if Z(ta 117) 7& u(t7 I) '
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Then by Theorem 3.1 (i), and the assumption that wy = Uy — ug > 0 and
20 = Vo — vy > 0, we have
(3.12)

w(t,z) > WO (¢, ) wo(x)

" / Wt — s, — ) {f(T(s,9)) - F(u(s,9))} dyds
0 Rn

t
> / W (t — 5,2 —y)G1(s,y)2(s,y) dyds,
0 R»

2(t, ) > WL, ) % zo(x)
s [ [ WO sw - ) (a0 5.0) - gluls, )} dyds
0 JR"

t
> / WOt — 5,2 — y)Gals,y)w(s,y) dyds.
0 JR™

Let
(3.13)

M =max{ sup [Ju(t, )| gz, sup [Tt )]|poeier,
te(0,70] t€(0,70]

sup ot Mgz, sup [V (E )| e -
t€(0,Ty] t€(0,To]

We note that the above M is finite due to assumption (A4). Then, by (3.6),
(3.14) 0< G]‘(t, CL’) < Cuy (] =1, 2) for (t, CIZ’) € [O,To] x R"™.

Now we introduce two linear operators S; : L*([0, To] x R™) — L>°(]0, Tp] x
R™) (j = 1,2) as follows.

(815)  (S9)(tx) = /O WOt = 5,2 = 4)Ci(5)6(s,y) dyds

for ¢ € L*°([0,Tp] x R™). Then by (3.12) we have

(3.16) w(t,z) > ($12)(t,2),  2(t3) > (Sw)(t ).

On the other hand, we see easily by induction that

(3.17)

N Cii" an
((5152)" )(t, 2)| < mt Dl Loo (0,10 xRr), N =1,2,3,---.
Hence
T 2N
(3.18) W&MMKKWO) »0  as N — oo.

(2N)!
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Since W(®)(¢,2) > 0 (Theorem 3.1) and G, (t,z) > 0, S; maps a nonnegative
function to a nonnegative function. So if ¢(t,z) > (¢, z), then S;o(t, z) >
S;y(t, ). By making use of this property combined with (3.16), we have

(3.19)  w(t,z) > (S12)(t,z) > (S1.Sw)(t,z) > - > ((S192) N w)(t, z)

for N =1,2,3,---. By letting N — oo in (3.19) and using (3.18), we obtain

(3.20) w(t,z) >0 for (t,z) € [0,Tp] x R™.

Similarly, we have

(3.21) z(t,x) >0 for (t,z) € [0,Tp] x R™.

The proof is now completed. 0

As a direct consequence of Theorem 3.2, we have
Corollary 3.2. Let u,v satisfy
u + (—A)u = f(v), z€R™ t>0,
v+ (—A)* =g(u), xe€R" t>0,
u(0,2) = up(z), zeR",
v(0,z) =vo(x), = €R™

(3.22)

In addition, let U,V ,U, and V satisfy

(Ui + (=0)°T > f( zeR" t>0,
Vi+ (—A)*V > g(U), z€R" t>0,
U(0,2) = Ug(x), = €R™,
V(0,z) = Vo(x), =€R™,

(U, + (AU < f(V), z€R" t>0,
V,+ (-A)V < g(U), z€R", t>0,
Q(())x) = Qo(x), xr € R",
V(0,z) = Vy(z), zeR"

)7
);

-

(3.23)

\

We assume the same conditions (A1), (A2), and (A3) as in Theorem 3.2.
Then we have

(3.24) Ut,z) <u(t,r) <U(t,z), V(t,z)<v(t,z)<V(ta).

4. EXISTENCE OF THE STRONG SOLUTION

The purpose of this section is to prove that the solution to the related
system of integral equations satisfies (1.4).
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We start with the system of integral equations arising from (1.4)

(4.1) ult,z) = (Wt ) xug)(z) + [o[WO(t—s,-) xv(s,)|(x) ds,
. U(ta (L’) = (W(a)(ta ) * Uo)(.’lf) + f()t[W(a) (t - S, ) * U(S, )q](x) ds.
Definition 4.1. A pair of functions (u,v) on [0,7") x R™ is called a mild

solution of (1.4) in [0,T) if the following (i), (ii), (iii) and (iv) hold.
(i) v € C((0,T); LY(R™) N L=(R™)).
(ii) (u,v) satisfies the system of integral equations (4.1) for (¢,z) €

(0,T) x R™.
cen . _ . _ . 1 n
(iii) t1—1>%1+ u(t) = uyg, t1—1>I(I)1+ v(t) = vo in L*(R™).
(iv) For any Tp (0 < Ty < T), sup |lu(t,")||pe@n) < +00, and

tG(O,T()]

sup |[v(t, )] pecen) < +00.
te(0,7o]

The following theorem is easily proved by the usual contraction argument.
Theorem 4.1. Assume that ug(x), vo(x) > 0 and that ug, vo € L'(R™) N
L>*(R™). If T > 0 is sufficiently small, then the system of integral equations
(4.1) has a unique mild solution (u,v) in [0,T) in the sense of Definition

4.1,

Now we define a strong solution of (1.4)

Definition 4.2. We assume that u,v € C((0,7); LY(R") N L=(R")). A
pair of functions (u,v) is called a strong solution of the semilinear reaction
diffusion system (1.4) in [0,7T) x R™ with initial data (ug,vo) in L'(R™) N
L>°(R™)) if u and v satisfy the following conditions.

(i) u, v e C((0,T); HF(R™) N H22 (R")).

(ii) u, v € CY((0,T); L*(R™) N L>®(R™)).

(iii) As an equality in C((0,T); L'*(R™) N L>(R™)), u and v satisfy the

system of equations

(4.2) { Opu + (—A)%u

p

(% )
ud.

8t1) + (—A)a

(iv) lim u(t,-) = up and lim v(t,-) = vp in L'(R™).
t—+0

t——+0
The main theorem in this section is stated as follows.
Theorem 4.2. We assume that 3 < o < 1. Let (u,v) be a mild solution of

the semilinear reaction diffusion system (1.4) in [0,T) x R™ with initial data
(ug,vo) in LY(R™) N L>(R™)). Then the following (i), (ii), and (iii) hold.
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(i) u and v are of class C* in t € (0,T) and of class C? in x € R".
Moreover, u,v € C((0,T), H2(R™) N H2 (R™)) N C*((0,T); L*(R™) N
L(B™)

(i) (—A)*u, (~A) € C((0,T); L (R") 1 L¥(R™).

(iii) (u,v) is a unique strong solution of (1.4) in the sense of Definition

4.2.

The proof of Theorem 4.2 is split into 7 steps.
First, we will consider the regularity of v and v with respect to z € R".

1st Step. u and v are of class C! in z € R™ for each t € (0,7). Moreover,
for 1 < j <n, 8y,u, 0,0 € C((0,T); L'(R™) N L®(R™)).

