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ON THE SOLVABILITY OF CERTAIN (SSIE) WITH
OPERATORS OF THE FORM B(r,s)

BRUNO DE MALAFOSSE AND EBERHARD MALKOWSKY

ABSTRACT. Given any sequence z = (zn)n>1 of positive real numbers
and any set F of complex sequences, we write F, for the set of all
sequences Y = (Yn)n>1 such that y/z = (yn/2n)n>1 € E; in particular,
st denotes the set of all sequences y such that y/z converges. In this
paper we deal with sequence spaces inclusion equations (SSIE), which
are determined by an inclusion each term of which is a sum or a sum
of products of sets of sequences of the form xa(T) and x<(T) where
a is a given sequence, the sequence = is the unknown, T is a given
triangle, and xq(7") and x.(7) are the matrix domains of 7" in the set
x. Here we determine the set of all positive sequences x for which the
(SSIE) s\ (B(r,s)) C st?(B(r',s')) holds, where 7', s’ and s are real
numbers, and B(r, s) is the generalized operator of the first difference
defined by (B(7,8)y)n = 7Yn +syn—1 for alln > 2 and (B(r, s)y)1 = ryi1.
We also determine the set of all positive sequences x for which

Yn £ SYn1 g g T S Yn

— [ implies — 1 (n— o0) for all y

Tn Tn
and for some scalar [. Finally, for a given sequence a, we consider the
a—Tauberian problem which consists of determining the set of all x such
that si (B(r, s)) C s.

1. INTRODUCTION

As usual we denote by w the set of all complex sequences x = (z,),>1, and
by cp, ¢ and £, the subsets of all null, convergent and bounded sequences,
respectively; we write cs for the set of all convergent complex series. Also
let UT denote the set of all sequences u = (up)n>1 with u, > 0 for all n.
Given a sequence a € w and a subset E of w, Wilansky [15] introduced the
notation a™! x E = {y € w : ay = (apyn)n>1 € E}. The sets s,, s and
s\ were introduced in 3] by ((1/an)n>1)""! % E for any sequence a € U™
and E € {{x,co,c}. In [4, 5] the sum x, + X} and the product x, * x} were

0

defined, where x and X’ are any of the symbols s, s?, or s(9; also matrix

transformations in the sets s, +s)(A?) and s, + sz()c) (A?) were characterized,
where A is the operator of the first difference. In [9] de Malafosse and
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180 B. DE MALAFOSSE AND E. MALKOWSKY

Malkowsky gave the properties of the spectrum of the matrix of weighted
means N, considered as an operator in the set s,. In [10] characterizations
can be found of the classes of matrix transformations from s,(A%) into x4,
where Y is any of the symbols s, s°, or s(9. Using the spectral properties of

(c)
B

the operator of the first difference in the sets s? and s, in [5] we were able

to simply the set 8O ((A — AI)") + S(ﬁc)((A — pI)Y), where h and [ are complex
numbers, and « and S are given sequences; also matrix transformations in
this set were characterized in [5]. In [11] de Malafosse and Rakocevi¢ gave
applications of the measure of noncompactness to operators on the spaces s,
sV, s((f) and /%, to determine compact operators between some of these spaces.
Sequence spaces inclusion equations (SSIE) and sequence spaces equations
(SSE) were introduced and studied in [2, 8, 7]. They are determined by an
inclusion or identity each term of which is a sum or a sum of products of sets
of the form xo(T) and X ) (T) where x is any of the symbols s, sV, or s(©,
a is a given sequence in U™, z is the unknown, f maps U™ to itself, and T'
is a triangle. In this paper we use the operator represented by the triangle
B(r, s), called the generalized operator of the first difference and defined by
(B(r,8)Y)n = TYn + SYyn—1 for all n > 2 and (B(r,s)y)1 = ry1. Then we deal

with the (SSIE) sggc)(B(r, s)) C sggc)(B(r’, s")), which is equivalent to

/ /
TYn + SYn—1 s | implies T'Yn + S'Yn—1

— 1" (n — o0) for all y.
T Tn

We then obtain extensions of results stated in [3, 2, 8, 7, 6]. The notion of an
a—Tauberian theorem was introduced in [6] as follows. For a given sequence
a, an a—Tauberian theorem is one in which the convergence of a sequence
y/a = (yn/an)n>1 is deduced from the convergence of some transform of
the sequence together with some side conditions, the so—called a—Tauberian
conditions. In [6], for given sequences A and p, we determined the set of all
sequences a such that

