Math. J. Okayama Univ. 59 (2017), 27-40

THE DEGREE OF SET-VALUED MAPPINGS FROM ANR
SPACES TO HOMOLOGY SPHERES

Y OSHIMI SHITANDA

ABSTRACT. An admissible mapping is a set-valued mapping which has
a selected pair of continuous mappings. In this paper, we study the
degree of admissible mappings from ANR spaces to homology spheres
and prove the uniqueness of the degree under some conditions.

1. INTRODUCTION

For every point z in a topological space X, a non-empty closed set ¢(x) in
a topological space Y is assigned, the correspondence is called a set-valued
mapping which is written by the Greek alphabet ¢ : X — Y. For a single-
valued mapping, we write f : X — Y etc. by the Roman alphabet. In this
paper, we assume that set-valued mappings are upper semi-continuous (cf.
6)).

Fixed point theorems and equivariant point theorems are studied by many
mathematicians (cf. [3], [11], [12], [13]). Fixed point theorems and equi-
variant point theorems of single-valued mappings are generalized for set-
valued mappings by many topologists (cf. [5], [6], [15], [16]).

An admissible mapping ¢ : X — Y is a set-valued mapping which has a
selected pair p: I' = X and ¢ : I' = Y (cf. Definition 2). When an ANR
spaces X satisfies H"(X; Z) = Z, we define the degree of ¢ by the set

deg(p) = {deg((p")~'¢") : () "'q" : H"(N: Z) — H"(X: Z)}

where NV is an n-dimensional homology sphere. In this paper,we shall study
the degree of ¢ : X — N under the conditions ¢(x) N (T(z)) = O and
T'o(x) N (T (x)) = 0 where T and T” are involutions.

Y.Hara and Y.Moriwaki [8] determined the degree of admissible mappings
@ : M — S™ where M is an n-dimensional smooth manifold and S™ is the
n-dimensional sphere. Their method uses essentially the character of the
sphere. In this paper, we shall give a generalization of their results. Our
technic is homological method and more elementary than [14], [15]. Though
our main theorems are proved partly by Theorem 5.5 and Theorem 6.3 of
[15], the uniqueness of the degree is not proved there. Our main results are
stated as follows (cf. Theorem 3.4, Theorem 4.1).
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Main Theorem 1. Let X be an ANR space with a free involution T and
N be an n-dimensional homology sphere. Suppose that dim X = n and
H"(X;Z) =2 Z and ¢(X,T)" # 0. If an admissible mappings ¢ : X — N
satisfies p(x) N p(Tx) = O for any x € X, then there exists a unique odd
number m such that deg p = {m}.

For the case ¢(X,T)"™ = 0, then there exists a unique even number m such
that deg(yp) = {m} (cf. Theorem 3.5).

Main Theorem 2. Let X be an ANR space with a free involution T and
N be an n-dimensional homology sphere with a non trivial involution T".
Suppose that dim X = n and H"(X;Z) = Z and an admissible mappings
¢ : X — N satisfies T'o(x) N o(Tx) = 0 for any x € X. Then there exists
a unique even number m such that deg(yp) = {m}. In particular, if T' is an
orientation reversing involution, then degyp = {0}.

Assume that an involution 7" on N is free in the above main theorem.
For the case that n is an odd number, there exists a unique even number
m such that degyp = {m}. For the case that n is an even number, then
degp = {0} (cf. Corollary 4.2).

2. PRELIMINARIES

In this paper, we shall use the Alexander-Spanier cohomology theory
H*(—;G) and the singular cohomology theory H*(—;G). If the singular
cohomology theory satisfies the continuity condition (cf. Theorem 6.9.1 in
[17]), the Alexander-Spanier cohomology theory is isomorphic to the singular
cohomology theory, that is,

(2.1) w H*(X;G) = H*(X; Q).

In particular, H*(—;G) and H*(—;G) are isomorphic for ANR spaces by
Corollary 6.9.5 of [17]. In this paper, we use H*(—) and H*(—)for H*(—; F2)
and H*(—; F3) respectively where Fy is the prime field of the characteristic
2.

