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EVALUATION OF CONVOLUTION SUMS AND SOME
REMARKS ON CUSP FORMS OF WEIGHT 4 AND LEVEL
12

B. RAMAKRISHHAN AND BRUNDABAN SAHU

ABSTRACT. In this note, we evaluate certain convolution sums and make
some remarks about the Fourier coefficients of cusp forms of weight 4
for I'p(12). We express the normalized newform of weight 4 on I'g(12) as
a linear combination of the (quasimodular) Eisenstein series (of weight
2) E2(dz), d|12 and their derivatives. Now, by comparing the work
of Alaca-Alaca-Williams [1] with our results, as a consequence, we ex-
press the coefficients c1,12(n) and cs4(n) that appear in [1, Eqgs.(2.7)
and (2.12)] in terms of linear combination of the Fourier coefficients of
newforms of weight 4 on I'g(6) and I'g(12). The properties of c1,12(n)
and cz 4(n) that are derived in [1] now follow from the properties of the
Fourier coefficients of the newforms mentioned above. We also express
the newforms as a linear combination of certain eta-quotients and obtain
an identity involving eta-quotients.

1. INTRODUCTION

Let N,Z,Q be the set of positive integers, integers, rational numbers
respectively. For k € N and n € N, we define o1(n) to be the sum of the kth
powers of the positive divisors of n. We write o(n) for o1(n) and we assume
that ok () = 0 for a rational number = which is not an integer. Following
[14, 11], for n, N € N, we define Wi (n) as follows.

(1.1) Wn(n)= Y o(m)o(n—Nm).

meN,m<n/N
Also, following [1], we define W, ;(n) for a,b € N by

(1.2) Was(n) ==Y o(l)o(m).

l,meN
al+bm=n

Note that Wi n(n) = W 1(n) = Wy (n). These type of sums were evaluated
as early as the 19th century. For example, the sum Wj(n) was evaluated by
Besge, Glaisher and Ramanujan [4, 5, 10].

In [11], E. Royer used the structure of the space of quasimodular forms
to evaluate the convolution sums Wy(n) for 1 < N < 14, N # 12. In
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[1], A. Alaca, S. Alaca and K. S. Williams have evaluated Wi, using a
different method and in [9], we evaluated the convolution sum Wj5 using
the theory of quasimodular forms. Recently, there have been many works
on the evalution of these sums starting with the work of Huard et. al [6]
and we refer to [15, Table 1] for a recent update. We also refer to the book
of Williams [13], which gives a beautiful history about the problem and its
elementary methods.

In this note we evaluate the convolution sums Wis(n) and W3 4(n) using
the theory of quasimodular forms. Though these convolution sums have been
evaluated earlier by Alaca-Alaca-Williams [1] by using a different method,
the purpose of our evaluation is that we obtain certain interesting properties
of the Fourier coefficients of certain cusp forms when we compare the two
results. More precisely, in [1], they expressed Wiz(n) and W3 4(n) in terms
of the divisor functions and coefficients of certain g-series given by c; 12(n)
and c3 4(n) (see [1, Egs. (2,7) and (2.12)]). They observed some properties
of ¢112(n) and c34(n) which implies that the sums Wis(n) and W3 4(n)
have elementary evaluation for n = 2"3°. Our method in this note gives
the expressions for Wia(n) and W3 4(n) in terms of divisor functions and
Fourier coefficients of newforms of weight 4 on I'g(6) and I'g(12). Thus, by
comparing our results with the result of Alaca-Alaca-Williams as mentioned
above, we get expressions for ¢;12(n) and c34(n) in terms of the Fourier
coefficients 74 6(n) and 74 12(n) of the newforms of weight 4 with levels 6
and 12 respectively. Since the newforms are Hecke eigenforms with respect
the Hecke operators U), for the primes dividing the level (here p = 2,3), the
required properties (elementary evaluation when n = 2"3%) of ¢; 12(n) and
c3.4(n) follow from the properties of 74 6(n) and 7412(n) (see Remark 3).
For the basic theory of newforms we refer to [3]. We also get several other
consequences, which are listed below.