1 n o »
= Z,uk (Zyz> — [ implies Z_ — 1" (n — o)

i=k

for all y € cs. In [6] a—Tauberian theorem is an extension of Hardy’s Taube-
rian theorem. In Hardy’s Tauberian theorem it is shown that under some
condition for y = (yn)n>1, we have n=1 >°)_, yr — | implies y, — [ as n
tends to infinity. In a similar way, for a given sequence a, we will determine
the set of all positive sequences x for which

TYn ¥ SYn1 1 implies 20— | (n — oo) for all y.
T n
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If a,, = 1 for all n we obtain the classical Tauberian problems. In [14] we
considered the (C, A\, ) summability that generalizes the (C,1) summability
and established conditions for the equivalence between the convergence of
Zn /1 and the convergence of the sequence

fn = 1/An Z fim (),
m=1

where [i,(x) = (x1+ .... + x5)/pn, and also for the equivalence between the
convergence of Ji,(x) and the convergence of u,.

This paper is organized as follows. In Section 2 we recall some results
on AK and BK spaces and on the set S, ;. In Section 3 we consider the
operator C'(£) and its inverse A(&), and recall the definitions and properties

of the sets T, C, I and Cy. In Section 4 we solve the (SSIE) s (B(r,s)) C

sg(vc)(B(r’ ,8')) where B(r,s) is the generalized operator of the first difference
defined above. In Section 5 we determine the set of all sequences x of positive
real numbers such that (ry, + syn—_1)/x, — L implies (r'yn + ' yn-1)/2n — 1
as n tends to infinity, for some scalar [ and for given reals r, s, ' and s'.
Finally in Section 6 we consider some a—Tauberian theorems; this is achieved

by determining the set of all x such that sgf)(B (r,s)) C s,

2. NOTATIONS AND PRELIMINARY RESULTS

Let A = (ank)nk>1 be an infinite matrix and y = (yx)r>1 be a sequence.
Then we write

oo

(2.1) Any = Z ankyr for any integer n > 1
k=1

and Ay = (Apy)n>1 provided all the series in (2.1) converge.

Let E and F be any subsets of w. Then we write (E, F') for the class of
all infinite matrices A for which the series in (2.1) converge for all y € E
and all n, and Ay € F for ally € E. Soif A € (E, F) then we are led to the
study of the operator A = A4 : E — F defined by Ay = Ay and we identify
the operator A with the matrix A.

A Banach space F of complex sequences is said to be a BK space if each
projection P, : E — C defined by P,(y) = y, for all y = (yp)n>1 € E
is continuous. A BK space F is said to have AK if every sequence y =
(yrx)k>1 € E has a unique representation y = » -4 yre'®) where e(®) is the
sequence with 1 in the k-th position and 0 otherwise.
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If © and v are sequences and F and F' are two subsets of w, then we write
uv = (UpUp)p>1 and

M(E,F) ={u= (up)n>1: wv € F for all v € E},

for the multiplier space of E and F.
To simplify notations, we use the diagonal matrix D, defined by [Dg]n, =
an for all n, write

DoxE=(1/a)" ' %E={(ypn)n>1 €w : (Yn/an)n € E}

for any @ € UT and any E C w, and define s, = D, * £, sg = D, x ¢ and
s((f) = D, ¢, (see, for instance, [4, 3, 11]). Each of the spaces D, * x, where
X € {£so,c0,c}, 8 a BK space normed by [[€]lss = 5uDpsy(|€nl/an) and 2
has AK (see [15, Theorem 4.3.6]).

Now let a = (an)n>1,b = (bp)n>1 € UT. By S, we denote the set of all

infinite matrices A = (Ayx)n k>1 such that

1 o
[Alls,, = sup <bn kz—:l |)‘nkak> < o0.

n>1

It is well known that A € (s,,sp) if and only if A € S,5. So we can write
(Saa Sb) - Sa,b-

When s, = s, we obtain the Banach algebra with identity Sqp = Sq (see
[3]), normed by [[A|s, = ||Alls,.. We also have A € (sq,s,) if and only if
AeS,.