Let f: X — Y be a continuous mapping. When f~1(K) is a compact set
for any compact subset K C Y, f is called a proper mapping. f is called
a perfect mapping, if f is a closed mapping and any preimage f~!(y) is a
compact set for each y € Y. A perfect mapping is a proper mapping by
Theorem 3.7.2 in R. Engelking [4]. For the case that Y is a metric space, a
proper mapping f is a closed mapping (cf. Proposition 1.8.1 in [6]).

A mapping f: X — Y is called a compact mapping, if f(X) is contained

in a compact set of Y, or equivalently its closure f(X) is compact.
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Definition 1. Let X and Y be paracompact Hausdorfl spaces. A map-
ping f : X — Y is called a Vietoris mapping, if it satisfies the following
conditions;

(1) fis a perfect and onto continuous mapping.
(2) f~'(y) is an acyclic space for any y € Y, that is, it is a connected
space and H*(f~1(y); G) = 0 for positive dimensions.

When f is closed and onto continuous mapping and satisfies the condition
(2), we call it weak Vietoris mapping,.

The following theorem is called the Vietoris-Begle mapping theorem and
is important for our purpose (cf. Theorem 6.9.15 in [17]).

Theorem 2.1. Let f : X — Y be a weak Vietoris mapping between para-
compact Hausdorff spaces X and Y. Then,

(2.2) o H™Y;G) - H"(X;G)
is an isomorphism for all m = 0.

The graph of a set-valued mapping ¢ : X — Y is defined by I', =
{(z,y) € X xY |y € p(x)}. If ¢ is upper semi-continuous, I', is closed,
but the converse is not true. If the image ¢(X) is contained in a compact
set, the converse is true (cf. §14 in [6]).

Definition 2. An upper semi-continuous mapping ¢ : X — Y is called
an admissible mapping, if there exist a paracompact Hausdorff space I' and
continuous mappings p : I' =+ X and ¢ : I' — Y satisfying the following
conditions:

(1) p:T' = X is a Vietoris mapping
(2) ¢(z) D q(p~i(x)) for each z € X.

A pair (p,q) of mappings p and ¢ is called a selected pair of .

~ For an admissible mapping ¢ : X — Y, we define ¢* : H*(Y;G) —
H*(X;G) by the set

¢ ={(p")'¢*} | (p,q) is a selected pair of ¢}.

@y is similarly defined by the set {g.(p«)~'}.

When an ANR spaces X satisfies H"(X;Z) = Z and N is an n-
dimensional homology sphere, the degree deg(yp) of ¢ is also defined (see
Introduction).

Note that deg(p) is a subset of the set Z of integers.
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3. THE DEGREE OF ADMISSIBLE MAPPINGS 1

In this paper, manifolds are paracompact Hausdorff topological manifolds.
An n-dimensional homology sphere N means that it is an n-dimensional
topological manifold and has the homology groups of the n-dimensional
sphere i.e. H*(N;Z) = H*(S™; Z). 1t is easily seen H*(N;G) = H*(S™; G)
for any abelian group G.

Let 7 be the group of the order 2. When a paracompact Hausdorff space
X has a free involution T, the group 7 generated by T" acts on X. Similarly
when Y has a free involution 7", the group 7 generated by 7" acts on Y.
Their orbit spaces are denoted by X, Y;. An equivariant mapping f : X —
Y creates the induced mapping f; : X, — Y, between their orbits spaces.

When an equivariant mapping f : X — Y is a perfect mapping, the
induced mapping fr; X; — Y, is also a perfect mapping. If f: X — Y isa
Vietoris mapping, f; X; — Y, is also a Vietoris mapping.

There exist the standard covering projections m, : S — RP"™ and 7y :
S — RP®. For a covering projection wx : X — X, there exist a classi-
fying mapping fr : X; — RP* and f : X — §° such that nf = fr7x
by Theorem 4.12.2 of [9]. The first Stiefel-Whitney class ¢(X,T) € H'(X,)
(or ¢(X,T) € HY(X,) ) is defined by f’(w) where w is the generator of
HY(RP>®)ie. ¢(X,T) = f*(w).

