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AN ALGEBRAIC APPROACH TO THE
CAMERON-MARTIN-MARUYAMA-GIRSANOV FORMULA

JIRO AKAHORI, TAKAFUMI AMABA AND SACHIYO URAGUCHI

ABSTRACT. In this paper, we will give a new perspective to the Cameron-
Martin-Maruyama-Girsanov formula by giving a totally algebraic proof
to it. It is based on the exponentiation of the Malliavin-type differenti-
ation and its adjointness.

1. INTRODUCTION.

Let (#',2(# ),~) be the Wiener space on the interval [0, 1], that is, #
is the set of all continuous paths in R defined on [0, 1] which starts from
zero, B(W') is the o-field generated by the topology of uniform convergence.
and v is the Wiener measure on the measurable space (#',2(#')). Then
the canonical Wiener process (W (t));>o is defined by W (t,w) = w(t) for
0<t<landwe?.

Let ¢ denote the Cameron-Martin subspace of #/, i.e., h(t) € # belongs
to ¢ if and only if h(t) is absolutely continuous in ¢ and the derivative h(t)
is square-integrable. Note that .77 is a Hilbert space under the inner product

1
<h1, h2>%ﬂ = / hl(t)hg(t)dt, hl,hz S
0

It is a fundamental fact in stochastic calculus that the Cameron-Martin
(henceforth CM) formula (see, e.g. [5], pp 25) in the following form holds:

| P+ o)
(1.1) 1 1
= [ Fayew { [wmt -3 [derar}

where F' is a bounded measurable function on # and 0 € 7.

The motivation of the present study comes from the following observa-
tion(s). In the above CM formula (1.1), the integrand of the left-hand-side
can be seen as an action of a translation operator, which is an exponentiation
of a differentiation Dy:

(1.2) /WF(w—I—Q)’y(dw) “=7 E[eDeF]
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On the other hand, the right-hand-side can be seen as a “coupling” of the
exponential martingale and F":

[/(w) exp{ /O 19(t)dw(t) - % /0 19'(15)2 dt}v( )

_ <F exp { /0 W (1) % /O 19(t)2dt}>.

Since we can read the right-hand-side of (1.2) as
E|:€D9F:| w_» <1’ €D9F> ,

the Cameron Martin formula

(1,eP0 )« = <F,exp{/019(t)dW(t) _ %/Olé(t)th}>

leads to the following interpretation:

exp { /0 B (1) — : /O lé(t)zdt}“:” D5 (1),

where Dj is an “adjoint operator” of Dy.

The observation, conversely, suggests that the CM formula could be proved
directly by the duality relation between e”? and e, without resorting to
the stochastic calculus. The program is successfully carried out in section
2. We may say this program runs by the calculus of functionals of Wiener
integrals.

Along the line, we also give an algebraic proof of the Maruyama-Girsanov
(henceforth MG) formula (see e.g. [10, IV.38, Theorem (38.5)]), an extension
of the CM formula. Note that MG formula cannot be written in the quasi-
invariant form as (1.1), but in the following way:

| Fnae)
(1.3) 1
:/WF(w—Z(w))eXp{/OlZ(t,w)dw(t) —%/OZ'(t,w)zdt}fy(dw).

Here Z : W — 57 is a “predictable” map such that

//ﬂ exp | /O J(tw)du(t) — % /0 1Z(t,w)2dt}7(dw) 1

In this non-linear situation, infinite dimensional vector fields like X, =
ZiD,,', where {e;} is a basis of s and Z¢ = (Z, ;) », may play a role of Dy

Here we use Einstein’s convention.
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in the linear case, but its exponentiation eX# does not make sense anymore.
Instead, we need to consider “tensor fields”

DYt =Z" .. Z"D,, -+ D

6i1 . ein

and its formal series
0

1 -
Z aD?n = ¢Pz,
n=0

We will show in Proposition 3.2 that the operator e”Z is the translation by
Z; ePz(f(W)) = f(W + Z). To understand MG formula (1.3) in terms of
the translation operator €%, we additionally introduce another sequence
{L,} of tensor fields (see subsection 3.2 for the definition), which has the
property (Lemma 3.4) of

gjl ifn=ew{ [ Ztdult) - & / Pou} e - ).

