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ON HYPERBOLIC AREA OF THE MODULI
OF 0-ACUTE TRIANGLES

NaoMI KANESAKA AND HIROAKI NAKAMURA

ABSTRACT. A f-acute triangle is a Euclidean triangle on the plane
whose three angles are less than a given constant . In this note, we
shall give an explicit formula computing the hyperbolic area A(f) of
the moduli region of #-acute triangles on the Poincaré disk. It turns
out that A(0) is a period in the sense of Kontsevich-Zagier if cot 6 is a
nonnegative algebraic number.

1. INTRODUCTION

In [4], to each similarity class A of triangles on the complex plane C,
associated is an invariant ¢(A) valued in the unit disk D := {¢ € C;|¢| < 1}:
If A is represented by a triangle {a,b,c} C C with z := 2= (Im(z) > 0),
then ¢(A) is defined by

(1) H(A) = (%)3 (0=,

It turns out that the similarity classes of triangles are in one-to-one cor-
respondence with the set of points of D. (See [4] for details and some
applications to elementary geometry.)

The purpose of this note is to compute the area A(#) of the moduli region
of f-acute triangles

(1.2) M(0) := {¢(A) € C| all three angles of A < 6}

for /3 < 0 < 7 measured with the standard hyperbolic (Poincaré) metric
of the unit disk D.
We prove the following

Theorem A. (i) For § > n/2, we have A(f) = cc.
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(ii) For m/3 < 6 < 7/2, we have
4k?
V3 T k%243

» <1+\/§pk—|—6k2_1+3q+36.3—3q+5>

+ —lo
25\ 1= VBph+ k> 1-3¢+8 3+3¢+7

3 3 _1, V3qk
+% <arctan(3ﬁ%1) +arctan(3 _pﬂ) — tan l(kQBq— 1)) :

A(0) =(60 — 2m) + —=log

where we understand the parameters k, 3, p, q depending only on 6 by
_ V3 _ ./ (B+1)(5-38)
(13) e R s
’ _ 25+43k2
p = V 9+3k2 9 = (=P 39) )é5+35)

and arctan (resp. tan~!) to be the principal branch (resp. the branch valued
n (0,7 ) of the arctangent function.

In the extremal case of § = 7/2, the above formula implies

Corollary B (Kanesaka [2]).

A=)

In the course of our proof of Theorem A, we first derive an explicit in-
tegral expression of A(f) in §2. In §3, we perform the calculation of the
integral and conclude the proof of Theorem A. In §4, we examine behaviors
of some auxiliary quantities used in Theorem A and its proof, which help
understanding convergence of individual terms of A(f) in total to the value
of A(%) in Corollary B and to 011_)11}T A(f) = 0.

3

Before closing Introduction, we add one simple remark. In [3], M.Kontse-
vich and D.Zagier introduced the notion of periods as those complex numbers
whose real and imaginary parts are integrals of algebraic functions over
domains in R"™ given by polynomial inequalities with algebraic coefficients,
and proposed to check any special quantities to be periods in their sense.
As for our A(0), the following is a quick consequence of Theorem A.

Corollary C. Ifcot 6 is a nonnegative algebraic number, then the real num-
ber A(0) is a period in the sense of Kontsevich-Zagier [3].
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2. -ACUTE REGION

In this section, we look into the boundary curve OM (6) of the moduli
region M (0) C D. The following proposition generalizes [4] Remark 4.

Proposition 2.1. Let k be the parameter as in (1.3). The points re’
OM (0) are parametrized by the equation

3
r— d e (26 Si? - e (5 S (- k)L (04
(2cos(t57)) 0 =
for 0 <t < 2.

)7
)

wly oy

Proof. For any similarity class of triangles, we may choose a representative
{0,1, z} with
(2.2) zeF:={2e€C|Im(z) >0,z <1,]z —1] <1}.
Noting that the maximum of the three angles of {0, 1, z} is realized at the

vertex z € F, we immediately see that the class of {0, 1, z} belongs to M (0)
if and only if |z — a| = || with

1 1
2.3 = = .
(23) ¢T3 * 2tand
Rewrite the condition |z — a| = |a| in terms of w := p pz by substituting
2= —p? gﬂl) Then, using a + @ = 1, we find:

(1 + ap? + ap?)ww + 2Re((p — Dw) + (1 + ap® + ap?) = 0.
Now, put w = \/?e%t so that Re(p*w) = —/r cos({5%). Then, since ap?® +
ap —l — 5 ap® + ap? % + %, it yields a quadratic equation for /r:

—”>r§+(1—k):o.

Thus, we complete the proof of Proposition 2.1. O

(1+ k)r% — 4 cos (

Corollary 2.4. Let 2 < 60 < m (0 # 2£) and let k be the parameter given
in Theorem A. Then, the hyperbolic area A(6) of M(0) is given by

s

B 3 (14 k)°
A= 12/0 (1+ k)5 — (2 cosz — /dcos?x — (1 — k:2)>6

— 1]\ dx.