X is called an ANR space, if X is a metric space and for any metric space
Y and any embedding h : X — Y h(X) is a neighborhood retract of Y. (cf.
[10], or Definition 1.7 of [6]). If X is an ANR space, X; is also an ANR
space by Theorem 4.4.17 of [4] and by Theorem 3.3 of [7].

When X is an ANR space, there exist a simplicial complex K and map-
pings h : X — K, k: K — X such that kh is homotopic to Idx by
Theorem 6.1 of [7] (cf. [10], or [1]). Moreover when X is n-dimensional, K
is an n-dimensional complex.

dim X means the covering dimension of X. (cf. Chapter 7 of [4]). When
X is a normal space, then dim X = n implies dim X = n by Theorem 7.1.7
and Theorem 7.2.4 of [4]. When an ANR space X satisfies H"(X;Z2) = Z
and dim X = n, then H*(X;Z) = 0 for k > n and H"(X) = F5 by Theorem
5.5.10 of [17]. In particular, if X is a compact ANR space, then H,(X; Z) =
Z and H,,_1(X; Z) is finitely generated free group by the universal coefficient
theorem.

Proposition 3.1. Let X be an ANR space with a free involution T which
satisfies dim X =n and H"(X;Z) = Z. Suppose that ¢(X,T)" # 0. Then
T* = Idgn(x,z) for an odd number n and T* = —Idgyn(x,z) for an even
number n.



THE DEGREE OF SET-VALUED MAPPINGS 31

Proof. A covering projection mx : X — X, is induced by a classifying
mapping fr : X; - RP* and f : X — S° such that nf = frmx. By
the above remark there exist a simplicial complex K and h : X, — K and
k : K — X, such that kh is homotopic to Idx,_ denoted by kh >~ Idx, . We
see fr ~ frkh. There exists a continuous mapping g : K — RP"™ by the
cellular approximation theorem such that g is homotopic to f;k. Therefore
we see that f; is homotopic to gh : X; — RP™ by f; ~ f;:kh ~ gh. We may
assume f; : X; — RP". That is, there exists the following diagram:

X%S”

(3.1) lwx lwn

X, - rpn.

Let o, € H"(S™) be the dual element of the generator of H,(S™) and
wy, € HY(RP™) be the generator. By the Gysin-Smith sequence of m,, : S™ —
RP"™, we see (my)1(0y) = w;’ where (m,) is the transfer homomorphism of
T
Let o be the generator of H"(X). Set w’ = ¢(X,T). By the Gysin-Smith
sequence of mx : X — X,:

(32) = H(X) 55 mr(x) T prx,) YA B X
)

we have (mx); : H"(X) =2 H"(X;) = Fy and (7x)i(p) = ¢(X,T)". More-
over we see f*(op,) = p by (mx)1f*(on) = fX(mn)i(on). Therefore f* :
H™"(S™ Z) — H™(X; Z) is not trivial.

For the the antipodal involution T;, : S™ — S™, we have T}, = Idyn(gn.7)
for an odd number n and T}; = —Idgn(gn,z) for an even number n. Therefore
we obtain our result by fT'=1T,f. O

Remark. An n-dimensional connected orientable closed manifold M satisfies
dim M =n and H"(M; Z) = Z. We can easily construct many ANR spaces
satisfying the above conditions which are not manifolds.

Remark. The Gysin-Smith sequence is well-known for the singular cohomol-
ogy theory (cf. [17]). The Gysin-Smith sequence for the Alexander-Spanier
cohomology theory is proved by Corollary 6.5.2 of [17] (cf. §5 of [14] and
Corollary 6.8.8 of [17]).

Let Ay be the diagonal set of X2 = X x X. There exists an involution
Tx : X2 — X? defined by Tx(z,y) = (y,z). Tx is a free involution on
X2 - Ay.
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Theorem 3.2. Let N be an n-dimensional closed manifold. Suppose
H*(N;Z) = H*(S™; Z). Then H*(N — {z};G) = H*(pt; G) for any x € N
and 7} : H*(N? — An; G) = H*(N; G) for the projections m; : N> — Ay —
N (i=1,2).

