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THE CANONICAL LINE BUNDLES OVER EQUIVARIANT
REAL PROJECTIVE SPACES

YAN QI

ABSTRACT. A generator of the reduced KO-group of the real projec-
tive space of dimension n is related to the canonical line bundle v. In
the present paper, we will prove that for a finite group G of odd or-
der and a real G-representation U of dimension 2n, in the reduced G-
equivariant KO-group of the real projective space associated with the
G-representation R @ U, the element 2""2[y] is equal to zero.

1. INTRODUCTION

Let R (resp. C) be the real (resp. complex) number field. We denote
by R™ (resp. C") the n-fold cartesian product of R (resp. C) which will be
regarded as a real (resp. complex) vector space. Let 7, be the canonical
line bundle of the n-dimension real projective space RP". By definition, the
total space E(7,) of v, is

{({£2},v) eERP"xR"™ | 2 € 8" v e R -z},

where S™ is the unit sphere of R"*!. We can regard E(vy) C E(y1) C
E(v2) C ---, in a canonical way. Since the space E(7;) is homeomorphic
to the open Mobius strip and is not homeomorphic to the space RP! x R,
Yn is not a trivial (i.e. product) bundle for each n > 1. Moreover, by

[3, Proposition 3.12], the reduced K-group I’(\é(RP”) is isomorphic to the
cyclic group Zgn of order 2", where

h=t{s€Z|0<s<n, s=0,1, 2, 4 mod 8}.

The group KO(RP™) has the generator ¢ such that & = [y,] — [£!], where ¢!
is the trivial line bundle over RP™. This generator £ satisfies the relations
€2 = —2¢ and M = 0.

Let G be a finite group. We would like to consider real projective spaces
equipped with smooth action of G. Let U be a real G-module of finite
dimension. We denote by S(U) the unit sphere of U with respect to some
G-invariant inner product. Then the real projective space P(U) associated
with U is defined to be the quotient space S(U)/{x1}. The canonical line
bundle yps of M = P(U) is defined so that the fiber Fy,y over {+x} € P(U)
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is the 1-dimensional real vector space spanned by x, where x is an element
of S(U).

For a G-space N and a real (resp. complex) G-module V', let e (V') stand
for the product bundle over N with fiber V. Unless otherwise stated, the
real (resp. complex) vector space R™ (resp. C") has the trivial G-action.
We have seen the next theorem.

Theorem ([6]). Let G be a cyclic group and V' a nontrivial real G-module
of even dimension such that G acts freely on V except the origin. Let vy
be the canonical line bundle of M = P(R@ V). Then the following (1) and
(2) hold.

(1) If the order of G is even then for any natural number m and any
real G-modules U, W, v @ epn(U) is not isomorphic to enr(W) as
real G-vector bundles. Hence

my] #0 in KOg(M).

(2) If the order of G is odd and dimV = 2 then 7?}4 is isomorphic to
e (RY) as real G-vector bundles. Thus

Ayl =0 in KOg(M).

In this paper, we obtain the next generalization of (2) above. For a
complex G-module V', let Vg denote the realification of V.

Theorem 1. Let G be a finite group of odd order and let V' be a direct
sum of 1-dimensional complex G-modules V (i), i = 1, ..., n. Then for

M = P(R&W), the complexification VM%WH (= ’YM@QnH@RC) 0]”’y]\4@2n+1
18 1somorphic to €M(C2n+l) as complex G-vector bundles, and hence ’yM@Qn+2
is isomorphic to epr(R2") as real G-vector bundles.

We have the sequence
MicMyc---CcMpC---CM,=M
consisting of G-submanifolds of M with
My,=PRa®d (V)D& V(k)Rr).
We will prove the theorem above by induction on k; in other words, we will
show that (fﬁﬁikﬂ)c (= ((fyjﬁZkHﬂMk)C) is isomorphic to e3,(C2") as com-
plex G-vector bundles. Note that M, is obtained by gluing a disk with the
Mobius strip along the boundary. Similarly My is obtained by gluing a
G-submanifold Yj41(D Mj) with another Zy1(D P(V(k + 1)g)) along the

boundary such that M}, and P(V (k + 1)) are strong G-deformation retracts
of Yi11 and Zi, 1, respectively. In the inductive step to show the triviality of
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k+2
( ®2

MMy, )C from the triviality of (fﬁ?}ikﬂ) we will employ Eilenberg’s exten-

C?
sion theorem. Recall that the step-wise obstructions in the extension theo-
rem lie in the cohomology groups H™(Zy11/G, 0241 /G mm—1(U(282))),
where 1 < m < 2k + 2 and U(¥) is the unitary group of degree {. What we

need to handle the step-wise obstructions in this paper is the next result.