Proof. We define an operator ® on C((0,T); L'(R"™) N L*(R™)) by

43 @pa) = [ [ WO s =) fs) dys

for f € C((0,T); LY(R™) N L>=(R™)). We first note that if u and v €
C((0,T); LY R™) N L>°(R™)) then so do u? and v? and thus ®(v?) and
®(uf) are well-defined. Then it suffices to show that 9, ®(vP), 0., ®(u?) €
C((0,T); L'(R™) N L=(R™).

By a straightforward computation, we have
(4.4)

Ou, (D (V) (¢, ) :/0/ (t—5)" 20 (3, w(®)(2) v(s, @ — (t— )20 2 )P dzds,

where w(® is the function given by (2.5). Thus by the assumption that
1

s<a<l

2 )

[102; (D (")) (¢, ) oo (mm)

(4:5) (@) » L
11020l ot P ey [ (8= )75 ds < oc
Similarly
104, (2(P))(1. )| 2 oy
(4.6)

t
_ 1
< 11020 s ot P Ly % [ (6= s F ds < +ox.

The above two estimates show that 9, (®(v?)) € C((0,T); L'(R") N
L°°(R™)). Similarly we have 8, (®(u?)) € C((0,T); L*(R™) N L (R™)).
U

2nd Step. u and v are of class C? in z € R" for each t € (0,T). Moreover,
for 1 < j, k <n, 0y,00,u, Op;0z,v € C((0,T); L'(R™) N L>(R™)).
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Proof. Asin the 1st step, it suffices to show that 0,0y, ®(vP), Op,0r, P(ul) €
C((0,T); LY(R™) N L*°(R™)). Here we note that as a result of the 1st
step Oy, (vP), O, (u?) € C((0,T); LY(R™) N L°(R™)). We also note that
Oz;(VP)(s,-) and Oy, (u?)(s, ) may diverge as s — +0.

By integral by parts with respect to z, we have

0z;0z), (@(v?)) (L, )

N

(4.7) - /0 R (@ﬁka(o‘))(z& —s,x—y)v(s,y)? dyds

t — )73 (8w ) (2 v(s.z — ((t — $)3a2)\P dzds.
+/§/n(t )20 (8, w' ) (2) Oy {v(s,2 — ((t — 5)2a 2)}F dzd

In the integrand of the first term of R.H.S of (4.7), (0, Op W (t—5,2—y)
is integrable with respect to (s,y) € [0,%] x R" due to Corollary 2.1 and
Corollary 2.2. Moreover, in the integrand of the second term of R.H.S. of
(4.7), Oy, {v(s, 2 — ((t — s)ﬁz)}p is bounded and integrable with respect
to (s,z) € [£,t] x R™ due to the 1st step. Therefore, we obtain similar
estimates as in (4.5) and (4.6) for the first and the second term of (4.7),
which proves that 9,,9,, ®(v*) € C((0,T); L'(R™) N L>*(R™)). Similarly we
have 8,0, ®(u?) € C((0,T); L' (R™) N L (R™)). O

3rd Step. u,v € C((0,T); H?*(R") N H2(R")). In particular,
(—=A)%u, (=A)* € C((0,T); LY(R™) N L®(R™)).

Proof. The assertion is obvious. In fact, as a direct consequence of the 2nd

step, u, v € C((0,T); H*(R™) N H2 (R")), and clearly H2(R") C H2*(R")
for 1 <r < 0. O

Let us now consider the differentiability of © and v with respect to ¢t €

(0,7).
We start with the difference quotient
(45)
5 US@))(E+ h,z) — (2(07))(E, 2)}
1

t+h
= —/ W (t+h— s, —y)v(s,y)? dyds

t
—l—%/ {W(O‘)(t—l— h—s,x—y) —W(t—s 0z — y)} v(s,y)P dyds
0 JR"®

(We_p.ut)

LIy + J(h).
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Without loss of generality, we may assume that A > 0 when we take the
limit A — 0 in (4.8).

4th Step. I(h) — vP as h — 0 in C((0,T), L*(R™) N L*>(R")).
Proof.

1 t+h
I(h) = E/ W(O‘)(t+h—s,m—y)v(s,y)p dyds
t R~
1 t+h 1
(4.9) = 5 / / W (2)v(s,x+ (t +h — 5)2 2)P dzds
t n

1 t+h 1
:/ w¥(z) {E/ v(s,z+ (t+h — s)2az)P ds} dz.
n t

Thus we have
1

[1(h) = v(t, z)"|
(4.10) < /n w®(2) 7 /tHhv(s,m F(t+h—s)2a2)Pds —v(t,2)P

—0 as h — 0.

dz

Moreover, by the above computation, we see easily that I(h) — v as h — 0
in the topology of C((0,T), L*(R™) N L*>(R")). O

Next, let us consider the limit }llix% J(h), namely,
_)
(4.11)

1 t
lim 7 / {W(a)(t +h—s,x—y) — W(O‘)(t — 8, — y)} v(s,y)? dyds.
0 Jrn

Before computing the above limit, we have to rewrite J(h).

5th Step.

1 gt
(4.12) J(h) = —(—A)“ / / W (t +hr — s, —y)v(s,y)P dydsdr.
o Jo Jrn

Proof. We first note that the integrand of J(h) has a singularity at s =t as
a function of s. In order to avoid this singularity, we introduce the following

two integrals:
(4.13)

t—e
JE(h) = %/ / {W(O‘) (t+h—s,z—y) —W(O‘)(t—s,x—y)}v(s,y)p dyds,
0 n
(4.14)
1 t—e
Q>(h76)(vp)(t, x) = /o /0 - A (t 4+ ht — s,z — y)v(s,y)? dydsdr
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for € > 0. Since O;W(® = —(—=A)*W () we have
(4.15)

t—e 1
JE)(h) = / / / (OW N (t + hr — 5,2 — y) v(s,y)P drdyds
t—e
= / / / — AW+ hr — 5,2 —y) v(s,y)? drdyds

= _(_A)a/o /0 E/n W (t + hr — 5,2 — y) v(s, y)P dydsdr
= —(—A)O‘(I)(hf)(vp)(t’x),

Here we see that

B0 (0P)(t, ) T8 B0 (07)(, )

(4.16) / / WO‘) t+ht —s,x —y)v(s,y)? dydsdr
R’IL
in C((0,T), H{ (R") N H3,(R™)).

As is well known, the fractional Laplacian (—A)® is a bounded linear oper-
ator from HZ*(R™) to LI(R™) for 1 < ¢ < oo. This fact is easily checked by
the argument of Fourier multipliers. (See for example Bergh and Lofstrom
[1], Chapter 6, Theorem 6.2.3.) Therefore, we have

03 0 (63
JE(h) = —(-A) D4 (0P) = —(-4) D (4,0) (V")

(4.17)
in C((0,7), L*(R™) N L= (R™)).

On the other hand, obviously J&) (h) — J(h) ase — 0in C((0,T), L' (R™)N
L°°(R™)), which proves the assertion of the 5th step. O

We are now in a position to compute the limit }lln% J(h).
_).