Proof. Let U be a neighborhood of x € N homeomorphic to the open disk
D™. N is aunion of (N—U) and CI(U). (N—-U)NCI(U) is homeomorphic to
S"~1. By using the Mayer-Vietoris sequence of {(N —U), C1(U)}, we obtain
H*(N —U;Z) =2 H*(pt; Z) for any z € N. Since N — {z} is homotopy
equivalent to N — U, we have H*(N — {z}; G) = H*(pt; G) for any = € N.

The projections m; : N2 — Ay — N are a fiber bundle over N with a
fiber N — {2z} (cf. Lemma 6.2.5 in E. Spanier [17]). That is, there exists a
neighborhood U of = such that «; *(U) is homeomorphic to U x (N — {z}).
By comparing the Mayer-Vietoris sequences of {U} and {r;'(U)} where
{U} is a covering of N, we obtain the theorem. O

For a connected paracompact Hausdorff space X with a free involution
T, c(X,T) € H'(X,) is not zero by the Gysin-Smith sequence.

If N is an n-dimensional homology sphere, N? — Ay satisfies H*(N? —
Ayn) =2 H*(N) by Theorem 3.2. Let v € H™(NN) be the dual element of
the fundamental cycle [N] € H,(N). v/ € H*(N? — Ay) is defined by
71 (v) = /. We obtain easily the following proposition.

Proposition 3.3. Let N be an n-dimensional homology sphere and Ty :
N? — Ay — N? — Ay be the free involution. Then C(N2 — AN, TN)" #0
and m (V') = ¢(N? — Ay, Ty)" where w: (N? — Ay) — (N? — Ap)-.

Let (p,q) be a selected pair of ¢ where p : I' — X is a Vietoris mapping
and ¢ : ' — N is a continuous mapping. When X has an involution 7T,
define I'y by

To={(z2) €T xT | p(z) =Tp(z)}

and pg : T'o — X, qo;T0 — N by po(z,2') = p(2), qo(z,2") = q(2) re-
spectively. pr : T'g — T is defined by pr(z,2’) = z. When X is a metric
space, I'g is a paracompact space by Theorem 3.7.9 and Theorem 5.1.35
of [4]. Easily seen, py is a Vietoris mapping for the case. We remark
deg((pg)~tq) = deg((p*)~'q*). When T is a free involution, we can de-
fine a free involution Ty : Ty — T'g by To(z,2') = (2/,2). Then pg is an
equivariant mapping i.e. T'pg = polp -

In the following theorem, the degree is also determined by the contra-
position of Theorem 6.3 of [15]. Here we use only an elementary method,
essentially the Gysin-Smith sequence. And we shall prove the uniqueness of
the degree.
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Theorem 3.4. Let X be an ANR space with a free involution T and N be
an n-dimensional homology sphere. Suppose that dim X = n, H"(X; Z) =
Z and (X, T)" # 0. If an admissible mappings ¢ : X — N satisfies
o(x) N(Tz) =0 for any x € X, then there exists a unique odd number m

such that degp = {m}.

Proof. Let Q : T'g — N? — Ay be defined by Q(z,2') = (q(2),q(2")). Q
is well-defined by the assumption and () is an equivariant mapping. Then
there exists a classifying mapping g, : (N? — Ay), — RP for the covering
projection 7 : N2 — Ay — (N? — Ap).

Now consider the following diagram :

X 2y —%5 N2_Ay L g%

(3.3) le lwo lw lwoo

X, <P r), — (N2 Ay), —% RP™.
X;, (Tg)r, (N? — Ay), are orbit spaces and mx,7r,, 7 and T are quo-
tient mappings and (pg)r, @Qr, ¢gr are the induced mappings of py, @, ¢
respectively.
We see

(3-4) (Po)7(c(X,T)) = Q797 (w)
by the naturality and Theorem 4.12.4 of [9]. Set (po)X(c(X,T)) = ¢(T'o, Tp).
We obtain ¢(T'g, 7)™ # 0 by ¢(X,T)™ # 0 and the naturality.

By the Gysin-Smith sequence of mx : X — X;, we have (mx)i(p) =
c(X,T)"™ where p is the generator of H*(X). ¢(N? — Ay, Ty)" € H*((N? —
An).) satisfies ¢(N? — An,Tn)" = g*(w™). Then there exists the element
v € H"(N? — Ay) such that ¢(N? — An, Tn)"™ = m(v') by Proposition 3.3.