If a = (r"),>1, the sets Sy, Sq, s and séc) are denoted by S,, s,, s¥ and
s\, respectively (see [4]). When r = 1, we obtain s; = £o, s} = ¢g and
s(lc) = ¢, and witing e = (1,1,...) we have S; = S.. It is well known that
(s1,81) = (co,81) = (¢,81) = 51 (see, for instance, [15, Example 8.4.5A]).

In the sequel we will frequently use the obvious fact that A € (xq, x;) if
and only if Dy ,ADqg € (Xe, x.) Where x, x’ are any of the symbols sV, s,
or s.

For any subset E of w, we put AE = {n € w :n = Ay for some y € F}.
If I is a subset of w, we write F((A) = FA = {y € w: Ay € F} for the

matriz domain of A in F.

3. THE OPERATORS C(£), A(€) AND THE SETS I, C, I' AND @)

An infinite matrix T' = (tpx)nk>1 1S said to be a triangle if ¢, = 0 for
k > n and t,, # 0 for all n. Now let U be the set of all sequences (up)n>1 € w
with u, # 0 for all n. If £ = (&,)n>1 € U, we write C(&) for the triangle
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with
1
— if £ <n,
[C ()] = | &n
0 otherwise,

(see, for instance, [12]-[14]). It is easy to see that the triangle A(§) defined
by

&n if k =n,
AG)],r= 4§ —&n-1 ifk=n—1andn > 2,
0 otherwise,

is the inverse of C'(€), that is, C(§)(A(&)y) = A(&)(C(§)y) =y for all y € w.
If £ = e we get A(e) = A, where A is the well-known operator of the first
difference defined by A,y = y,, — yn_1 for all y € w and all n > 1, with the
convention yo = 0. It is usual to write ¥ = C(e). We note that A and X
are inverse to one another, and A,Y € Sgi for any R > 1.

To simplify notation, for ¢ > 0 and £ € U, we write &, = t7"¢,, and

Cn(t,g) = [C (5’) £I:|n — ?Zf—llj for all n,
" k=1

and

cn(§) = cn(1,6) = i & for all n.
" k=1

We also consider the sets

C = {€€U" : (&) = I (n — o0) for some scalar 1},

Cr = {s €UY: supey(§) < oo},

n

f:{geU+; nlg()(i‘l) <1},
F:{§€U+: lim sup <§Z_1) <1}
and

G = {§ € U™ : there are C' > 0 and v > 1 such that &, > C™ for all n}

We obtain the next lemma by [3, Proposition 2.1, p. 1786] and [9, Propo-
sition 2.2, p. 88].

Lemma 3.1. We have C =T c T C 6'\1 C (1.
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4. ON THE (SSIE) sgf)(B(r, s)) C sgf)(B(r’,s’)) FOR REAL NUMBERS 7, s,
r’ AND s’

In this subsection we determine, for given real numbers r, s, ' and s/,
the set of all x € U™ such that

/ /
TYn + SYn—1 Ny implies T Yn + s Yn—1

— 1" (n — o0) for all y
Hires Tn

and for some scalars [ and I’. We will see that this is equivalent to deter-
mining the set of all z € U™ that satisfy the (SSIE)

(4.1) s¢(B(r,s)) € s{(B(r, ")),

where B(r,s) and B(r',s’) are the generalized operators of the first differ-
ence.

We recall the next result which is a direct consequence of the famous
Silverman-Toeplitz theorem.

Lemma 4.1. We have:
i) A€ (c ) if and only if
oo
A€ Sy, nan;o;Ank =L and lim Ay, =l for all k> 1
for some scalars | and I}, (see, for instance, [15, Theorem 1.3.6]).
ii) Let A € (¢,c) and y € c. Iflimg_,o0 A = 0 for all k > 1, then
lim y, = L implies lim A,y =1L
n—00 n—00
(see, for instance, [15, Theorem 1.3.8]).
To state the next theorem we need the following result.

Proposition 4.2. Let x € U". Then

1 — . 1
cn(a:):—Zxk%lifandonlyifxx ! —>1—7 (n — o0)

x
for some scalar 1.

Proof. We put L =1 —1/l and ¥,, = > ;_; x5 and note that [ > 1, since
Yn/xn =14 3%,_1/x, > 1 for all n.