6th Step. J(h) — —(—=A)*®(vP) as h — 0in C((0,T), LY (R™)NL>®(R")).

Proof. We see easily that

/ / W (t + hr — 5,2 — y) v(s,y)P dydsdr,
Rn

(4.18) h—9 / Wt — s, 2 —y)v(s,y)P dyds
0 JR™

= ®(wP)(t,z)  in C((0,T), HX(R™) N HZ (R™)).
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Again, by making use of the fact that (—A)® is a bounded linear operator
from H7*(R™) to LY(R") for 1 < ¢ < oo, we have

(4.19) (—A)O‘/O /0 . W (t + hr — 5,2 — y)v(s,y)? dydsdr
" (D) (P (¢, 2)

in C((0,T), L} (R")NL>(R"™)). By (4.19) and (4.12), we obtain the assertion
of the 6th step. OJ

7th Step. uw € CY(0,T); L'(R™) N L>®(R")), and u satisfies Oyu +
(—A)%u = vP as an equality in C((0,T); L1(R™) N L>(R")).

Proof. By the assertions of the 4th step and 6th step,
1
lim —{®(v?)(t + h,x) — ®(VP)(t,z)}
h—0 h
(4.20) = lim I(h) + lim J(h)
h—0 h—0
= o(t,2)" — (A D) (tz) in C((0,T), L'(R") A L= (R")).

Since u satisfies the first integral equation of (4.1), namely,
(4.21) u(t,z) = (WL, xug)(z) + P(P)(t, z),
we have

(4.22)
lim Lt + hw) — ult, )}

1
= QWD (t, ) uo(x) + lim - {@()(¢ + h,z) — D(07)(¢, 2)}
%
(by (4.20)) = —(=A)* W (t,-) v up(z) + (W) (t,2)" = (=)@ (") (t, 7)
(by (4.21)) = —(=2){WO(t,-) x ug(w) + S(vP)(t, 2)} + v(t,x)"
= —(=A)%u(t, x) + v(t, x)?.
O
Obviously, the same argument holds for the second equation of the system
(4.1). The proof of Theorem 4.2 is now completed.
From now on, let us consider the semilinear reaction diffusion system (1.4)
in a different setting.
We introduce function spaces B™(R"™), (m =0,1,2,---). First, we define

a function space B°(R™) by the space of bounded continuous functions on
R™. Next, for a positive integer m, we define a function space B™(R") by

(4.23)  B™(R") = {f e C™(R")|01f € B'(R") for ¥y with |y| < m }.
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Here we remark that if f € B2(R"), then (—A)%f(z) is written as
f(z) = fy)

(4.24) (—A)*f(z) = Cpa p.v. a0

Rn [T —
where the constant C,,  is given by
a2?*T(% + )
m2l(1—a)
(See, for example, Stein [19], Chapter V.) It follows easily from (4.24) that
(—=A)%u, (=A)* € C((0,T); L' (R") N L®(R™)).
Now we give the second definitions of a mild solution and a strong solution.

(425) Cn,a -

Definition 4.3. A pair of functions (u,v) is called a B°(R™)-valued mild
solution of (1.4) in [0,T) if the following (i), (ii) and (iii) hold.

() w0 € C((0,T); BOR™).
(ii) (u,v) satisfies the system of integral equations (4.1) for (t,z) €

(0,T) x R™.
s B : _ n
(iii) tl_l)%l_'_ u(t,x) = uo(x), tgr(?—i— v(t,z) = vo(x) for z € R™.

Definition 4.4. We assume that u,v € C((0,T) ; BY(R™)). A pair of func-
tions (u,v) is called a strong solution of the semilinear reaction diffusion
system (1.4) in [0,7) x R™ with initial data (ug,vo) € B°(R")) if u and v
satisfy the following conditions.
(i) u, v € C((0,T); B(R™)).
(i) u, v € CL((0,T); B(R™)).
(iii) As an equality in C((0,T); B(R")), u and v satisfy the system of
equations

(s

p

(% )
ud.

(iv) tl_lg_l()u(t, x) = up(x) and thJrrloU(t’ x) = vo(x) for any fixed x € R".

The following theorem is proved in the same manner as in the case of
Theorem 4.2. So we omit the proof.

Theorem 4.3. We assume that 1 < a < 1. Let u,v € C((0,T); B°(R"))

satisfy the system of integral equations (4.1) in [0,T) x R™. Then the fol-
lowing (i), (ii), and (iii) hold.

(i) u and v are of class C* in t

Moreover, u,v € C((0,T), B

(i) (—A)%u, (=A)* € C((0,T

€ (0,T) and of class C? in x € R™,
2(R™) N CH((0,T); BY(R™)).
); BY(R™)).
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(iii) (u,v) is a unique strong solution of (1.4) in the sense of Definition
44

Remark 4.1. In the case of (1.1), most references study the global existence
and the blowup for the mild solution of (1.1), namely, the solution to the
system of integral equations arising from (1.1). In fact, in this case, it is not
difficult to show that the mild solution satisfies (1.1). However, in the case of
the semilinear reaction diffusion system with the fractional Laplacian (1.4),
it seems to be nontrivial to show that the mild solution of (4.1) becomes
the strong solution of (1.4). Unfortunately, in our proof, we are obliged to
assume that % <a<l

5. EXISTENCE OF GLOBAL SOLUTIONS

The purpose of this section is to prove the existence of the global in time
solution to the system (1.4).

Throughout this section, we assume that
n _ max{p,q} +1

5.1 >1, ¢>1, — >
(5.1) p q o o

In addition, we also assume that the initial data (ug,vo) satisfy

(5.2) 0 < up(x), vo(x) < g (14 |z|) "2 for some constant Jdp > 0.
Due to Corollary 3.1, the condition (5.2) is equivalent to

(5.3)  0< up(x), vo(x) < oW (1, ) for some constant ¢y > 0.

For 0 <T < 0o, and p > 0 we define a Banach space V(7 ) by the space
of all measurable functions v on [0,7) x R" satisfying

def lv(t, z)|
54 ol |y =  ess.sup < +o0,
( ) || | ’ (T,1) (t,x)E[O,T)XRn (1 + t)up(t7 Qf)
where
55 it 2) = WO+ 1.2).

Moreover, we define a subset V&m of Vi) by
(5.6) V(JFT,M) ={v eV ; v(t,z) >0, for (t,r) € [0,T) x R" }.

For p, ¢ with pg > 1, we put
n p+1 n q+1
(5.7) e :

= — — vi=— — :
200 pg—1’ 200 pg—1
Here we note that p and v satisfy the system of linear equations

pr+1—g2(p—1)=p,
gu+1—355(g—1) =v

(5.8)
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By the assumption on p and ¢, the above p and v satisfy
(5.9) >0, v > 0.

In view of Theorem 4.2, it suffices to show the existence of the global in
time solution to the system of integral equations (4.1). For the initial data
(ug,vp), let us put

(5.10)  Up(t,z) = WD, ) xuo)(z), Volt,z) = (WO (L) % vo)(z).