Then, as a corollary to the adjoint formula for L,, (Theorem 3.3), MG for-
mula can be obtained (Corollary 3.5).

The proof of key theorem (Theorem 3.3), however, is not “algebraic” since
it involves the use of It6’s formula. This means, we feel, a considerable part
of the “algebraic structure” of MG formula is still unrevealed. We then try
to give a purely algebraic proof (=without resorting the results from the
stochastic calculus) to MG formula in section 4 at the cost that we only
consider the case where Z is a simple predictable process such as

N
2= wltan ()
i=1

We will consider a family of vector fields like z; D;, where D; is the differen-
tiation in the direction of [ 1, 4, ,1(t)dt. A key ingredient in our (second)
algebraic proof of MG formula is the following semi-commutativity:

which may be understood as “causality”.

Actually, the relation (1.4) implies that the Jacobian matrix DZ =
(De, Z;)ij, if it is defined, is upper triangular. In a coordinate-free language,
it is nilpotent. Equivalently, Tr(DZ)"™ = 0 for every n, or Tr A" DZ = 0
for every m. Since the statements are coordinate-free(=independent of the
choice of {e;}), they can be a characterization of the causality (=predictabil-
ity) in the infinite dimensional setting as well. This observation retrieves
the result in [12] that Ramer-Kusuoka formula ([9],[4]) is reduced to MG
formula when DZ is nilpotent in this sense. The observation also implies
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that Ramer-Kusuoka formula itself can be approached in our algebraic way.
This program has been successfully carried out in [1].

In the present paper, the domains of the operators are basically restricted
to “polynomials” (precise definition of which will be given soon) in order to
concentrate on algebraic structures. We leave in Appendix a lemma and its
proof to ensure the continuity of the operators and hence to have a standard
version of CM-MG formula.

To the best of our knowledge, an algebraic proof like ours for CMMG
formula have never been proposed. Though we only treat a simplest one-
dimensional Brownian case, our method can be applied to more general
cases if only they have a proper action of the infinite dimensional Heisenberg
algebra. The present study is largely motivated by P. Malliavin’s way to look
at stochastic calculus, which for example appears in [5] and [6], and also by
some operator calculus often found in the quantum fields theory (see e.g.

[7])-

2. AN ALGEBRAIC PROOF OF THE CAMERON-MARTIN FORMULA.

2.1. Preliminaries. For any h € 7, we set

1
1B (w) ::/0 Wedw(t), we .

A function F' : # — R is called a polynomial functional if there exist an
n €N, hy,ho,--- ,hy € 7 and a polynomial p(z1, zo,- -+ ,x,) of n-variables
such that

F(w) = p( [ (), h)(w), -+, [ha)(w) ), we 7.

The set of all polynomial functionals is denoted by P. This is an algebra
over R included densely in LP(#) for any 1 < p < oo (see e.g. [3], pp 353,
Remark 8.2).

Let {e;}?2; be an orthonormal basis of 7. If we set

i(w) = [ei](w) = /0 éi(t)dw(t), i=1,2,--

then &1,&, - are mutually independent standard Gaussian random vari-
ables. Let H,[¢], n = 1,2,--- be the n-th Hermite polynomial in £ defined
by the generating function identity

2 oo n
exp (M~ 2 = Q%Hn[é], AER,
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and put

A= {a = (a;)%2, :

We write al := [[;2; a;! for a = (a;)72; € A. We define Ha(w) € P,a € A
by

a; € Z+,
a; = 0 except for a finite number of 7’s

Ha(w) = [[ Ho i), wew

and then {ﬁHa : a € A} forms an orthonormal basis of L?(#) (see e.g.
3)). 2

For a differentiable function f on R measured by Nj(d¢) = \/%—We_g 124e,
if we define 0 and 0* as

0f(§) = f'(§) and 9" f(§) = —0f(§) +££(5), E€R

then 0* is adjoint to @ on the differentiable class in L?(R, N1). We note that
the n-th Hermite polynomial H,, can be given by H,[¢] = (0*"1)(&).