(i) In Remark 1, we express the newform Ay 12(2) as a linear combination
of the (quasimodular) Eisenstein series (of weight 2) Fs(dz), d|12 and their
derivatives.

(ii) In Remark 2 we express the newform Ay 12(z) and the oldform Ay g(z)+
4A46(22) as a linear combination of certain eta-quotients and also obtain
an identity involving some eta-quotients. We express ¢ 12(n) and c3 4(n) in
terms of the Fourier coefficients of the newforms Ay ¢(2) and Ay 12(2).

(iii) In Remark 4, we give a formula for N4(n), the number of representations
of a natural number n by the quadratic form az% + x129 + a:% + x% + x3714 +
w3 + 4(22 + z576 + 23 + 22 + 2728 + 22) in terms of the divisor functions
and 746(n), which gives the fact that Ny(n) has elementary evaluation for
n = 2"3%.
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2. CERTAIN CONVOLUTION SUMS

Theorem 2.1. Let n € N. Then,

it = e s (§) s () s (1)
s (2 S () (- )
(3o () - et - goae (3) - gt

i = o0+ ko (3) + s (2) s ()

9 n 3 n 1 n n
+1607 (5) * 10 3(@*@‘%) (3)

1 n n 1 1 n 1
+<ﬂ_ﬁ) 7 ()~ some(m = 55716 () + ggraral);

where T46(n) and T412(n) are the nth Fourier coefficients of the cusp forms
Ay6(z) and Ag12(z), which are the unique normalised newforms of weight
4 on T'g(6) and I'g(12) respectively. In fact,

(2.1) Aso(z) = n*(2)n*(22)n* (32)” = 27'46
and
(2.2) Agi2(2) - 27'4 12 )

which is a linear combination of certain eta-quotients (see Eq.(3.6)).

Proof. As mentioned in the introduction, we make use of the theory of quasi-
modular forms to obtain the convolution sums. Since the method is exactly
the same as in [11, 9], we will be brief in giving the proof and leave the details
to the reader. Let My (I'g(/N)) denote the C-vector space of modular forms of

weight k£ on the congruence subgroup I'g(N) and let M <k/ 2(F0(N )) denote
the space of quasimodular forms of weight k, depth < k/ 2 on I'g(N). The
following structure theorem is the key ingredient in the proof (see [7, 11]).
For an even integer k with k£ > 2, we have

k/2—1
(2.3)  MZP(To(N) = €D DIMy_yj(To(N)) @& CD¥2 1By,

§=0

1 d
2mi dz”

where the differential operator D is defined by D :=



74 B. RAMAKRISHHAN AND B. SAHU

Let Ey(z) denote the normalized Eisenstein series of weight k£ on SLy(Z).
For k > 4 it is a modular form of weight k and for £ = 2, it is a quasimodular
form of weight 2 and is given by

(2.4) By(z)=1-24) a(n)q".
n=1

When k£ =4 and N = 12, Eq. (2.3) gives

(2.5) M2 (To(12)) = My(T'o(12)) & DM(T'o(12)) & CDE;.

Using the dimension formula (see for example [8, 12]), it follows that the set
{E4(2’), E4(2Z), E4(3Z), E4(4Z), E4(6,Z), E4(12,Z), A476(Z), A476(22), A4’12(2’)}
forms a basis for the space My(I'g(12)) and the set {®1 2(z), P13(2), P1.4(2),
Q1 6(2), P1.12(2)} forms a basis for the space M2(I'9(12)), where

1
b—a
To compute the convolution sum Wis(n), we consider the quasimodular form

Ey(2)E»(122) in M=%(I'9(12)). Therefore, using the structure (2.5) and the
bases mentioned above, we have

(2.6) Dy p(2) (bE5(bz) — aFs(az)).