Let us now rewrite the system of integral equations (4.1) as

(5.11) {“(W) = Uo(t,z) + D(v7)(t, ),

v(t,z) = Vp(t,x) + ®(u?)(t, ),

where @ is the operator defined by (4.3). What we are going to do is to
apply a contraction argument to (5.11) in a certain Banach space. So we
need to give a suitable estimate for each term of the above system (5.11).
The following two lemmas play a crucial rule in our contraction argument.

Lemma 5.1. (i) For any T (0 <T < 00), we have

w(@ (p)p—1
WO (1t (o)

p
(5.12) 0 < ®()(t,z) < y Virw)

for (t,z) € [0,T) x R".
(ii) For any T (0 < T < 00), we have

w@()1e—1
613)  o<etr) < O e @)
for (t,z) € [0,T) x R".

Proof. 1t suffices to prove the first inequality (5.12) in (i). For simplicity,
let us put A = |[v[|y;.,,- Then by the definition of the norm || - ||, and

the assumption that v € V(? 0y’
(5.14) 0<o(t,z) < A(1+t)"p(t, x).
Here we note that

p(t,x)? =W (1 + ¢, 2P W (1 4, 2)

5.15 "
19 < {w @O 1+ )T CTIWE (L 4 1 2).
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Let us put ¢; = {w(®(0)}?~!. Then we have
(5.16)
0 < ®(P)(t,x)

< Ap/o /n W (t — s, 2 —y){(1+5)p(s,y) )} dads

t
< AP / (145) 3P0 [ W@ s 0 — )W+ 5,y) dyds
0 R"

(by semigroup property)

t
< AP W (1 + ¢, z) / (14 s) 2 P=H)=PV g
0

G AP W1 1 ¢,2) x %{(1 FoE 1)

< LAP (1 + 1) p(t, ),
o)

which proves the assertion of (i). O

Lemma 5.2. (i) Ifv, v € V(J% pys then

| @(0P)(t, ) — B(")(t, 2) |

plw!@(0)}! p=1 -1
(517) S L maX{HUHV(T,V)a HUHV(TW)}
x Ju(t, z) —v(t, z)| (1+8)"p(t, )
for (t,x) € [0,T) x R".

(ii) Ifu, uw e V&u)’ then

| @(u?)(t, 2) — @(u?)(t, 2) |

g{w ) (0)}" B
(5.18) < y maX{HuH%(T’H), HUH?}(T,H)}
X Ju(t, x) —u(t, z)| (1 +1)"p(t, z)
for (t,z) € [0,T) x R™.

Proof. Tt suffices to prove (i). For simplicity, we put

(519) A=y, B=I0lvg,,, C=lv="1lvg,,



196 T. KAKEHI AND Y. OSHITA

Since p > 1, we have

v(s,y)? —0(s,y)"|

< pmax{[o(s, y)[P~, [0(s, )P~ Ho(s,y) — (s, y)]

< pmax{ AP~ BP7L (1 + 5)P DV (s, )P7L x C(1 + t)p(t, x)
= pmax{ AP~ BP71 1 C x (14 )P p(s,y)P.

Thus, similarly as in the proof of Lemma 5.1, we have

| @(vP)(L, ) — B(7)(t, ) |

< O(|o? = 2P))(t, z)
(5.21) < pmax{ Ap_l,Bp_l}
X C/O /n W(o‘)(t —s,x — {1+ s5)"p(s,y)}? dxds.

The rest part of the proof is almost the same as that of Lemma 5.1. So we
omit it. 0

(5.20)

The above two lemmas, Lemma 5.1 and Lemma 5.2 yield the following.

Proposition 5.1. (i) Ifv € V(T »y» then O (vP) € V(T .- Moreover, we
have
) (0))"
(5.22) 19 iry < X ol

(i) Ifu € V&M), then ®(u?) € V(J,}’V). Moreover, we have
_ @)

(5.23) ||(I)(uq)||V(T,u) = v || ||V(T,u)'

(iii) Ifv, v € V(T »y» then we have

(5.24) || ®(v") — D) |y,

p{w@(0)}!
1

(iv) Ifu, u € V(?u)’ then we have
(5.25) [l @(u?) = @@?) |lvr,,
_ alu@ )"

macef [ollg B Mo =Tl

macel [ullf I Y= Ty,

Next, we will estimate Uy(t, z) and Vj(¢,x) in (5.11). Due to the assump-
tion (5.3), we see easily the following.
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Lemma 5.3. Under the assumption (5.3), for any T (0 < T < o0), we have
96 0 < U(t,z) < cop(t,x) for € (0,T) x R",
O o<l a) <coplta)  for(tx) € (0,7) xR

As a direct consequence of Lemma 5.3, we obtain

Proposition 5.2. For the constant cy in (5.3) and for any T (0 < T < 00),

we have
(5.27) 1Uollvir,y <o, Vollvg,, < co
Let us define a Banach space Vo, and its norm || - ||y, by
(5.28) Voo = Vico,u) X Vicow)s
(5.29) [1(w, 0)[[vee = maxt [|ully s V]V, T

In addition, we define a closed and convex subset VI of V, by

Vi=vi xVpt

(c0,1) (c0,v)
Now we introduce a mapping ¥ : VI — VI by
(5.30) W, 0) = (U, Vo) + (B(eP), ().

Taking account of Proposition 5.1 and Proposition 5.2, we see easily that
the above mapping W is well defined as a mapping from V., to itself.

Proposition 5.3. Let

(5.31)
B (T (0) i ) ULl (0) i T el
M ’ v ’ 1 ’ v '
1) If ||[(Uo, Vo)l v < co and if (u,v) € VL satisfies [|(u,v)|lv, < 7,
then
(5.32) || U (u,v) ||y, < co+ Cmax{n? n?}.

(i) If [[(u, v)|lve < and |[(w,0)|[ve <. then
(533) H‘Il(uav) _ \Ij(aa 5)HVoo < Cmax{np—l’anl} ||(U,U) _ (aa 5)HVoo

We are now in a position to prove the global existence of the solution.

Let us choose a small positive number £y such that
1
(5.34) C max{(2g0)P !, (269)7 1} < 2’

where the constant C' is given by (5.31). Next, we define a closed convex set
Bt (2¢0) in Voo by

(535)  B*(2e0) = { (u,0) € Vi s X Vi) © Voo | 1w 0)llye < 260 ).
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Then we have the following:

Proposition 5.4. We assume that ||(Up, Vo)||v., < 0. Then V¥ satisfies the
following (i) and (ii).

(i) W maps Bt (2¢0) into BT (2¢p).

(i) If (u,v), (u,v) € B*(2¢p),

(5.36) |19 (u, v) = ¥ (w, )|y, < %H(u, v) = (@, 0)]y.-

Proof. Take ¢y = g9 and 7 = 2¢( in Proposition 5.3. Then the above (i) and
(ii) follow easily from Proposition 5.3. O

The above proposition shows that ¥ : BT (2¢9) — B1(2¢) is a contraction
mapping. Therefore, by the fixed point theorem, for any (Up, Vj) € Vs with
1(Uo, Vo)|lv.. < €0, there exists a unique element (u,v) € BT (2¢p) such that

U(u,v) = (u,v). Namely, we have the following:

Theorem 5.1. For a positive constant €q satisfying (5.34), we take initial
data (ug,vo) such that

(5.37) 0 < up(z), vo(z) < eo W (1, ).