Proof. By the well known formula of hyperbolic geometry, we have

4 2 r 2 27 27“2
A(9) = / — dxdy = / / — _d(r®)dt :/ —dt.
O= | TP = )y )y Gomp?i= ) T
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(Cf. e.g., [1] §5.3.) The corollary then immediately follows from Proposition

—T

2.1 after substituting x = tT [
The following picture illustrates the loci {\/re? | rett € M (0)} for 6 =

%”, 5 %” and %” respectively. Here, the polar scale is deformed from r to

\/7 to obtain illegible illustration of loci for small §. Note that when 6 = %,
the locus OM (%) degenerate to the point 0.

3. PROOF OF THEOREM A

We shall evaluate the definite integral given in Corollary 2.4. As seen

quickly below in Proposition 3.4, we may assume 6 #* %” without loss of

generality. A brute force computation (by using Maple software) decomposes
the integrand into three terms so that A(f) = f()% (A+ B+ C)dx, where
(3.1)

6(k? + 3)(3k* + 1)k

A:=-6, B:=-— S(cos 7) ,
(3.2)
O 12cos x(16 cos? z + k? — 1)(16 cos? x + 3k — 3)v/4cos?2 x — 1 + k2
' S(cos x)
with

S(X) = (4X* —1)(16X°% +8X + 1 + 3k*)(16X* — 8X + 1 + 3k?).

We first check the convergence of the integral at x = %. It is not difficult to
see that the Taylor expansion in u := £ — x reads:

3
—6— -+l 4 01), (k+#0),
2v/3 VU ’ e
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Noting that A(#) increases monotonously with 6, we immediately get

Proposition 3.4. The area A(§) = oo for 6 > T, while it is finite for

7 <0< 3. O
In the following, we evaluate the case § < ¢ < 5, 1e, 1>k >0. We need
to take care of annihilation of the divergence +—7— from the terms B and C

n (3.3). For the term B, let us look at the partlal fraction decompositions
B:Bl-l-Bg-l-Bg with

—2k
3.5 Bl =——F7-—
(3:5) " dcos2z — 17
8k(1 4+ cos x)
. By =
(36) 7 (1+4cosz)? + 3k2
1 —
(3.7) By = 8k(1 — cos x)

(1 —4cosxz)? + 3k2

Divergence of [ Bdx comes from the term Bj. In fact, using the formula

14+v3

1 _ 1
f 2cosm:|21dw VA log W) we see that

3 k
. B = lim — (1
(3.8) /0 1dx lim (og(3 5 5

m 5 )+log (1—\/5‘5&1&%)).

To evaluate the term C, let us substitute sinz = ¥ 3;’“2 i;—:& so that

V34+ k24 2sinzx
V3 + k2 4sinz

(3.9) t=

and that 0 < z < % corresponds to 1 < ¢t < Yo tve 3+k2+\/_ Noting that
Vdcos?z —1+k2 = 3+ k22 t2+1, cos xdx = 2&5 _?;41')’“ dt we obtain the de-
composition Cdx = (C1 + Co + C3)dt with

3t + 1812 + 1) + (¢4 — 1442 + 1)k?

3.10 Cp=—-8(t*+1
(310) ! "+ )3(t4 182 4+ 1)2 + (¢4 — 1442 + 1)2k2
—4k2 (12 + 1)
3.11 Cy =
(3:.11) 2T RN 1262 — 222 + k2
12
(3.12) Cs =

241
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Divergence from [ Cdx comes from the term

—s V3+k2+3
(3.13) / e Codt = " |1 £+ 2 -1 k
. =—|lo
1 ? V3 g 2 — %ﬁt —1{],

_ k] (V3+E2+k—3)-2v3-2(v3+V3+k2)
V3 g2\/3+k2-(\/§+k—\/3+k2)-(\/§+k+\/3+k2)

+ tim o [ VEER VI
L3 B\ VBr R+ VB kt

The sum of (3.8) and the last term of (3.13) can be computed by I’'Hopital’s
rule as

B[ VBERAVE—k 1—+/3tan$
— 10 11m
\/3 & V3 + 2 + \/g w—>% 1— k . V/3+k2+42sinzx

V3+kZ+V/3 \/3—|—k2 —4sin’z

ko ( 22 (V3 R+ V3 — k) )

= 0
V3 V3VEZ +3(V3 + k2 +V/3)
Putting this together with the rest term of (3.13), we obtain
V3+k2+V3

3.14 5B L (L
(3.14) /0 1115+/1 2 _ﬁOgm'

We shall next compute [(Bz + Bs)dz. The standard substitutions

(3.15) {t =tang for Badz,

t=cotg for Bsdr

transform it as :

(3.16)

32k dt
By + Bs)dx = ’
/0 (B2 + B3)dx = (/ / ) 9 + 3k2)t4 + (6k2 — 30)t2 + (25 + 3k2)

Now, we introduce the quantities

_ k*-=5 1)(5-3
{ = s, pi= (B+1)(5-38)

3 )
. 3k2425 —
B = /30425 g i= |/ E0EE8)

which satisfy the following relations:

(3.17)

3
(3.18) Bt+a= 5292, B—a=sq
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Then we find an indefinite integral for (3.16) can be performed as

32k dt
/ (k2 +9)(t2 + \/2(8 — a)t + B)(t? — \/2(8 — a)t + B)
_ P t2 +/3qt + B
28 %2 Bgt+ 8

# Qeretan (g, + ) aenn (7 )}
— arctan = — arctan _— = — .
B V3p P V3p P

From this it follows that

™

(3.19) /03 (By + Bs)dz :% log

+ % (arctan(?);i]il) + arctan(;_pﬁ)) .