1 3 9 2
B 2 Eu(22) + ——Ea(32) + = Ea(4
200 Z4(2) + 50 Fal22) + 5o Ba(32) + 5o Fu(4z)

27 18 36 144

iy’ O E(122) — 2A ~ A2
Py (62) + 2 (122) — P Aug(e) - p Aa(22)

11

—6A4712(Z) + 7D(I)1’12(2) + DEQ(Z)

EQ(Z)EQ(lQZ) =

In a similar way, to get the convolution sum W3 4(n), we consider the quasi-
modular form Fy(3z)E2(4z) and get the following expression

1 3 9 2

27 18 36 144

—F —F4(122) — —A — —A44(2
+o0gE(62) + o Ba(122) — —Aa6(2) — —~Bae(22)

3
+6A4712(2) + D(I>1,3(z) + §D(b1’4(z) -+ DEQ(Z)
By comparing the n-th Fourier coefficients, we get the required the convo-

lution sums. 0

3. REMARKS ON CUSP FORMS OF WEIGHT 4 AND LEVEL 12

In this section we make several remarks which are consequences of the
comparison of our theorem with the corresponding results of [1].
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Remark 1. By taking the difference of the expressions for Fa(z)E2(122) and
E5(3z)E5(42) given in the proof of the theorem, we get an expression of the
newform Ay 12 of weight 4 on I'g(12) in terms of the Eisenstein series Ea(2)
and its derivatives. In fact, subtracting the expressions and simplifying, we
get

Ay1a(z) = 12 (EQ(Sz)EQ(le) Es(2)E(122) + %D@l,n(z«)
(3.1)
_D®14(z) — gDCDM(z)) |

Using the definition of ®,;(z) from (2.6), we obtain

Auta(z) = — (E2(32)E2(4z) Eg(z)EQ(IQz)—I—%DEQ(z)

(3.2) 12

—gDEQ(SZ) — 2DE2(4Z) + 6DE2(122)> .

Remark 2. As mentioned in the introduction, the convolution sums Wis(n)
and W34(n) have been evaluated in [1] by a different method, which are
given below:

Wite) = g5+ 155 (5) + s (5) + 55 (§)
9 n 3 n 1 n
+1607 () * 167 (E)*(ﬂ‘@) o(n)
I n n 11
(1) o () - dsensao
o) = g+ g5 (5) + 3500 () 35 ()
9 3 1
a0 ) - (32)+ (515) 7 6)

(a1 1) 2 () - zggrnatn)

where
= w10 7P(22)0°(32)n3 (42)1%(62)
e TR OIS
1 n®(22)n°(62)

11 7?(2)n*(32)n?(42)n*(122)
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- no_ g PN (220 (62)7° (122)
;)(:3,4<n>q = 10 n(32)n(42)

8(22)n8(62

N 727( )n°(62)

Comparing the above formulas with the formulas in Theorem 2.1, we can
express ¢ 12(n) and c3 4(n) in terms of 74 6(n) and 74 12(n):

6 24 n 5
(3-3) 01,12(n) = ﬁ74,6(n) + ﬁ 4,6 (5) + ﬁ 4,12("),
n
(34) 63,4(71) = 6’7’4,6(71) + 247—4,6 (§> — 57'4,12(71)

Consequently, we can also express 74 12(n) in terms of the coefficients ¢; 12(n)
and c34(n):

(3.5) 7'4,12(”) = ECl,l?(”) - i03,4(7”0)-

10 10
Since ¢ 12(n) and c3 4(n) are nth Fourier coefficients of certain linear combi-
nation of eta-quotients (as given above), from the above equation we get an
expression for the newform Ay 12(2) as a linear combination of eta-quotients:

(3.6) Ayia(z) = 7 (22)° (32)n°(42)n?(62) 0P (2)n*(22)n*(62)n°(122)
| n(z)n(12z) n(32)n(42)
Next, eliminating 74 12(n) from the equations (3.3) and (3.4), we get the

following.