Then the system of integral equations (5.11) (or (4.1)) with the initial data
(uo,v0) has a unique global in time solution (u,v) in Bt (2gq).

As is easily seen, the above solution (u,v) satisfies that w,v €
C((0,00); LY(R™) N L>(R™)). Thus, by Theorem 4.2, we obtain

Theorem 5.2. We assume that 3 < o < 1 and that (5.1) holds. We also
assume that initial data (ug,vo) satisfies the condition (5.37). Then, in
the sense of Definition 4.2, there exists a global in time strong solution to
the reaction diffusion system (1.4). In addition, if initial data (ug,vo) are

continuous, then the above global solution becomes a unique strong solution
in the sense of Definition 4.4.

If ug satisfies that 0 < ug(z) < ¢ W(O‘)(l, x) for some constant ¢, the the
solution u(t, z) = (W(®(t,-)*ug)(x) to the linear equation dyu+(—A)*u = 0
satisfies
(5.38) sup |u(t,z)| < C(1+1t) 2a,

zeR”
for some other constant C'. In other words, the decay rate of u as t — oo is
O(t"2a). However, even if initial data (ug,vo) satisfies the condition (5.3),
the decay rate of the global in time solution (u,v) of (1.4) (or (4.1)) as
t — oo may become weak due to the nonlinear terms. More precisely, the
following holds.
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Corollary 5.1. Let (u,v) be the global in time solution in Theorem 5.1 (or
in Theorem 5.2). Then we have

(5.39)
_ptl _ g+l
sup |u(t,z)| = O (t Pq—1> , sup |v(t,x)| =0 (t Pq—1> ast — 00.
TER"™ r€R™

Proof. Since (u,v) € BY(2£0) C Vioou) X V(o) ¥ and v satisfy

0 < ult, ) < llullv, (1+0)0(t,2) for (1,) € [0,00) x B",
0 < o(t,) < lJullv,..,, (1 + 1) p(t,2) for (t,2) € [0,00) x R™,

respectively. In addition, by (5.7), we have

p+1

(1+ ¢)"p(t, z) < Const. (1 + ¢)""2a = Const. (1 +¢) pa-1,
+1

(1+ ¢)Yp(t, ) < Const. (1 + )’ 20 = Const. (1 + tfh)
which finishes the proof. [

Remark 5.1. Let us consider the semilinear parabolic equation.

_ Qo — P n
(5.40) { Owu + (—A)*u = uP, t € (0,00), € R,

u(0,z) = ugp(z) > 0, xr € R",
where 0 < a < land 1 <p. Ifl1+4 270‘ < p, there exists a global in time
solution for sufficiently small initial data ug. In this case, the decay rate of

the global solution is the same as that of the solution to the corresponding
linear equation. Namely, we have

(5.41) sup |u(t,x)| = O (t_%) as t — oo.
xeR"™

For the detail, see Kakehi and Sakai [11].

6. BLow UP

In this section, we prove the following blow up result:

Theorem 6.1. Assume that1 <p,1<gq,pq>1, % > -, Assume
also that
(6.1) up(x) >0, wvo(z) >0,

where ug(x) and vo(x) are bounded continuous functions on R™. Then any
nontrivial mild solution for the reaction-diffusion system (1.4) blows up in
a finite time.
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Proof. Assume by contrary that a mild solution (u,v) to (1.4) exists
globally in time. Then u(¢,z) and v(t, z) are both nonnegative, and satisfy

sup |[u(t, )| peo(mny <00,  sup v, )|l peerny < 00 for 0 < Tp < oo
0<t<Tp 0<t<Tp

and the system of integral equations (4.1). Set

FO@) = [ WOt z)u(t, z) da,
Rn

FA@ = [ W% ), x) da.
Rn

Note that

Wt z)de =1 (¢>0).
R?’L
We may assume that there exists a positive constant ¢y such that

uo(x), vo(x) > oW @ (1,z) for z € R,
In fact we have the following:
Lemma 6.1. Assume that ug #Z 0, vg Z 0. For each tg > 0,
u(ty, ) > coW ' (o, ) and v(to, z) > coW @ (to, z)
hold for some constant cy > 0.
We omit the proof. Next we show the following:

Lemma 6.2. For anyt > 0,
FO) > ¢o(2t + 1) 20 w(¥(0)

t

+ (2t)—2’;/ s34 {F<2>(s)}p ds,
0

FA(t) > ¢o(2t + 1) 20w @ (0)

¢

+ (2t) 2 / 520 {F(l)(s)}q ds.
0

Proof. We have

FO@)y > o [ W)W ()« W1, )](2) de
.

t
+ / W (t, )W (t —s,-) % v(s)P](x) dads.
0 Jrn
Then by using the semigroup property

Wtz — )W (s,9)dy = WO (t+s,2) (t,s>0, xR,
Rn
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we have

The first term

= ¢ W (¢, z) W,z — )W (1, y) dy dx
R7 Rp

= ¢ W (t, )W (¢ + 1, 2) d
R

= oW @ (2t +1,0)
= ¢(2t + 1) 22 w(®(0).

On the other hand, we have

The second term

t
— [ [ [ WOt aw e~ sz - y) {o(s,))” dydads
o Jry Jr2
t
:/ / { W, )W (t — 5,2 —y) dx} {v(s,y)}’ dyds
o Jry | /Rz
t
=/ W (2t — s,) {v(s,y)}" dyds.
o Jry

Note that

n n 2t—8 _% n
%4 g4 —g @ (Y
> (2t) 252 ( 5 > S 2aw (sl/Qa)

> (20) 35 W ) (5,)

for 0 < s <t <2t—s <2t since w® () > 0 and w®(z) < w®(y) for
|z| > |y|. Using this inequality, we get

The second term

t
> (2t)_£*/ s2a [ W@ (s,y) {v(s,y)} dyds.
0 R?
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Hence by Jensen’s inequality (p > 1), we have

The second term

Thus we get the first inequality. We can prove the second inequality in the
same way. O

Set

Then we have

Set

Then we have

G (1) > 1+ eoe4 1/ s2a (1~ ch(Z)(s)}p ds
0
t
=14 coct? / 2a 1 p) )(S)}p ds
0

> 1+03/ s2a (1~ p){G(Q)(t)}
0

for ¢ > 0. Thus we have the following;:

o~

Lemma 6.3. There exists a positive constant c4 such that

GH@) =1+ C4/ s2a(l é 2)(t)}p ds,

(Y
@
\/
—_
_|_
Q
I\D‘3
;_A
Q
Qz
=
—~
~
~—
——
LS
U
»
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fort>1.