Theorem 2. Let G and V (i) be as in Theorem 1 and k an integer with 0 <
k<n-1. SetU=V(1)®---adV(k), W=V(k+1), N=SW)xDRaU),
and G = G x {1,—1}. Then the cohomology group H*(N/G,0N/G;Z) is as
follows.

ZQ (m:2k+2)

H™(N/G,0N/G;Z) = { O (m#2k+2).

In Section 2, we prove Theorem 1 using Theorem 2. By the universal
coefficient theorem, Theorem 2 immediately follows from Theorem 3, a result
on the homology group H.(N/ @, ON/ @; Z), which is given in Section 3. In
the computation of this homology group, Serre’s spectral sequence is helpful.
In Section 3, we recall results on Serre’s spectral sequence which we need
in this paper. Sections 4-5 are devoted to the computation of relevant
homology groups and the proof of Theorem 3.

2. PROOF OF THEOREM 1

Let G and V(i) be as in Theorem 1, and let k be an integer with 0 < k <
n — 1. We set

k
U=EPV(i) and W=V(k+1).
=1

Let I denote the closed interval [—1,1] with the trivial G-action. Let T
denote the group {—1, 1} of order 2. In this paper, T" acts on each S(Wg),
I and D(Ug) by the scalar multiplication. Let G denote G x T and let K
denote the kernel of the G-representation W, i.e. of the homomorphism
G — Aut(c(W).

Since M is a point, it follows immediately that (7?}%)«; =~ en, (C?). For

k+1
)

fixed k, suppose (vﬁikﬂ)c =g em, (C . By the definition in Section 1,

M1 =PRe(UdW)r)=SRoU®W)/{£1}.

Set

Yiri = (S(ReU) x D(W))/{x1},
and

Zrr1i=(DRaU) x S(W))/{£1}.
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It is easily verified that M1 = Y11 U Zi 1. Furthermore Mj is a strong
G-deformation retract of Y;,; and

k+1 ~
(’Y?le )(C’Yk+1 =G €Y1 (C
Evidently P(Wg) = S(W)/{£1} is a strong G-deformation retract of Z .
Since W is a l-dimensional complex G-representation space and G/K is
a cyclic group of odd order, the realification Wr of W is a 2-dimensional
real G/K-module and G/K acts on Wg freely except the origin. Applying
the proof of Theorem 2 in [6], we obtain (fyMkH)@fH ok €2, (R?).

2k+1 ).

Therefore we get

2k+1

- k41
('YMkH)l%kH =G/K €Zp 41 (Rz

),

and hence

k+1
( ®2

~ 2k+1
My q )(C|Zk+1 =G €2, (C )

Hereafter we identify (’YMk+1(C|Yk+1)€B2k+1 with ey, (C*)  and
(7]\/‘/,€+1(C|Zk+1)@Qk+1 with 5Zk+1(Czk+1), respectively. With these identifica-
tions, we take the canonical unitary framings (eq, ..., eqrt1) and (f1,. .., for+1)
over (fy]\4k+1(c|yk+1)@2’6+1 and (7Mk+1(c|zk+1)@2k+l, respectively. Let A =
laij] « Vg1 N Zg1 — U(2¥*+1) be the matrix function defined by

2k+l

filz) = Z aji(z)ej(x) (3 € Viy1 N Zpg, i =1,...,2),
j=1

We regard the unitary group U(2k+1) as a space with the trivial G-action.
The next (1) and (2) can be verified without difficulties

(1) Yia1 N Zgaq is equal to the boundary of Z .
(2) The map A is G-invariant.

We remark that the G-maps from Zj.; to U(2k+1) correspond in a one-
to-one way to the maps from Z,1/G to U(2¥+1). Thus if the map A’ :
0Z,11/G — U(2F1) defined by A'([z]) = A(z) (x € 0Zk,1) extends to

k+1 . . . : 9
Zy+1/G, then (’ﬁﬁi:l )c is G-isomorphic to €Mk+1((C2k+1). By Eilenberg’s
theorem (see [1, Chapter 4]), the step-wise obstruction classes

Omi1(A) € H" N Zy11/G, 0241 /G T (U(2FT)))

of the map A’, where 0 < m < dim My, — 1, are well-defined and equal
to zero, then the map A’ has an extension to Zi11/G. So we look into the
group