(3.7) r16(n) + drig(n/2) = % (11e119(n) + es.4(n))
In other words,
(3.8)
A4’6(Z) + 4A476(22)

_ 5 P 2e)n’(32)n° (42)n?(62) | 1 n°(22)n°(62)

6 n(z)n(122) 6 12(2)n*(32)n*(42)n*(122)
438 n*(2)n° (22)n° (62)n° (122)
6 n(3z)n(4z)

Note that A4 6(z)+4A4,6(22) is an oldform of weight 4 on I'g(12) and we have
expressed it in terms of a linear combination of eta-quotients. Moreover, if
we use the expression for Ay (%) in terms of eta-product from equation (2.1),
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we get the following identity (after cancelling the factor n?(22)n?(62)):
(3.9)
20\ 2 2 2
n7(2)n”(3z) + 4n”(42)n” (122)
5B’ () 1 n°(22)1°(62) 5% (2)n*(122)

6 n(z)n(12z) — 672(2)n*(32)n*(42)n*(122) ~ 6 n(3z)n(4z)
Remark 3. In [1, §5] (see also [2, §5]), the authors proved some properties
of the functions ¢1 12(n) and ¢34(n). They showed that

12

(3.10) 01’12(271) = H 4,6 (n), 03,4(271) = 127—4,6 (n),
-3
(3.11) 01’12(371) = 30374(71), 03’4(371) = —33C1712 (n)

Note that in the notation of [1], 74 6(n) = c1,6(n). Since Ay6(z) and Ay 12(2)
are newforms of weight 4 on I'g(6) and I'g(12) respectively, these properties
observed in [1] follow easily. The function Ay(2) is an eigenfunction under
the Hecke operators Uy and Us with eigenvalues —2 and —3. By the the-
ory of newforms, it is known that the function has eigenvalues +2 and +3
with respect to the Hecke operators Us and Us respectively and the Fourier
coefficient identity is given by

T4.6(np) = £p1a6(n) (p=2,3).
Since 146(1) = 1, by comparing the Fourier coefficients 746(2) and 74,6(3)
we see that the eigenvalues are —2 and —3. Therefore, we get for all n > 1,
(3.12) 7'4,6(271) = —27’4,6(n),
(3.13) ’7'4’6(37?1) = —37’4,6(n).
In a similar way, we see that the newform Ay 12(2) is an eigenfunction under
the Hecke operators U and Us with eigenvalues 0 and 3. Thus, we have for
alln > 1,
(3.14) m112(2n) = 0,
(3.15) 74,12(371) = 37’4’12(71).
Now the properties (3.10) and (3.11) follow easily using the above properties
of T46(n) and 74 12(n) together with the identities (3.3) and (3.4). In [1,
Eq(5.16)] it is observed that
(316) 7'4’6(27"38) = (_1)r+52r3s,

where 7, s are non-negative integers. This is also a consequence of the fact
that Ay(2) is a Hecke eigenform with eigenvalues —2 and —3 under the
Hecke operators Us and Us respectively. Since 74 12(n) is zero when n is
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even, we see that our formulas for Wiz(n) and Ws4(n) have elementary
evaluations when n = 2"3°.

Remark 4. In [1], the authors used the convolution sums Wia(n) and W3 4(n)
and computed the number N4(n), which is the number of representations of
a positive integer n by the quadratic form 3 + vy 29 + 23 + 23 + 2374 + 75 +
4(x2 + z5w6 + T2 + 2% + T728 + 23) and showed that

M) = S+ B (3) s (2] B ()
31D 4_%203 (%) %403 (%) + %01,12(71) + 19—06374(77,).

Replacing the values ¢ 12(n) and ¢z 4(n) in terms of 74 6(n) and 74 12(n) from
equations (3.3) and (3.4), we get

6 18 n h4 n 96 n
A MO WO NG
4(n) 5080+ pos |5 )+ Fos(g)+ Fosly

162 /n\ 864 ,ny\ 54 216 n

B () () i B (1)
(3 8) + 5 o3 G + 5 o3 D + 57’476(7’&)%— 5 T4 6 5

Notice that the above formula for Ny(n) given in (3.18) depends only on
the values of the divisor functions and the Fourier coefficients 74 6(n) of the
newform Ayg(z). Therefore, by using (3.16) it follows that our formula
for N4(n) has elementary evaluations when n = 2"3°, where r and s are
non-negative integers.
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