Note that

FO(t) < sup u(t,z) < oo, FA(t) < sup v(t,z) < oo

rER” rER”

for all 1 <t < oo, and hence GU)(t) < oo for all 1 <t < oo,
We have the blowup results for the following ODE system:

o' (t) = eyt2a TPy ()P for ¢t > 1,
Y (t) = cqtza Dz (8)? for t > 1,

z(1) =y(1) =1.

Proposition 6.1. Assume that a >0, b+ qa >0, p,g >0, pg > 1. Then

the solution to the following ODE system

o' (t) =t ly(t)P fort>1,
(6.2) y(t) =t "t () fort>1,

z(1) =y(1) =1,

blows up in a finite time.

Proof. Assume by contrary that the solution exists globally in time. We see

that z(t) > 1 and y(¢) > 1 (¢ > 1). Then we have
(1) >t (> 1),

and hence

t
1
2(t) z/ Sds =101z 0 (12 2%)
1

Hence there exists a constant ¢; > 0 such that
z(t) > c1t® (t>1).
Therefore by (6.2),
y'(t) > et (¢ > 1),

Integrating this inequality gives

t q
y(t) > C(f/ Sb+aqfl ds = C‘f (tb+aq _ 1) > %thraq
1

Hence there exists a constant d; > 0 such that

y(t) > dyt*t e (£ >1).

(t > 21/ (b+aq)y,
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Repeating this procedure, we see that
z(t) > cpt™ (t>1),
y(t) > dpttr (£ >1),
for some ¢, > 0, d,, > 0,
_ —(pb+a) + (pa)"'p(ga +b)

n )

pg—1
p, — 9e b)) — 1]
pq—1
Note that a,, and b,, satisfy
b, = qa, + b,

Unt1 = Pbn + @ = pgan + pb + a,
and a, — o0, b, — co asn — oo since a > 0, b+ qa > 0, pg > 1. Take
e > 0 such that p—e>0,¢—¢ >0, (p—¢)(q — ) > 1. Choose sufficiently
large N € N such that
a—1+4+¢eby >0,
b—1+e¢eay > 0.
Then it follows that
2(t) > y@t)Pc fort>rT,
y'(t) >x(t)T° fort>rT
for some 7 > 0. It follows from a comparison argument that x(t) > Z(t),
y(t) > y(t), where x(t),y(t) are the solution to the problem

(7' (t) = y(t)P© for t > T,
7 (t) =m(t) for t > 7,
x(tn) > T(tn) >
L y(tn) > Y(tn) >

However this contradicts to the fact that the solution (Z(t),%(t)) blows up
in a finite time. [

Proposition 6.2. Assume that a > 0, p,q > 0, pq > 1. Then the solution
to the following ODE system

(2/(t) =t Yy@t)P  fort>1,
y'(t) =t e () fort>1,
z(1) =z > 0,
Ly(1) =30 >0,

(6.3)
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blows up in a finite time.

Proof. Without loss of generality, we may assume that

p+1 q+1
(6.4) LA
p+1 q+1

holds. In fact, if (6.4) does not hold, we can replace xg by a smaller positive
number so that (6.4) holds, and then we can apply the comparison argument.
Assume by contrary that the solution exists globally in time.
In the same way as in the proof of Proposition 6.1, we see that there exist
positive constants c1, dy such that x(t) > ¢1t?, y(t) > dj logt for all t > 1.

b P+l
Set ¢ = (%) P and co = 2a (2?“)1"1—1, and let t; > 1 be a constant

satisfying d; logt; = (¢2)'/P. Then we have
2 (t) > et (> t).

Hence
ot €2 c2 1
z(t) > 62/ s97hds = 2 (4% —9) > =t¢ (¢ > 2Y/9).
t a 2a

Set z(t) = xt(f). Then z(t) > ¢; >0 for t > 1,

p+1

(6.5) 2(t) > % - (%“) T (> 2V = ty),
and
( p_
2 (t) = M for t > 1,
z(t)?

(6.6) Ly (t) = (t) for t > 1,

z(1) = xo,

y(1) = yo

Then we have

(y(t>p+1 - Z(ﬂﬁl)l AT as .

p+1 q+1 t
Therefore
+1 +1
y(t)p—H B Z(t)q+1 > yg _ x% >0 (t>1)
p+1 g+1 “p+1 qg+1 ’
and hence
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Since there holds

zmjzif@wﬂ (t > t9)
But this implies that
( 1) t _ P—G—l1
_pg—1 c(pq — pPg—
z(t) > | z(t tl — — = " log — t>to),
which is a contradiction. ]

Proposition 6.3. Assume that p,q > 0 and pqg > 1. Then the solution
(z(t),y(t)) to the following ODE system

(2/(t) =t ty(t)? fort>1,
oy (t) =t 1a(t)? fort>1,

(1)
[ y(1)

blows up in a finite time.

=z > 0,
:y0>07

Proof. Assume by contrary that the solution exists globally in time. It

i ider th %" %" 5 () Then si
suflices to consider the case T pil 2 0. en since
£ty
x(t) _ y(t) :qu/_ypylzo,
q+1 p+1

t)a+1 t)p+1 . q+pq
we have w(qu — y(p2|—1 > 0 for t > 1. Thus we see that y/(t) >t~ 1y(t) e+t
for t > 1, which gives a contradiction. 0

Completion of the proof of Theorem. In what follows, we assume that 1 <
p < q for definiteness. Then by the assumption,

1 S qg+1 N
p—1 " pg—1" 2«

Thus

2a
p<14+ —.
n
Set ( )
n(p —
—1-—F 7/
¢ 2a
and .
bzl_w.

2a0



REACTION-DIFFUSION SYSTEM WITH THE FRACTIONAL LAPLACIAN 207

Then n

— —1)>0, b<a.

5, Pa—1) 20, b<a

Let (z(t),y(t)) be the solution to the following ODE system.
2 (t) = et Ly(t)P fort > 1,

Y (t) = st Lz(t)? for t > 1,

CLZO, b+qa:q+1_

z(1) =y(1) =1.
Then it follows from a comparison argument that
(6.7) GV > x(t), GP(t)>y(t) forl<t< oo

This means that z(t) and y(t) must exist globally. However we see that
(z(t),y(t)) blows up in a finite time by Proposition 6.1 in the case a > 0,
—qa < b < a, Proposition 6.2 in the case a > 0, b = —qa, and Proposition
6.3 in the case a = 0, b = 0. We obtain a desired contradiction. O]

7. LIFE SPAN

In this section, we consider the life span of the solution and prove the
following;:

Theorem 7.1. Assume 1 <p <1+ 27"‘, 1<qg< 1+ 270‘, pq > 1. Assume
also that
up(x) = M p(x) >0, wo(x) = A" ¢(x) >0

where @ and 1 are continuous functions on R™ such that

(7.1) 0 < (@), ¢(x) < O+ [a])7" 2
for some constant C > 0, u* = 1%—11 — 5o, V' = ;%—11 — 50, and A > 0 is

a small parameter. Then the life span T of the nontrivial mild solution to
the reaction-diffusion system (1.4) satisfies

1
Ty ~ 3 A—0
Proof. Under the assumption, there hold

«_ b+l n

= - — >0,
K pqg—1 2«
1
V*:q+ - o,
pqg—1 2«

Let the nonnegative functions uy (¢, x), va(t,x), t € [0,13), x € R"™ be the
mild solution to (1.4). Here T} € (0,00) is the life span of the solution.
Then the solution (uy,vy) satisfies

sup [lux(t,-)|lpeo@n) <00, sup [[ua(t, )| peorn) <00 for 0 <T < Ty,
0<t<T 0<t<T
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and the following system of integral equations.
t
wrltx) = N W) ) (@) + [ IV (e = s.) x {onlo, )Y No) d,
0

ot @) = N (WL, ) ) (2) + /0 Wt = s,-) % {un(s, )} ](x) ds.