H" Y Zy1/G, 02541/ Gy m (U(25T1))).
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As for the coefficient group of the cohomology group, the result

0 (i: even)

m(U(2")) = m(U) g{ Z (i: odd)

is known for integers i with 0 < i < 282 (= 2(2*1 4 1) — 2)(see [5,
p. 216]). Our integer m satisfies m + 1 < dim My, = 2(k + 1), and hence
m < 2k +1 < 282, Since Zp.1 = (DR @ U) x S(W))/{£1} by definition,
Zi41/G is homeomorphic to (S(W) x I x D(U))/G, where G = G x T. By
Theorem 2, we get

Zo (m+1=2k+2)
O (m+1#2k+2).

Thus 0y,,41(A’) are well-defined and trivial for all m with 0 < m < dim M1 —
2, and hence o, 41(A’) is well-defined for m = dim My, — 1. Now define
the map

H™ N (Zy11 /G, 02011 /G mn(U(241))) = {

A% 0741 )G — U@RETDHL
by

2oy Az 0

Then all o1 (A%) € H™" Y (Zpi1 /G, 02541 /G 1o (URETDHL)) are well-
defined and trivial for m with 0 < m < dim My, — 1. Hence A’ 2 extends
to Ziy1/G, which implies

oD+ o(k+1)+1
YMyi1c =G EMj41 ((C )

Y

i.e.
(( @2(k+1)+1

- (k+1)+1
s )|Mk+1>(C =G €M1 ((C2 )

3. PREPARATION TO USE SERRE’S SPECTRAL SEQUENCES

Let G and V(i) be as in Theorem 1, and set

k
U=EPV(i) and W=V(k+1).
i=1
Let T denote the group {—1, 1} of order 2 and let G denote the group G xT.
We regard each V(i) as a complex G-module such that T-acts on V(i) by the
scalar multiplication. The closed interval I = [—1,1] has the G-action such
that T" acts on I by the scalar multiplication and G acts trivially on I. We

set N =S(W)xIxD(U). Let K denote the kernel of the G-representation
W, i.e. of the homomorphism G — Autc(W).
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In this paper, the orbit space of a @—space X will be denoted by X, i.e.
X=X/ G. We can compute the cohomology group H*(N,0N;Z) from the
homology group H,(N,0N;Z) by the universal coefficient theorem. Thus
the proof of Theorem 2 deduces to the proof of

Theorem 3. The homology group H,(N,0N;Z) is as follows.

Ly (m:2k—l—1)

H,,(N,ON;Z) = {O (m # 2k + 1)

The remainder of this paper is devoted to proving this theorem.
Now we set

U™ =D(U)/S(U), {oo}=S8(U)/SU),
(3.1) X=SW)xIxU" 0X=8SW)xadlxU"
A=SW)xIx{oo}, 0A=SW) x 0I x {oo}.
Then N/ON is G-homeomorphic to (X/A)/(8X/dA). The homology group
H.(N,ON;Z) will be computed from the homology groups H, (X, A;Z) and
H,(0X,0A;7).
We remark N N
X/G=(SW)xIxU")/G
=(SW)xIxF)/(G/K xT),
where
F=U"/K.
The cyclic group G/K x T acts freely on S(W') x I and the orbit space
M= (S(W) x I)/G

is homeomorphic to the Mdbius strip. The canonical projection 7x : X —
M can be regarded as a fiber bundle with fiber F'. Similarly the canonical
projection myx : 0X — OM can be regarded as a fiber bundle with fiber
F. For the computation of H,(X;Z), H,(0X;Z) and H,(N,0ON;Z), Serre’s
spectral sequence is helpful.

Let m : E — B be a fiber bundle such that the base B is a connected finite
CW-complex of dimension d with base point by and the fiber F,, = 7~ 1(bp)
is a connected CW-complex. The space B has the filtration §p:

BO~BO ...c BO...c Bd _pB
consisting of the ¢-skeletons B (1) of B. This induces the filtration Fz of E:
EhyCE,C---CE;,C---CE;j=F

with FE;, = w’l(B(i)). The theory of Serre’s spectral sequence [7, p.480,
Theorem 16| says
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Lemma 4. Suppose the fiber bundle m : E — B s orientable. Then there

is a convergent E? spectral sequence E(m) with E2, = Hy(B; H,(F;Z)) and

E®° the bigraded module associated to the filtration of H.(FE;Z) defined by
FsH.(E;Z) =Im|H.(FEs;Z) — H.(E;Z)],

where F' = Fy,. In addition, this spectral sequence is functorial on the
category of orientable fiber bundles.