It was shown in [3, Proposition 2.1, p. 1786] that ¢, (z) — [ (n — o0) implies
Tn_1/Tp — 1 =1/l (n = o).

To show the converse implication, we assume x,,—1/x, — 1 —1/1 (n — 00).
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Since we have C =T’ by Lemma 3.1, we can write ¥, /2, — l1 (n — o) for
some scalar [y, and must show [; = [. We have for every n > 2

Tn-1 21— 2p_2 o Y1 Tp—1 Y2 Tp_2 Tp_1

Tn Tn Tn—-1 Tn Tn—-2 Tn—1 Tn
and 5 5
nol e LWL —LL? =L (n— o).
Tn,
If L # 0 then we have [; = 1/(1 — L) and since L =1 — 1/I, we conclude

1
Ly = =1.

7

If L =0 then we have [ = 1 and

b Yin— _
== n1$n1—|—1—>1(n—>oo).
Ln Ipn—-1 Tn

O]

We recall that B(r,s), where r and s are real numbers, is the lower tri-
angular matrix

For r,s # 0, the matrix B(r, s) was introduced by Altay and Basar [1] and
was called the generalized operator of the first difference.
In the next theorem we confine our studies to the case when a = —s/r > 0

if 6 =rs —r's#0.

Theorem 4.3. Let r, s, v’ and s’ be real numbers with r,s # 0, and § =
rs’ —r's.

i) If 6§ =0, then (SSIE) (4.1) holds for all x.

ii) If0 #0 and o = —s/r > 0, then (4.1) holds if and only if

In—1 1

lim
n—oo I, Q

Proof. Inclusion (4.1) is equivalent to I € (sgcc)(B(r, s)),sgf) (B(r',s"))), that
is, to

B=B(r'",s)B (r,s) € (sgf),s(xc)) :

This means

(4.2) D,;,BD;, € (c,c).
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Since r # 0, the matrix B(r,s) is invertible, its inverse is a triangle and
elementary calculations give

1
[B~!(r, s)hk = ;an_k for 1 <k <n.

Then we obtain Enn = r//r, and have for k <n —1

Enk = 4 [B_l(r, s)]n_1 p Tt r [B_l(r, S)}nk

!
/1 n—k—1 r_an—k

= S—-« +
r r
— an—k—l 8_/ + T—IOA — an—k—li
r o r r2’
It follows that
1 )
N a”_k_l—zxk for k <n—1,
[Dl/mBDm] = “n "
nk T/
— for k = n.
,

We deduce from the characterization of (¢,c¢) in Lemma 4.1 (i) that (4.2)
holds if and only if

n !
~ r o -
(4.3) g [Dl/xBDx]nk = Ecn(a,x) — 1 (n — 00)
k=1
for some scalar [, where
1y
~ k
n(a, ) = cplo, @) =1 = 7 g o
an b=

Indeed this condition implies D, /mEDz € 51 and (z,/am), € C. Since we
have C C G; by Lemma 3.1, we deduce ZTp/a™ — 0o (n — oo) and have for
each k and for n > k
5 R T T N (G _
{Dl/xBDJ = x—na o= —a —xr | =o(1) (n — o0).
i) If 6 = 0 then the sum in (4.3) reduces to r’/r and inclusion (4.1)

holds for all x.
ii) If 0 # 0 then inclusion (4.1) means that (4.3) is convergent and
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so we have (z,/a™), € C. By Lemma 3.1 we have C = T, and so
(4.2) is equivalent to

n
. Tp—1 & . Ln—1
lim — =« lim
n—00 (yn_l Tn n—00  Ip

This shows ii).

< 1.

The following result can easily be shown when r =0 or s = 0.

Theorem 4.4. Let r, s, v’ and s’ be real numbers.
i) Letr #0 and s = 0.
a) Ifs' #0, then (4.1) holds if and only if
Tn—1
xn
b) Ifs' =0, then (4.1) holds for all x.
ii) Letr =0 and s # 0.
a) Ifr' #0, then (4.1) holds if and only if

L

— 1 (n — o0) for some scalar [.

— 1" (n — o0) for some scalar .
Tn—1

b) Ifr' =0, then (4.1) holds for all x.

iii) Letr =s=0.
a) Ifr' #£0, or s #0, then (4.1) has no solution.
b) Ifr' =5 =0, then (4.1) holds for all x.