By (mx)i(p) = ¢(X, T)" and (po):(c(X,T)) = ¢(Ty, Tp), we obtain

(3.5) Q" (') = po().-

Therefore we have (pf)1Q* : H*(N? — Ay) = H"(X) 2 Fo.
Consider the following diagram:

X Py —9 s N2 Ay

(3.6) l: lpr lm

X« r ‘25 N
Since pf and 7 are isomorphisms, we see that deg((p*)~'q*) is an odd

number where (p*)~1¢* : H*(N; Z) — H"(X; Z).
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We shall prove

. 1 odd number n
(3.7) deg(Tx) =
—1 even number n .
By QTy = TnQ and deg(Q*) # 0, it holds deg(Ty) = deg(Ty). By
polo = Tpo and deg(pj) = =1, it holds deg(7;;) = deg(T™). Therefore we
see

deg(Tyx) = deg(T™) = +1.

By Proposition 3.1, we obtain our assertion (3.7).

Let © be the generator of H™(N; Z). v' € H*(N? — Ay; Z) is defined by
V' = w3 (0) where 71 : N2— Ay — N. Note that v and v/ are the reductions
of 7 and 1/ respectively. From 7f HY(N; Z) &2 HY(N? — An; Z) = Z, we
see

4+  odd number n
—7  even number n

(3.8) (m}) '3 () = {

by m1 = moTn and the above remark (3.7).
We shall prove the uniqueness of deg((p*)~1q*).

Let (p,q) and (p/,q') be two selected pairs of ¢, that is, X <— T — N

and X < 1" L5 N. I'y and X 2o ' %, N are defined similarly to I'.
Define F01 and FlO by

Lor = {(2,7) €T xI'" | p(z) = Tp (')}
and
Fio={(z,2) el xT|p()="Tp)}.

p1:To1 = X, p} : T1o — X are defined by p1(z, ') = p(2), pi(¢,2) =p'(Z)
respectively. 71 : gy — I" and 7} : I'jg — I are the projections to the first
factors.

Now consider the following diagram:
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X+ rr 5 N
= = =
X (p—l F01 L) NQ—AN

(3.9) T T Tn

X +— FlO L} NQ—AN

— ~/
= T ™1

P QR A N N.
where Q(z,2') = (¢(2),¢'(?)), Q'(¢,2) = (¢(¢),4(2)). T : T1g — T1g is
defined by T'(z,2') = (¢, z). By deg(T™) = deg(T%;) and the above diagram,
we have deg((p*)~'¢*) = deg((p*)~'¢"). N

For the case of ¢(X,T)"™ = 0 instead of ¢(X,T)" # 0, we obtain the
following theorem.

Theorem 3.5. Let X be an ANR space with a free involution T and N be
an n-dimensional homology sphere. Suppose that dim X = n, H"(X; Z) =
Z and c¢(X,T)" = 0. If an admissible mappings ¢ : X — N satisfies
o(x)N(Tz) =0 for any v € X, then there exists a unique even number m
such that deg o = {m}.

Proof. If deg((p*)~'¢*) is an odd degree, it holds (p*)~'q
H™(X). By the diagram (3.6) of Theorem 3.4, we see pj
From m(v) = ¢(N? — An)" and Qim(v') = (7, )1Q*
(mxh(pn) = (X, T)" by poTy = Tpo and the formula (3.4
sumption ¢(X,T)" = 0, we see (mx)i(p) = 0.

On the other hand, by the Gysin-Smith sequence of 7x : X — X, it hold
(mx)r : HM(X) =2 H™"(X;). We obtain (mx)i(x) # 0. This contradicts the
above remark. Therefore deg((p*)~!¢*) is an even degree.

The uniqueness of deg(y) is same as the proof of Theorem 3.4.

(n) = Q" ().
(1/) we have
). By the as-

0

Remark. Let X be a simplicial complex with a simplicial free involution T'.
S™ has the antipodal involution. If X satisfies the condition of Theorem 3.4,
any odd integer d is realized by an equivariant mapping f : X — S™ with
deg(f) =d.