Remark 5. In the lemma above, we have
O C FWH.(F;Z) C FFH.(E;Z) C ---
C Fs1H(E;Z) C FsH(E;Z) C -
C FyH.(E;Z) = H.(E; Z)
and

B = FsHe (B3 Z2) [ Fs— 1 Hs (B3 Z).

Lemma 6. Suppose the fiber bundle m : E — B is orientable and Hg(B; R) =
O for any finitely generated abelian group R and all s # 0, 1. Then the spec-
tral sequence E(m) converges in the strong sense, i.e.

2 3 4
(1) Es,t = Es,t = Es,t == Eg,?t
Furthermore there is a natural exact sequence

(2) O — Ho(B; Hn(F;2)) — Hy(E;Z) — Hi(B; Hy 1 (F32)) — O.

Proof. The differential dg, of E(m) is a homomorphism Eg;, — E{ ., 4.
Since E‘g’t = O for s #0, 1,if r > 2 then dj , is the trivial homomorphism for
all s and ¢. As E;J{l = Kerdyg,/Imaged;,,, ,,;, we obtain the conclusion
(1) of the lemma.

The exact sequence (2) is an interpretation of the exact sequence

O — E§ y = Hn(E;Z) — E3 iy — O.
O

__In the next section, we apply Lemmas 4 and 6 to the fiber bundles 7 :
X — M and myx : 0X — OM. For this, we need to show the next fact.

Proposition 7. The fiber bundle nx : X — M is orientable, i.e. m (M, bg)
acts trivially on H.(F;Z), where by € M and F = 73! (by). Hence the fiber
bundle mox : X — OM is also orientable.

Proof. It suffices to prove that the fiber bundle my : Y — S(W), where
Y = S(W) x U™, is orientable.

Recall that G is a group of odd order and each V(i) is a 1-dimensional
complex G-module. We can regard V(i) as a complex S'-module and the
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original G-action on V(7) is obtained through a group homomorphism ; :
G — S!. Let g be an element of G. The class [g] in the cyclic group

@/K = C x T determines a map F' — F, where F' = Ut /K. We have to
show that the homomorphism [g]. : H.(F;Z) — H.(F;Z) is the identity
map. Let p:[0,1] — St x -+ x S (k-fold) be a continuous map such that

p(0) = (e,--- ,e) and p(1) = (¢1(g),- - ¥r(g)). Then for each t € [0,1], p(t)
determines a map U™ — U™, and furthermore a map F — F. Hence we

obtain the homomorphism p(t). : Hi(F;Z) — H.(F;Z). Since p(0), is the
identity map, p(1). (= [g]«) is the identity map. O

4. COMPUTATION OF H, (X, A;Z) AND H,(0X,0A;7)
First recall that
M = (S(W) x I)/G = (S(W) x I)/(C x T),

where C' = G/ K, is homeomorphic to the Mdébius strip. Clearly Hs(M; R) =
O for any abelian group R and all s # 0, 1. Thus the Serre spectral sequence
E(mx) converges in the strong sense of Lemma 6.

Proposition 8. The homology group H.(F;Z) of the fiber F = Ut /K is
as follows:

7 (t=0, 2k)
O (t>2k),

where Ay is a finite abelian group of odd order for each integer t with 0 <
t < 2k.

Proof. First note
Z (t=0, 2k)

H(U™) = {o (t £ 0, 2k).

We have a transfer homomorphism tr : Hy(F;Z) — H,(U*;Z) such that m,o
tr = |K|, where w : UT — F is the canonical projection (see [2, Chapter 5.3]
. Thus |K|H(F;Z) = O for t with 0 < t < 2k.

For the computation of Hoi(F';Z), we may assume that K acts effectively
on S(U). Under this assumption, dim S(U)9 < 2k — 3 for all g € G \ {e}.
Let ¥ be the singular set of S(U), i.e.