(1) In order to obtain an upper bound for the life span, we reduce the
problem into an ODE system in the same way as in Section 6.
Set

F(t) = A W@ (¢, 2)uy(t, z) do,

FO)y = [ WOt z)u(t, z) de.
]R’n
Note that

W z)de =1 (t>0).
Rn
We may assume that there exists a positive constant ¢y such that

o), h(z) > coW D (1,2) for z € R™
In fact we have the following.
Lemma 7.1. Assume that ¢ # 0, ¢» Z0. For each 0 < tyg < Ty,
ux(to, z) > coN W (tg, 2) and vy(to, z) > oA’ W (¢, )
hold for some constant cy > 0.

Lemma 7.2. For 0 <t < Ty,

FV() > oA (2t + 1) 22 w(®)(0)
t
+ (2t)2’2/ s34 {F>(\2)(s)}p ds,
0
FP () > coA”" (2t + 1) 22w ) (0)
t
+ (2t)—2’;/ stx {F{"(s)}" ds.
0
Proof. We have

FV (1) > el [ WO (t,2) W (t,-) « WL, )] () da
Rn

+ /t W (b, ) [W D (t = s,-) % vx(s)P](x) dads.
0 JRn
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Then by using the semigroup property

W (t, 2 — )W (s, ) dy = W (t+s,2) (t,s>0, xR,
R’VL

we have

The first term

= co\* / W (¢, z) W,z — )W (1,y) dy da
R R?

= oM @, )W (t +1,z) da
Ry

= oM W@ (2t 4 1,0)
= oA (2t + 1) " 2a w(@(0).
On the other hand, we have

The second term

¢
= [ [ [ Wt w e~ sx ) {or(s. )} dydods
0 Jrz JRp
t
— / / { W(O‘)(t, :E)W(a)(t —s8,x—Y) dx} {vx(s,y)}’ dyds
o Jrp (JRrp

t
=/ W (2t — s,) {va(s,9)}* dyds.
0 JRry

Note that

n n 2t—8 _% n
% 574 —ge @ (Y
> (2t) 3a 53 ( > > s~ 3w (Sma)
> (2t) 20 520 W (s, y)

for 0 < s <t <2t—s <2t since w®(:) > 0 and w®(z) < w®(y) for
[ > [yl
Using this inequality, we get

The second term

t
> (Zt)_;z‘/ s2a | W(s,y) {va(s, )}’ dyds.
0 R?
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Hence by Jensen’s inequality (p > 1), we have

The second term

> 0% [ B {[ s dy}p ds
= (2t) 24 /Otsz’; {F§2>(s)}p ds.

Thus we get the first inequality. We can prove the second inequality in the
same way. O

Setting

we have
V(1) =13 FV (1)
t 2c
> w* o (a)
X w2 (0) (2t+ 1)
t
+2 2a/ 52a {F§\2)(S)}p ds
0
t
> AP —1—02/ s%(l_p){Gg)(s)} ds
0
Define
GV = A GV,
GO(t) = A G ().
Then

t
Gf\l)(t) >14 6201_1/ s2a 17P) N1 {clA”*Gg\z)(s)}p ds
0

t
=1+ czclp_l/o s2a (17P) NPV =1 {G&Q)(s)}p ds

t
> 1+ C3)\1+27;(1_p)/ s2a(17P) {é(f)(t)}p ds
0

for 0 <t < T). Assume that 7Y > 1 in what follows. Then we have the
following;:
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Lemma 7.3. There exists a positive constant c4 such that

t
GV () > 14 e\t raal-p) / 35 (1=P) {é@(t)}p ds,
1

t
GOt) > 1+ e\ F3a0-9) / st -0 L&V} ds,
1

for 1 <t <T¥.

Thus we see that Ty is smaller than or equal to the blowup time for the
following ODE systems.

7' (t) = esA T 2a 0 Pleaa =Py (1)P for ¢ > 1,
Y (1) = caN T2 1D =D ()9 for t > 1,
#(1) = (1) = 1.

(2) Next in order to obtain a lower bound for the life span, we shall
construct a super solution as follows.
First let H?(t,x) (j = 1,2) be the solution to

(O + (=A))H (t,z) =0 (j =1,2)
with initial conditions
H'(0,2) = uo(w) = M p(),
{ H%(0,2) = vo(z) = X\ ().

Note that » > 0 and s > 0 by the assumption. We may assume that there
exists a positive constant cg such that

o), h(z) > coW ) (1,2) for z € R™
Lemma 7.4. There exist positive constants ci,co, Cq,Cy such that
A WO (1 +t,2) < H'(tz) < CAN WO (1 4+ t,2),
{ XN WO (1 4+t 2) < H2(t,2) < CodV W (1 + ¢, 2),
forx e R™ t>0.

Then we have
2 p B 7 74 () p
H=(t,x) < O H W (1 +t,x)
Hl(t, z) W) (1 +t x)
= O\ Taa () (@) (1 4 ¢ gyt
< 04)\1"'%(1—19)(1 + t)%(l—p).
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Define
{ F(t) = CAFEID (14 )30,

g(t) = CyA T2 0=0(1 4 )22 (1-9),

Then we have

H2(t,x)P
0= 20 i)
g(t) > sup H (L 2)"

Let (£(t),n(t)) be the solution to the following ODE system

§'(t) = ft)n(t)? for t > 0,
(7.2) n'(t) = g(t)&(t)? for t > 0,
£(0) = n(0) = 1.
Then ,
p H<(t,x)P n
¢(t) > %n(t)p for t > 0,2 € R",
1
n'(t) > %ﬁ(ﬂq for t >0,z € R™.
Set

{ U(t7 l’) = g(t)Hl (t7 I‘),
V(t,z) = n(t)H?(t,x).

Then (U, V) is a super solution, namely,

U+ (—A)U > VP for t > 0,2 € R",
{V}—i—(—A)O‘VZUq for t > 0,z € R™.

It follows from the comparison theorem that
ux(t,z) < U(t, ) for t > 0,2 € R",
{ ua(t,x) < V(t, x) fort >0,z € R".