Because there exists an equivariant mapping f : X — S™ by Chapter II
Proposition 3.15 of T. tom Dieck [2]. When ¢(X,T)™ # 0, the degree of f
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is odd. By Theorem 4. 11 of T. tom Dieck [2], there exists an equivariant
mapping g : X — S™ with the degree deg(g) = d.

Similarly if X satisfies the condition of Theorem 3.5 any even integer d
is realized by an equivariant mapping f : X — S™ with deg(f) = d. This is
proved by Chapter II Proposition 3.15 and Theorem 4. 11 of T. tom Dieck
[2]. The mappings defined above satisfy the condition f(Tz) # f(x) for any
reX.

4. THE DEGREE OF ADMISSIBLE MAPPINGS 2

Let X be a Hausdorff space with an involution 7. We defined Ax and
Tx in section 3. Set

v ={(z,Tz) € X* |z € X}.

If T is a free involution, then Ax N Ay, = (). Generally T'x is not a free
involution on X? — A’y. When N is an n-dimensional homology sphere, it
holds 7} : H*(N? — Aly) 2 H*(N) (i = 1,2) as Theorem 3.2.

In the following theorem, the degree is also determined by the contrapo-
sition of Theorem 5.5 of [15]. But the uniqueness is not proved there. Our
method is more elementary than [14], [15].

Theorem 4.1. Let X be an ANR space with a free involution T and N be
an n-dimensional homology sphere with a non trivial involution T'. Suppose
that dim X =n and H™"(X; Z) = Z and an admissible mappings ¢ : X — N
satisfies T'p(x)Np(Tx) = 0 for any x € X. Then there exists a unique even
number m such that deg(p) = {m}. In particular, if T' is an orientation
reversing involution, then degyp = {0}.

Proof. Though N? — Ay is a Ty-invariant set, Ty is not a free involution
of N? — A’y. We need a device to work in the category of free involutions.
As Proposition 3.3, we see H"(S> x (N? — Aly)) = Fy whose generator is
denoted by /.

Set w = ¢(S® x, (N2 —AY), Ty) where T (z, 2, 2") = (Tx, 7', z). At first
we remark w® # 0 for all k. Since 7" is a non trivial involution, there exist
a point zg € N such that T"(z2p) # 29 and equivariant mappings

h:S8® = 8% x (N2 —Al), k:8%x(N?—-A)y)— 8>
which are defined by h(z) = (=, z20,20) and k(x,z,2") = x. They satisfy
k+h, = Idrp. Therefore we obtain our assertion.

G: S xTy— 8 x N?is defined by ¢(z, z,2') = (x,q(2),q(z")). By our
assumption § is regarded as ¢ : S%° xT'g — S®x (N2—Al,). 7p, : S =Ty —
5% %, To, my2 1 S x N2 — §%° %, N? and 7 : S x (N? — Aly) = 5% x,
(N? — Aly) are covering projections. The generator of H*(N? — Aly) = F
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is also denoted by /. Then we have j*(v x 1) = v/, j*(1 x v) = v/ where
j: N? — Ay, — N? is the inclusion.
Set j : S® x (N2 — Aly) = S x N? defined by j(x,z,2') = (r,5(2, 2')).
Consider the following diagram:
(4.1)
{0} 5 HM(S® x N?) —L s H*(S® x (N? - Al))

l l(ﬂNz)! m

o0 )| >I< o0 7: * oo
H* (5% x N2) 2 precgee o N2) I (s X7 (N2 — A)))

| | ;

(5% xTg) 0% Fr(9% x, Ty) —=—  H*(S® x» Tp).
We shall prove
(4.2) m() =0, HFS® x, (N?>-Al))ZFy;®F, (k>n).

By the Gysin-Smith sequence
5 H*(S® x, (N2—AR)) D H*(S® x (N2—Aly)) B H* (S x, (N2—Aly))
we obtain easily
HM(S® x, (N> = AY)=Fy, (0Sk<n-1).

If m (V) # 0, wehave 7 = 0 : H"(S® x(N?—Al)) = H"(S®x(N?—Al))
and H"(S* x, (N? — Aly)) = F2. Then we see m (') = w™ by the Gysin-
Smith sequence. From H*(S> x (N?—AX)) = H*(N), we obtain H*(S5% x ,
(N2 — A’y)) 220 for k = n+ 1. This contradicts the above result w* # 0 for
all k. Therefore we obtain m (') = 0 and H*(S® x, (N2 — Aly)) 2 Fy @ Fy
for all k£ = n.