Proof. We only prove Part i), the proofs of the other parts are left to the
reader.

i) Let r # 0 and s = 0.
Since B(r,s) = rI we have sgf)(B(r, s)) = s\, So inclusion (4.1)
is equivalent to Dy, B(r’,s") D, € (c,c). This means that there are
K > 0 and L such that

Ir'| + |s’|M < K for all n,
(*) Z, 7
4 s

— L (n — ).

n

a) If s’ # 0 then we have

_ L—1
asn1_> /7" (n — o0).
Tn s

b) If s = 0 then the system (*) is satisfied for all x.

OJ

In the general case when r, s, §, @ # 0 we can state the following remark.
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Remark. Condition (4.1) holds if and only if

. « Lk
(i) EZJ_M (n = 00),
k=1
|Q|n n—1 -
. k
(i) — —— < K for all n
o ol
and
(i) X 1 (n— o)
Tn,

for some scalars | and !’, and a constant K > 0. This result is a direct
consequence of condition (4.2) in the proof of Theorem 4.3.

5. THE CASE OF REGULARITY

5.1. The set of all 2 € UT such that x,'B(r,s)y, — | implies

v, B(r', s )y, — 1 (n — o) for all y and for some [. A matrix 4 € (¢, c)
and the corresponding operator A are said to be reqular if y, — [ implies
Ay — 1 (n — o0) for all y € w and for some scalar [. We then write
A € (¢,¢)reg- As a direct consequence of Lemma 4.1, we have the known
result (see, for instance, [15, Theorem 1.3.9])

Lemma 5.1. We have A € (c,c)req if and only if the next statements hold,
a) A e Sy,

b) >k Ak = 1 (n— 00),

c) Ak = 0 (n— 00) fork=1,2,....

Now we consider the next question, where r, s, v’ and s’ are real numbers.
What is the set of all x € U™ such that

/ /
TYn + SYn—1 s [ implies " Yn + S Yn—1
T 7

(5.1)

— [ (n — o0) for all y

and for some scalar [? The answer to this question is given by the following
theorem where we confine our studies to the case —s/r > 0 when § # 0.

Theorem 5.2. Let r, s, v’ and s’ be real numbers.
i) Let § #0 and o = —s/r > 0.
a) If t=(r—1")/(s—5") <0, then (5.1) holds if and only if

. Tn—1
lim
n—oo x'n

b) IfT >0, then (5.1) has no solutions.
ii) Let § =0 and r # 0.
a) Ifr=1', then (5.1) holds for all x.

= —T.
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b) Ifr #7', then (5.1) has no solution.

Proof. First we note that statement (5.1) obviously means that
(5.2)
Zn = [Dl/xB(r, s)y]n — [ implies t,, = [Dl/zB(r', s')y}n =1 (n— o)

for all y and for some scalar I. Since y = B~!(r,s)D,z, for r # 0 statement
(5.2) is equivalent to

Zn — | implies [DI/IEDQJZ} =1 (n— o)

n
where B = B(r',s')B~1(r, s). Then (5.1) is equivalent to
(5.3) Dy, BD; € (¢,¢)req,
which, by Lemma 5.1, is equivalent to

D,,BD, € 8,

n

; [Dl/méDmLk = 1 (n— 00),

and
[Dl/xBDx] L 0 (n — o0) for all k.

Using this characterization of (c, c),ey and reasoning as in Theorem 4.3, we
deduce that (5.3) holds if and only if

= ~ rd
(5.4) ; {Dl/mBDm] e Ecn(oz,x) —1(n — o).

i) Now we can show a) and b).
Putting z,, = z,a™ ", we have

n—1

—sz—>L (n — 00),
“n =

Z(2) =

where

(5.5) L= = s>0.

rs

Then we obtain ¢,(z) = ¢,(2) +1 — L+ 1 (n — o0), and deduce by
Proposition 4.2 that (5.1) is equivalent to

_ 1 L
Zn 1_)1_ _
Zn L+1 L+1




190 B. DE MALAFOSSE AND E. MALKOWSKY

Using (5.5) we immediately obtain L/(L + 1) = —ar. We conclude

_ 11
Tnol _ Zn 1——)—7’20(71—)00).
T, Zn «
ii) If 6 = 0 the sum defined in (5.4) reduces to r'/r = 1, that is, r = r/.