= |J swy.
geG~A{e}

Let N(X) be the K-equivariant closed regular neighborhood of ¥ in S(U).
Since the action of K on S(U) is orientation preserving, B = (S(U) ~
N(X)°)/K is a compact connected orientable manifold with boundary, where
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N (X)° is the interior of N(3). Hence we get Hog—1(B,0B;Z) = Z. It follows
that
Hy 1(S(U)/K;Z) = Hop_1(S(U)/K,N(X)/K;Z) = Ho,_1(B,0B;7Z) = Z.
Since the space F' is the suspension of S(U)/K, we obtain Hoy(F;7Z) =
7. O
By Lemma 4 and Proposition 7, we have
EZ,(mx) = Hy (M; Hy(F;Z)), where M = S(W) x I.
Thus Proposition 8 implies
Z (s=0,1,t=0, 2k)
(4.1) EZ(nx) =< A (s=0,1, 0<t<2k)
O (s#0, 1).
Furthermore by Lemma 6, we get the following result.
Proposition 9. The homology group H.(X;7Z) is as follows:
Ho(X;Z) = Ho(M; Ho(F;Z)) = Z,
Hop1(X;Z) = Hi(M; Ho(F; 7)) = .
In addition, the sequence
O — Ho(M; Hpy(F;Z)) — Hm(y; Z) — Hy(M; Hpy1(F52)) — O
18 exact for each m with 1 < m < 2k.

Regard mq : S(W) x I x {oo} = M, where M = S(W) x I, as a fiber
bundle with trivial fiber {oco}.
It is easy to see

(s=0,1,t=0)
(s , 1, t>0)
(s #0, 1).
Proposition 10. The homology group H.(X, A;Z) is as follows:
Ho(Y,Z; Z) = O,
(X, A;Z) = Ho(M; Hi(F; 2)),
Hop1(X, A, Z) = Hi (M Hy(F3 Z)) = Z.

Moreover the sequence

O — Ho(M; Hp(F; 7)) — Hpy (X, A7) — Hi(M; Hyy 1 (F; 7)) — O

(4.2) EZ,(ma) &

S O N
o o o

RN

1s exact for each m with 2 < m < 2k.
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Proof. Using the result in Lemma 6, we can get the natural exact sequence
of ma, where B is M, E is S(W) x I x {oco} and F' is {o0}. On the other
hand, we have known the homology group of X with coefficients in Z, using
the formula (4.2), and a straightforward argument completes the proof. [J

By Lemma 4 and Proposition 7, we have OM = S(W') x 9I is homeomor-
phic to S'. Thus it holds that

Z (s=0,1,t=0, 2k)
(4.3) El(mox) = Ay (s=0, 1, 0<t<2k)
O (s#0,1).
This affords the following two propositions.
Proposition 11. The homology group H,.(0X;Z) is as follows:
Hy(0X;Z) = Hy(OM; Hy(F;Z)) = Z,
H2k+1(8—X; Z) H1 (aM Hgk(F Z))
Furthermore the sequence
O — Ho(OM; H,,(F;Z)) = H,,(0X;Z) — H,(OM; H,,_1(F;Z)) — O

18 exact for each m with 1 < m < 2k.

112

Z.

Proposition 12. The homology group H.(0X,0A;Z) is as follows:
Ho(0X,04;Z) = O,
H1(0X,04;Z) = Ho(OM; H\(F; Z)),
Hop41(0X,0A;7Z) = H\(OM; Hay(F'; 2))
Moreover the sequence
O — Hy(OM; H,,(F;Z)) — H,,(0X,0A;Z) — H\(OM; H,,_1(F;Z)) — O

18 exact for each m with 2 < m < 2k.

I

Z.

Proof. The proof is essentially same as that of Proposition 10. [

5. COMPUTATION OF H,(N,ON;Z)

In this section, we use notation in the previous section.
Since we have the commutative diagram

%l yl

Ho(M; H1(F}Z)) A7)

i (
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we get H{(N,0ON;Z) = O.
For m with 2 < m < 2k, we have the commutative diagram
O —— Ho(OM; Hp(F; 7)) —— Hn(0X,0A;7Z) — H1(OM; Hyp—1(F; 7)) —— O
O —— Ho(M; Hp(F;Z)) ——— Hn (X, A;Z) ——— H1(M; Hyo1 (F;2)) —— O,

where the horizontal sequences are exact. In addition we have the commu-
tative diagram

R

l lxz

Hy(M; Hpy 1 (F52)) —— Hm—1(F; Z)

(a1

and Hy,—1(F;Z) = Ap,—1 is a finite abelian group of odd order. It follows
that A;,—1/2A,,—1 = O. Thus we conclude H,,(N,0N;Z) = O.

Next observe the commutative diagram

1%

JOA; 7)) —> Hy(OM; Hy(F; Z)) — 7,

| T

Hy(M; Hop(FZ2)) —=7Z

o)

R

This implies Hopy1(N,0ON;Z) = Zs.
We have completed the proof of Theorem 3.
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