2.2. Directional differentiations and its exponentials. For a function
F on # and 0 € 7, the differentiation of F' in the direction 6 DyF is
defined by

DyF(w) = lim é{p(w rel) ~Fluw)}, wew

if it exists(see e.g. [3]). Note that DgF'(w) is linear in # and F' and satis-
fies the Leibniz’ formula Dy(FG)(w) = DpF(w) - G(w) + F(w)DyG(w) for
functions F' and G on # such that DyF(w) and DygG(w) exist. If F(w) is
of the form F(w) = f([h|(w)) where f is a differentiable function on R and
h € 7, then we have

(2.1) Dy F(w) = (0, ) f'([h](w)).

For 0 € 77, we define the exponential of Dy by

(o}
1
P F(w) =) —DjF(w), FePandwe

n=0

which is actually a finite sum by (2.1).
Lemma 2.1. For F,G € P, we have
(2.2) e (FG) = eP?(F) - eP0(G).
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Proof. is a straightforward computation:

o0

()26 = (3 2ir) - (3 206
n=0

n=

1 1
_ (F+D9F+§D§F+§D§’F+--->

-<G+D9G+%D§G+%D§’G+---)
:FG+{D9F'G+FD9G}

1 1
+ {EDgF-G+D9F-D9G+F. 5DgG}

1 3 1 2 1 2 1 3

1 1
= FG + Dy(FG) + 5Dg(FG) + ng’(FG) + ... =eP(FQ).

Proposition 2.2. For every F' € P, we have

(2.3) P Fw)=F(w+6), we¥.

Proof. By Lemma 2.1, it suffices to show (2.3) for the functional F' € P of
the form F(w) = f([h](w)) where f(x) is a polynomial in one-variable and
h € . Then using (2.1), we obtain

P F(w) = 30 DRF(RIw)) = 3 (0, W SO () (w))
n=0 n=0

-y L FO )] (1R1w) + 0. 7)) — ()}
n=0

= F([Rl(w) + (0. hyr ) = Flw+0),
where f(")(z) denotes the n-th derivative of f(x). O

2.3. Formal adjoint operator and its exponential. In the analogy of
0 and 0" in the previous section, we define D}, 0 € 7 by

1

DiF(w) = — DyF(w) + /O d(O)dw(t) - F(w), FePwe.

Let {e;}°, be an orthonormal basis of 7 and put &(w) := [e;](w) for
1 =1,2,---. Then we have
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Lemma 2.3. It holds that
B DyHol6y] - Huléil] = E| Hale) Dj Hunléi]
for any k,l,m,n=1,2,---.

Proof. Sincet — H, [fg er(s)dw(s)] (n > 1) is a martingale with initial value
zero, if k # [ the independence of ¢ and £ and the formula (2.1) imply that
both sides become zero when n,m > 1. If n = m = 0, it is clear that the
left-hand side is zero. Then the right-hand side equals to

E[Dj1] = E[-Dyl + /0 8(t)dw(t)] = B /O 6(t)dw(t)] = 0.

Hence the case k = [ suffices. Noting that & is a normal Gaussian random
variable, we have

B|DoHul&s) - Huléhl| = (0, ex) o B Hy 61 Huler)

— (0.cxlor [ OH,E] - Hulem (dg
IWMWKZ&WWMMW

— @edor | Halel{ - Hule) + €l a(at)
= (0, ex)or B[ Hale] { = H[6) + & Hmleil |

= E{Hn[fk]{ — Do Hp[&] + (0, ek>Jf€ka[£k]}]'

Since 6 can be written as § = Y 72 (0, ex) ek, fol 0(t)dw(t) admits the
L?-expansion
oo

1
/0 B)dut) = S (0, ex) i

k=1
Now the independence of {&;}7°, shows that

1

B[Hl6] [ 0aw®Hale]] = B[Hal)6.c00r .Ml

Proposition 2.4. For every F,G € P, it holds that
(2.4) E[DyF - G] = E[FD,G].
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Proof. For fixed F,G € P, there exist a positive integer n € N and an
orthonormal system {ej,es, -+ ,e,} in 5 and polynomials f(xy1,ze, - ,zy)
and g(z1,x2,- - ,xy) of n-variables such that

F(w) = f(led)), leo) (w), - ea)(w))  amd
G(w) = g(lex)(w), fez) (w), -+, fen] (w) ).