<1—|—3q—|—36'3—3q—|—5)
1-3¢+8 3+3¢+p0

As for the integral [ Cjdt, observe that the integrand can be transformed
in the simpler variable s = 1(¢ — 1): thus we obtain

(3.20)
V3+k2+V/3
z
I

V3 2 2 2
—3)k
Cldt:—4/k 3(s*+5)+ (52— 3) s
o 3(s2+5)2+ (5% — 3)%k?

= —4/§ ‘3 ds
0o (s2++/6(a+B)s+38)(s* — /6(a+B)s+38)
= _ﬂlog (1 — \/gpk +6k2>
2p8 1+ V/3pk + Bk?
V3

2 2
_4 larctan (—8 + 2) + arctan (—S — ]—))]
B 3¢ ¢ 3¢ q/],

P (Lo VBR8N g o [ V3gk
28 5\ 1+ v3pk + B2 5 '

Finally, the remaining integral can be given by

i V3+k2+V3
z VSRS / 2
/3 (—6)dz +/ ’ 12dt —27 + 12 arctan ( 5 +IZ + \/§> — 3.
0 1

241

But since —W = tan(7§ + g), it equals to 60 — 2. This, together with
(3.14), (3.19), (3.20), concludes the proof of Theorem A. O
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4. BEHAVIORS OF AUXILIARY QUANTITIES AND COROLLARIES B AND C

In this section, we shall closely examine respective terms of our explicit
formula of A(#) in Theorem A:

k 452
A(0) =(60 — 2) + —— log —_
(0) =(66 W)+\/§ng2—|—3
P <1+\/§pk+5/€2.1+3q+36‘3—3q+5>

— 10
23 1—3pk+Bk?2 1-3¢+3 3+3¢+8

3 3 1, V3qk
+% <arctan(3611 1) +arcta,n(3_pﬁ) — tan 1(k26q_ 1)) .

First, we shall look at the quantities k, «, 3, p, ¢ introduced in (1.3) and
(3.17) with respect to the parameter 6 € [, 5]. In fact, by simple estimation,

the following table and graph can be derived, where approximately @ ~

1.5275, Y2V 593, V2V2LE6 1 998

+

T i 1.5—/‘9—__——_——_—_‘—_’
o] 3 .. 3 ——
k 1 N 0 1 K
o -1 N\ —% s .
D S
» \/2@—6 N 0
T —

These quantities are also related by (3.18) and
8 1
(4.1) a:1—§sin29, B = 5\/9+165m29,

(4.2) pq = g sin 26.

Let us now examine behaviors of the main logarithmic term and the arc-
tangent term of Theorem A. Set

— P 1++/3pk+pk? 3
112 = Flog (FARR0) (11 = 4 arctan(g5%7),
o 143¢+3 — 3
L34 =& log 1_3qq+§) : 12 = %aman(g—%)g,k
3-3 =—4 .
L6 = % log 3+3gig) , T3 3 arctan kQﬁ—l)'

Ilustration of these quantities together with ‘logterm’ = L12 + L34 + L56
and T'1 4+ T2 + T3 are given as follows:
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L34 2+
*2 T1+T24T3
L12 1.5
T3
1.1 1.2 1.‘3 4 1.5 1
0 | T2
0.5
| —
logterm
0.2 o 11 1.2 1.3 1.4 1.5
thet
-0.5
L56

The term T3 has a jump when k28 = 1, i.e., approximately at 6 = 1.139.
In Theorem A, we request the branch tan~! to correct T3 to T3 so that the
sum ‘Arctan’= T} + Ty + T3 has values continuously ranging from 0 down

to —%7‘(’. (N.B. The term Tj itself has values contained in [—%w, -1).)
This latter value is nothing but —%W at § = 5. Besides the above ‘logterm’
and ‘Arctan’ the following picture collects the ‘linear’ term 66 — 27 and the
‘div’ term (which cancels divergence from B; (3.5) and that from Cy (3.11)

in their correct balance (3.14) as to be) % log ;QLE?):

linear

We conclude that the behavior of the total of these four terms
A(f) = ‘linear’ + ‘div’ + ‘logterm’ + ‘Arctan’
is illustrated as in the following graph, whose curve starts from 0 at 0 = %

and terminates with the value (1 — %)W at 0 = 7.
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Finally, let us mention a few words on Corollary C. According to the
definition of periods due to Kontsevich-Zagier [3], it is immediate to see
that

1

(0% 1 (0%
T = dxdy, log(a) = —dx, arctan(a) = dx
[ e toxte)= [ @= [ =

are periods in their sense for any positive algebraic number o € Q N R+g.
Thus, Corollary C follows from Theorem A and the above estimation of
involved quantities.
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