We then have s = s" and (5.1) holds for all .

OJ

Now give a remark in which we consider a Tauberian problem using the
operator of the generalized difference sequence.

Remark. If r > 1 or r < 0, then ry, + (1 — r)yp—1 — [ implies y,, — [
(n — o00) for all y and for some scalar . Indeed, it is enough to take ' =1,
s’ = 0 and z = e in Theorem 4.3. Then we have 1 = —(r — 1)/s with
—s/r > 0.

Now we consider the equivalence

/ /
"Yn ¥ SYn=1 _, it and only if Yt 5 Yn=1

Ln Ln

(5.6) — [ (n — o0) for all y

and for some scalar [. Note that in [3] we determined the set of all x € U™
such that s(xc)(A) = s&c). In [7] we gave a necessary and sufficient condition
under which a, b € U+ satisfy s{”(A) = sgc). Since we have B(—1,1) = A

and B (1,0) = I, then st (B(~1,1)) = s{?(A) and s (B (1,0)) = s{9.
Thus we see that condition (5.6) is an extension of [3, 7].
We obtain the next result as a direct consequence of Theorem 5.2.

Theorem 5.3. Let r, s, v’ and s’ be real numbers, all different from zero.
i) Letd#0 andr/s, r'/s' <0.
a) If T = (r—1")/(s —s') <0, then the solutions of (5.6) are
defined by

. Tp—-1
lim
n—00 I,

b) IfT >0, then (5.6) has no solutions.
ii) Let § =0.

a) Ifr=r7', then (5.6) holds for all x.

b) Ifr #1r', then (5.6) has no solution.

= —T.

Now we deal with the case when r =0 or s = 0.

Theorem 5.4. i) We assume r #0 and s = 0.
a) Let s’ #0.
a) Ifmn = (r—r")/s >0, then (5.1) holds if and only if
(5.7) lim 227t —

n—0o0 Iy
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B) If 1 <0, then (5.1) has no solution.

b) Let s’ =0.
«) Ifr=1', then (5.1) holds for all x.
B) Ifr #7r', then (5.1) has no solution.

(ii)) We assume r =0 and s # 0.

a) Letr #0.
a) Ifl =0, then (5.1) is equivalent to (xyn/Tn—1)n € loo
B) Ifl+#0, then condition (5.1) holds if and only if

/
. x s— s
lim o= > 0.

n—00 Xy _1 r!

b) Letr' =0.

o) If s =s, then (5.1) holds for all x.
B) If s’ # s, then (5.1) has no solution.
(iii) Letr=s=0.
a) Ifr'#£0, or s’ #0, then (5.1) has no solution.
b) Ifr' =5 =0, then (5.1) holds for all x.

Proof. i) We assume r # 0 and s = 0. Since B(r,s) = rl, statement

(5.1) is equivalent to Dy, B(r'/r,8' /1) Dy € (¢, ¢)reg, that is,

/ /
(5.8) Dl |2 3L < K for all n,
T | Tn
r s,
(5.9) + — —1(n— ).
roor ITn

a) Let s’ # 0. Since condition (5.9) implies (5.8), statement (5.1)
is equivalent to (5.7).

b) Let s’ = 0.

«) If r =1/, then the previous system holds for all z.

B) If r £ 1’ then the system has no solution.
ii) We assume r =0 and s # 0.

a) Let 7’ # 0. Then statement (5.1) reduces to

/ /
(5.10) sl implies t,, = Pn T 5Ynt (n — o0).
Ln Ln
a) If I =0, then we have
s2 (B(0,s)) = {yEu) In__ n—>oo}—sx+,
Ln+1
where z7 = ($n+1) : Then statement

(5.1) with I = 0
is equivalent to s, C s2(B(r',s)), B(r',s") € (s2,,s2),
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that is, to