Extend {ej,e2, -+ ,e,} to an orthonormal basis {e;}?2, of . Since the
degree of the n-th Hermite polynomial is exactly n, f and g can be written
as linear combinations of finite products of Hermite polynomials. From this

fact and by the linearity of Dy and Dy and the independence, F' and G may
be assumed without loss of generality to be of the form

F(w) = Han [&kl(w)] and G HHm, ék
=0

where & (w) = [eg](w) and ky, ko, - - - , k, are mutually distinct. Then, using
the Leibniz’ rule, Lemma 2.3 and the independence of &1,&o, - -+, we have

p
E[DyF -G] = [De HHn (3% HHmz &k, ]
i=1 =1

:iE Dy Hp, €k: HHnJ[fk ﬁ ml[fk }
i=1 J#i i=1
= zp:E :DGHni (k] - Hpm, [gkl]} E[H Hy; €k, Hm, [Sk‘j]}
i=1 J#
— f:E Hn [fkl.]{ — DgHp,[€k,] + (er;, 0) & Hm, [&JH
U—[Hn] Ere; | Him,; [Ek; ]}
J#1
Z [HHnJ [, ] { — DoHp, (€] + (ers> 0) &, Hum, [Er, }HHm] €k, ]]
i=1 7

i {HHn][ﬁk (—Deﬂmi[fk:i])}
+B|

::]@

Hy,, [k, {i (ex,,0) %Sk}ﬁ Hm, &k, }
=1 1

Jj=1 Jj=
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By the orthogonality of &1, &9, - -+, the last term is equal to

p 1 p
B[] Holee)- [ 60w ] Haler)]
j=1 0 j=1
which completes the proof. (]

Remark 2.5. Note that {Dy : 0 € S} determines a linear operator D :
P — P ®  such that (DF,0), = DyF for each F' € P and 0 € 7. The
operator can be extended to an operator D : P ® ¢ — P ® ¢ ® J by
D(F ®60) = DF ® 6. This operator is commonly used in Malliavin calculus

(see e.g. [3]). Its “adjoint” D* : P ® # — P is defined by D*F(w) =
—tr DF(w)+[F|(w), F € P®. Then the “integration by parts formula”;
| (PFw).G)rrtdn) = [ Fu)DGloin)

holds for all F' € P and G € P ® J€ (see e.g. [3], pp 361). Under these
notations, Dy F' = D*(F®0) for each F' € P and hence the above adjointness
follows immediately from our result and vice versa.

Next we define the exponential ePo of Dy by the formal series

=1
ePo = Z —Dy".
n!

n=0
Let {e;}72; be an orthonormal basis of J# as above.

Theorem 2.6. For every 8 € J€ such that |0|» = 1, it holds that

(2.5) D"l = Hn[/olé(t)dw(t)] eP, n=0,1,2,--

and hence eP91 can be defined. In fact, it is the exponential martingale

. 1, 1
(2.6) ePo1(w) = exp { / Odw(t) — = }, weW.
0 2
Furthermore, it holds that
(2.7) E[eD‘)F] - E[F - eDé‘l], FeP.