By j*(1 x v) = ¢/, we have j*(my2)i(1 x v) = 0. Therefore we see
@E((my2 (1 x v)) = 0. We obtain

(4.3) GF(1xv)=0

by the isomorphism (7, )1 : H*(S®°xTg) & H*(S*°x,Tg). That (7, ): is an
isomorphism is proved by the Gysin-Smith sequence and H*(X) = H*(Ty).
Similarly we have also ¢*(v x 1) = 0.

Therefore we have ¢* = 0 : H"(S® x N?) — H"(S* x I'g) and ¢* = 0 :
H"(N) — H™(T). Therefore we see that deg(¢*) = {m} where m is an even
number.

Now we shall prove the uniqueness. Let (p,q) and (p, ') be two selected

pairs of ¢. Let R: I'p1 = N2 — Ay and R I'ig = N? — Ay be defined by
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R(z, 7)) = (q(2),Tq'(2')) and R(Z,z) = (T'¢(),q(2)) respectlvely Note
that R and R’ are well defined by the assumption. When ¢ = ¢/, R is an
equivariant mapping i.e. RTy = TR where T(z,2') = (T(%'), T(z)). But T
is not a free involution on N2 — Ay.

Now consider the following diagram:

X o2 4 N
= T ™
X 2 1y —E L N2 Ay
(4.4) T T Tn

= nt ™1

x 2 T, N

Since 7} (i = 1,2) are isomorphisms, we have

(4.5) deg((p*)~'q*) = deg((p™)~'¢*T™).

If 77 is an orientation preserving mapping, we have deg((p*) '¢*) =
deg((*)1q").

If 7' is an orientation reversing mapping, we have deg((p*)~'¢*) =
—deg((p*)~1¢*) by taking ¢/(z') = q(2'). Therefore we have deg((p*)~1q*) =
0. In any cases, the degree of ¢ is uniquely determined.

L]

Corollary 4.2. Under the same conditions as Theorem 4.1 , assume that
an involution T on N is free. If n is an even number, then degp = {0}.

Proof. By Proposition 3.1, T’ is an orientation preserving involution for an
odd number n and is an orientation reversing involution for an even number
n. Therefore we obtain our result by Theorem 4.1. O]

Remark. There are many involutions on spheres, for example the antipo-
dal involution, the reflections with respect to the hyper planes and theirs
compositions etc.. Theorem 4.1 holds for these non trivial involutions.

In Corollary 4.2, it is necessary that 7" is a free involution. For example,
consider the involutions

T(zo,z1,72) = (=20, —21, —12), T'(x0,21,72) = (=20, —71, T2)
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on the unit sphere S? centered at the origin. Let f : 5% — S? defined by
(23 — 22, 22021, T2)
V(@f =) + 2wowr)? + (22)?

We see easily f(T(xo,x1,x2)) # T’ f(x0,21,22) and deg(f) = 2. From this
example, it is necessary that 71" is a free involution in Corollary 4.2.

f(xo,21,22) =

Remark. Let X be a simplicial complex with a simplicial free involution 7.
If X satisfies the condition of Theorem 4.1, any even integer 2d is realized
by an equivariant mapping f : X — S™ such that deg(f) = 2d. Here we
consider the trivial involution 7" on S™.

Because there exists a mapping f : X; — S§" such that deg f is any given
integer by the Hopf classification theorem (cf. [17]). Let f' : X — S™ be
defined by f' = frx : X - X; — S, Since it holds 7% =0 : H"(X,) —
H"(X) by the Gysin-Smith sequence, we see that the degree of f’ is even
and f’ is an equivariant mapping with respect to 7" and T".

By Theorem 4.11 of T. tom Dieck [2], for any even degree 2d, there
exists an equivariant mapping g : X — S™ with deg(g) = 2d. ¢ satisfies
the condition g(Tx) # T"g(x) for any x € X where T” is the antipodal
involution on S™.
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