(5.11) |2 48| < K for all
xr

n

Obviously the condition in (5.11) is equivalent to

(mn/xn—l) S eoo

B) If I # 0, we put 2z, = syp—1/z,. Then (5.1) is equivalent
to

/

/

. . r Tn+1 S
zn — [ implies t, = —zp41 nt
S

+ —2zp, = 1 (n — 00),
s

T
that is, to

/
tn - _zn /

Tntl —5 - (n — o0).
T, T r

—Zn+1
S

b) Let v' = 0. Then z, = sy,_1/x, — [ implies §'y,_1/x, — | =
ls'/s (n — o0).
a) If s’ = s, then statement (5.1) holds for all z € U™.
B) If s’ # s, then (5.1) has no solution.
iii) We assume r = s = 0. Then we must have B(r’,s') € (w,s) which
implies ' = s’ = 0. Indeed we assume either ' £ 0 or s’ # 0.
Let 7' # 0. We consider the cases s'/r’ > 0 and s’/ < 0.
If s'/r" > 0, then we take y = (R"xy), € w with R > 1, and obtain

B(r', 8" )yn
T

/

|| S
= —|Un + Pyn—l

> |r'|R" for all n.

n

Then we have |B(r', s )yn/zn| — 00 (n — o0) and w Cs,(B(r',s"))
is impossible.
If s'/r’" < 0, then we take y, = (—R)"x,, with R > 1, and obtain

B(r', s r’ s’ s" Ty
w _ yn+_yn—1 :|TI|Rn 1__ n—1
T, r! r" Rx,,

T,
> |r'|R™ for all n,

and we conclude as above.
The case s’ # 0 can be treated similarly.
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5.2. Applications. Let r < 0and s > —1, and different from 0 and consider
the sets

n n— . . A7’L
Sl(r):{erJr:M—Mlmphes Y — 1 (n— o)

Ln Ln

for all y € w and for some scalar [}

and

A’)’L n
Sg(s):{:CEUJF:—y—)limphes&—M (n — o0)

Tn Tn

for all y € w and for some scalar [} .

We can determine the set Sq(r) N Sa(s). Since § = —r + 1 # 0, we have by
Theorem 5.2

Si(r) = {x cut. il

and similarly

In—1 1
S = ceUT: 2=
2(5) {x Tn 1+s

(n—>oo)}.

We conclude

51(7“) N 52(8) = {

Note that if » < 0, then Sy(r) N S2(s) # O implies |s| < 1 and s # 0.

Sa(s) ifs=(1+r)/(1-r),
0 otherwise.

6. THE a-TAUBERIAN (SSIE) s{?(B(r, s)) C s\

6.1. a-Tauberian (SSIE) with operators of the form B(r,s). Here we
consider the a-Tauberian (SSIE) problem for given a € U™, (see [6]), stated
as follows. Let r, s, v’ and s’ be real numbers, and let a be a given sequence;
what is the set S, of all z € U™ such that

r SYp—
Tn  SYn—1 1 implies 2% — 1 (n — oc) for all y,
T, an

and for some scalars [ and I’? This statement is equivalent to the solvability
of the (SSIE)

(6.1) sl (B(r, s)) C so.

As we will see in Proposition 6.1, since the condition on the sequence a is

less restrictive for (6.1) than for the (SSIE) s (B(r,s)) C st it is natural
to begin with the study of the set S,. To state the next result, we use the



194 B. DE MALAFOSSE AND E. MALKOWSKY

set csp of all © € U™ such that Y 7o ; @k /bp < 0o, where b€ UT. For b=e¢
we obtain ¢s, = csNU™T. Throughout this section we assume o = —s/r > 0.

Proposition 6.1. We assume (a"/ay)n € ¢. Then x € S, if and only if

n n
(6.2) - =T
an ot )
Moreover if a, ~ Aa™ (n — o0) for A > 0, that is, ap/Aa™ — 1 (n — 0),
then we have

Sa = CS(qn),, -
Proof. We have x € S, if and only if (6.1) holds, which is equivalent to
(6.3) B (r,s) € (s8],

that is, to Dy,,B~(r,s)D; € (c,c). From the expression of B~!(r,s) in
the proof of Theorem 5.2, and the characterization of (¢, c), condition (6.3)
is equivalent to (6.2) and (a"/a,), € c¢. Now we assume a,/a™ — A > 0
(n — o0). Then we have z € S, if and only if

n
n l'k

Up = — — L (n — o)

3k
R

k=1
for some scalar L, that is,
= Tk U, L
Z—k:—nﬁ—(”—)OO)a
« « A
k=1 —
Gn

and x € cs(gn),, - [

When a = e, we obtain the next Tauberian result.