Thus we get an lower bound for the life span. That is, 7Y is greater than or
equal to the blowup time for (7.2).

(3) By (1) and (2), in order to obtain an upper and lower bound for the
life span, we need only consider the ODE system of the same type.

o' (t) = A4 Lo (t)P for t > 1,
(7.3) v (t) = APtb u(t) for t > 1,
u(l) =v(l) =1,
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where ( )
nip—1
-1 7/
@ 200
bzl_M.
2c

Under the assumption, we have a > 0 and b > 0. If p < ¢, then a > b. It
suffices to consider only the case a > b.

Hence we obtain the upper and lower bound of the life span by the fol-
lowing Proposition 7.1. U

Let T'=T()\) be the blowup time for (7.3).
Next let 71 = T1(A) be the blowup time for the following ODE stystems

(2 (t) = N Ly(t)P for t > 1,
Y (t) = Aot L (t)9 for t > 1,
2(1) = (g + VD > 1,
_ 1/(p+1)
Ly() =(+1)"*P > 1,
and To = T5(\) be the blowup time for the following ODE stystems

(7.4)

( aza—1
2/ (t) = Ny ()P for ¢t > %,
oy (t) = Nt L (1) for ¢t > 1,

(7.5) 1 —~1/(g+1)
Ly(h) = g+ 1) VP <1
Note that
1
1<TN) <00, 1<Ti(N) < o0, 3 < Tr(N) < 0.

Proposition 7.1. Assume that
a>0, b>0,

pg>1, p>0, ¢q>0.

There exist positive constants ¢ and C, depending only on p, q, a and b,

such that

Cgﬂmsg

>

for all X € (0,1).
Proof. 1t follows from a comparison argument that
Ti(N) <T(N).
If T(A) < 5, then T(\) < 3 < Th(A).



T. KAKEHI AND Y. OSHITA
1

214
L. Then we see that u(3) > 1 and v(3) > 1

Assume that T'(\) > .
since u(t) and v(t) are monotonically increasing. Thus it follows from the

comparison argument that
T(A) <Ta(N).

Hence we get the desired estimate from the following Lemma 7.5 and
OJ

7.6.
Lemma 7.5. Assume that a > b. Then
1/b
SRS pg—1 (g+1) @+ b
i 1 [l )
1 = N
A pg—1 (g+1 i A\b
g+1 \ p+1
for all X € (0,1).
Proof. 1t suffices to show that either 77()\) > 1 or
— =B —1 1\ i1 ik
b(p+ 1) @HUGID 4 2L (ﬁl) Ab
Ti()) > -
pg—1 (q+1)q+1 \b
q+1 \ pt+1
holds.
Assume that T1(\) < 3. Let (z(t),y(t)), 1 <t < Ty(\) be the solution to
(7.4). Since
p+1}/

{(p+ 1)) — (¢+ L)y(t)

= (p+ 1)(qg+ 1)(2%2" — yPy')
=(p+1)(g+ (A"~ bta b )APE by
<0

1<t<Ti(\) <y,

we have
£ — (g + Dy(t)P*!

(p+ 1z
—(g+ Dyt =0

(
< (p+ 1)z(1)r?

for 1 <t < T1(\). Hence
(p+ D)™ < (g + Dy

for 1 <t < Ti(A). Then
Yy (t) = NetP L (1)

q
p
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for 1 <t < T1(\). Note that ﬁ—’f > 1 and b > 0. Hence

_q+1
_ pg—1 pq — 1 q-+ 1 q+1 1 b pg—1
7.6 t) < 1) aft — -\
1) (o< u) L (T ey
for 1 <t < T1(A\). Therefore
— Ty L pa=l (g1 T g e
. ()\) . b<p+ 1) (p+D(a+D) 4 i (m) A
1(A) 2
pg—1 (q+1 =l A\b
g+1 \ p+1
The proof is now completed.
Lemma 7.6. Assume that a > b.
L mar 1 1\ a1 1/
bl + )T 4 2t (£2) 7| T
TQ()‘) < q 4 X

pg—1 (g+1Y)at1
q+1 \ p+1

for all X € (0,1).

Proof. Let (x(t),y(t)), % t < T5(\) be the solution to (7.5). Since
{(p+ V()T — (¢ + Dy()Py
= (p+ g+ 1)(a%" —y"y)
( + )(q + )()\a bta—b . 1))\bt—1—|—baqup
>0 ( <t < Th(N)),
we have
(p+ D)™ — (¢ + Dy ()P
> (p+ Dz(3)™ = (g + Dy(3)P =0
for % <t < Ts(\). Hence

(p+Da ()T > (¢ + Dy ()P
<t< TQ()\) Then
y(t) =Xt (t)q

S 3P qg+1 tb 1y‘1
o p—f—l

>l

for
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for + <t < T5(A). Note that ﬁ—’f > 1 and b > 0. Hence

q _gtl
_pg—1 pq_l q_|_1 a+1 1 brib b pq—1
7.7 t) > )} e — N = A
@) o= | fuh) B ()T e -
for + <t < Tp(A). Therefore
b(q + )T et (z) 7]
e )+
T()) < o \rd y
pg—1 (g+1))a+t A
qg+1 \ p+1
The proof is now completed. O

Similarly we can prove the following.
Theorem 7.2. Assume thatp=qg =1+ 270‘ Assume also that
uo(z) = Ap(x) >0, wvo(x) = Ap(x) >0
where @ and Y are continuous functions on R™ such that
(7.8) 0 < p(x),d(x) < O+ [a]) ">

for some constant C' > 0, and X > 0 is a small parameter. Then the life
span Ty of the mild solution to the reaction-diffusion system (1.4) satisfies

1
logT;fNW as A — 0.

8. FINAL REMARKS

8.1. Semilinear parabolic equations with the fractional Laplacian.
As is well known, the problem of blowup for the semilinear parabolic differ-
ential equation was first studied by Fujita [3]. Since [3], this problem and
related problems have been studied by a lot of people. See, for example,
[14], [15], [16], [17], [22] and [23]. On the other hand, fewer results are
known about the semilinear parabolic equation with the fractional Lapla-
cian Ou + (—A)%u = uP. See, for example, [5], [7], [11] and [20]. This is
due to the fact that the detailed properties of the fundamental solution of
the linear equation Oyu 4+ (—A)%u = 0 is not well known. We also note that
recent developments on nonlinear differential equations with the fractional
Laplacian are written in [21].
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8.2. Semilinear reaction diffusion system with the fractional Lapla-
cian. Finally, we remark that there are several references on semilinear re-
action diffusion systems with the fractional Laplacian. (See [4], [10] and [9].)
For example, Kirane and Qafsaoui [10] study some semilinear reaction dif-
fusion systems with the fractional Laplacian and determine the Fujita type
critical exponent. We also note that Kirane, Laskri and Tatar [9] deals with
the blowup and the global existence for a certain semilinear reaction diffu-
sion system with the fractional Laplacian and fractional time derivatives.
However, none of those deal with the problem of life span.
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