Corollary 6.2. i) If0<a <1, then x €S, if and only if
W\~ Tk
(a ; ak) € c.

ii) Ifa=1,thenSe=csNUT.
As a direct application we also have the next result,

Corollary 6.3. We assume 0 < a < 1. Then (z"), € S¢ if and only if
0<x<l1.
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Proof. First we assume x # «. Since zj, = 2* for all k, we have (z"), € S,
if and only if

n
n g  pr 1 n T\t 1
o — = o= = —a (— T
«Q a1 =2 «Q 1-—=
k=1
« (87
a1 "t
= « T T T
1-= o 1=
(0% «

is convergent as n tends to infinity, that is, for 0 < x < 1 and = # a.
If = a < 1, we have o > 1_,(z/a)* = na™ = o(1) (n — o). O

We immediately deduce the next examples.
Exzample. Let u, v > 0. Then = € U™ satisfies the condition

— n
UYn = VYn—1 — [ implies (E) Yn — 1! (n — 00)
T, v
for all y and for some scalars [ and ',

if and only if > 70 (u/v)¥zp < oo. This result can be obtained writing
a =v/u and a, = a" in Proposition 6.1. In particular, if u = v = 1, then
the set of all x € U™ such that

Ay,

Ln

— [ implies y, — I’ (n — oo) for all y and for some scalars [ and I’

is equal to ecs NUT.

Remark. We obtain a similar result when a and z are interchanged in (SSIE)
(6.1). Indeed, let a € cs(qn), and let S, be the set of all € U™ such that

the (SSIE) s{”(B(r, s)) C s holds. Then = € S, if and only if

(6.4) (0‘_) ce

This result follows from the fact that here the condition Dy, B~ (r,s)D, €
(¢, c) is equivalent to (6.4) and

A" o ay
65) (L3 <
k=1 n
and we conclude since (6.4) implies (6.5).

We immediately deduce the following Tauberian result.
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Remark. If a € csgny,, then
B(r, s)yn

— [ implies y, = 1" (n — o)
Qn

for all y and for some scalars [ and !’, if and only if
(6.6) 0<—s/r<1.
This result comes from the fact that e € S, if and only if (6.6) holds.

6.2. The case of the operator of the first difference.

6.2.1. The general case. If r = —s = 1, then we obtain B(r,s) = A. We

confine our studies to the case when a,, — oo (n — o0). We denote by S,
the set of all x € U™ such that

A
In s I implies 22 — |

Ln an

/

(6.7) (n = o0)

for all y and for some scalars [ and [’
We state the next elementary result.

Proposition 6.4. We assume a,, = 0o (n — o0). Then the set Sq is equal
to the set of all x € U such that

1 n
(6.8) — Z zp — L (n — o0) for some scalar L;
=

moreover we have l' =1L in (6.7).

Proof. 1t is enough to apply Proposition 6.1 with « = 1, and a"/a,, =
1/ay, — 0 (n — o0). By Lemma 4.1, we have I’ = [L. O

6.2.2. Applications to the case when a, = nPT with 8 > —1, or a,, = Inn.
It is well known that if £ > —1, then

n 3
(6.9) S ke~ 2:11 (n — o).
k=1

The next result is a direct consequence of Proposition 6.4 and (6.9).

Corollary 6.5. Let 8 be a real number.
i) If 8> —1, then

Ayn . . Yn l
—F — | implies myCES] — 1

for all y and for some scalar (.

(n — 00)
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ii) If B =—1, then

Ayy, n
In _ nAy, — | implies In (n — 00)
nb Inn

for all y and for some scalar (.

Proof. i) Part i) is a direct consequence of Proposition 6.4 and (6.9),
since

1 < 1
B
nﬁHE k —>B+1(n—>oo).
k

vn:

ii) Trivially we have

1 ntl g "1 " d
1+1n<n;>:1+/ &, = S<14 o
2

T

=1+ Inn for all n.

We immediately deduce that s,/Inn — 1 (n — oo0) and nAy,, — [
imply
I lim 2 =

Inn n—oo Inn (n = o0)

for all y.

As a direct consequence of the preceding result we obtain,

Corollary 6.6. i) If 8> —1, then

1" Yn
Yn— (1= =) yn_1 — L implies — —
n n

for all y.
i) If B =—1, then

1 B n
Yn — (1__) Yn—1 = Yn — Yn—1 — L
n n—1

implies
Yn
nlnn

—L (n— )

for all y.
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