Proof. We use the induction on n to prove (2.5). It is clear that

D;1(w):/9( Hl[/ t)dw(t

Suppose that (2.5) holds for n. We recall that the Hermite polynomials
satisfy the identity

(2.8) Hyy1|x] = xHylx) — nHy—q[z].
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Put O(w fo . Then, noting that (6,6) , = 1 and using (2.1),

D;<"+1>1 = D;H,[0] = —DyH,[6] + ©H,[0]
= O©H,[0] —nH, 1[0] = H,11]0].
Hence (2.5) holds for every n = 0,1,2,---. Then (2.6) follows immediately

from (2.5).
Finally we shall prove (2.7). By using Proposition 2.4, for F' € P we have

o0 o0

1 1 X
D _§ : n _2: *70 o D
n= n=

Corollary 2.7. For every 6 € S, it holds that

. L e

(29)  Pi1(w) = exp] / O(0)dw(t) — - / bepaty, wen.
0 2 Jo
Furthermore, it holds that
(2.10) E[eDeF] - E[F : eDé‘l], FeP.
Proof. Let n = 0/0] ,» and then it follows that
1
Dy 1(w) = 0|5 Dy L(w) = |9|”ijn[/0 7(t)dw(t)]

forn=0,1,2,--- and w € # by Theorem 2.6. Hence we have

Z| |<%”H/ (t)dw(t)] = exp |9|%/ t)dw(t) — %}

The identity (2.10) can be shown by the same argument as Theorem 2.6. [

Now, we have the Cameron-Martin formula in this polynomial framework.

Corollary 2.8. For every 0 € 5 and F € P, it holds that

//(w +0)y(dw) = E{eD"F} - E[F el 1]
(2.11) !

_ /WF(w) exp{ /0 19dw(t) - % /0 é(t)2dt}fy(dw).
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3. AN ALGEBRAIC PROOF OF MG FORMULA.

In this section, we will give an algebraic proof of the MG formula using an
adjoint relation similar to (2.7). As we have announced in the introduction,
for the proof of the adjoint relation we will rely on the standard stochastic
calculus.

Let Z : W — ¢ be a predictable map; i.e. Z(t), 0 <t < 1isapredictable
process such that

1
1Z|1%, = / Z(s)%ds < 0o as.
0

Suppose &( f ZdW) is a true martingale where for a martingale M =
(M (t))o<t<1 the process E(M) is defined by

E(M), = exp { M() = S(M)(1)}.

3.1. Infinite dimensional tensor fields. We fix a c.o.n.s. {e; : i € N} of
¢ and will write simply D; for D, for each ¢ € N. We define a differenti-
ation along Z. For ¢ € P, we define Dz in the following way:
Dz¢(W) := Y (Z,e:)(W)Dig(W),
i=1
where (-,-) is the inner product of J#. Moreover, we define the n-th Dy,
which we write as D" by the following:

DF":=Dz@Dz®---© Dy

n

= Z SZ, 6i><Z, 6j><Z, 6k> . ijD]Dk . ,

~\~ ~\~
n n

iaj7k7"'
Next we define the exponential of Dz by the formal series of

1 1
~Dy . ®2 ®3
GZ—1+DZ+§DZ +§DZ + -

1
=1+ Z(Z, ei)Di+ 5 Z<Z> €i)(Z,ej)DiD;
) 1,]
1
3 Z(Z, ei)(Z,ej)(Z,ex)DiDj Dy + -+ - .

i,k
We denote (Z,e;) by Z;, so we may write (Z,e;){Z,ej)D;D; as Z;Z;D;D;
and furthermore D?2 = >.,;2iZiDiDj as (Z ® Z,V ® V), , DY =
(Z®" V@) and so on.
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Lemma 3.1. For any k € N, we have
1 1
&7 (Ha, / ey W) - Hy ( / emy W)
0 0

_ Dz (Hnl(/o émldW)> ...gPz (an(/o émde))

Proof. First note that the equation (3.1) is equivalent to

(3.1)

(3.2)
ni+-+ng 1

3 %<Z®l’v®l>(Hn1(/OlémldW)“'an(/o émde)>

=0

1 ng 1
1
= E (Z®h, v m(/ Emy dW) -+ Y — (2% VO H, (/ Em dW).
11=0 ll 0 1.=0 lk 0
1= k
Fixing [, -- -l such that I; < nq, -+, < ng, it suffices to prove that the

coefficients of
Ve H, Vo2 Hyy - VO H,,,

of the left-hand after applying Leibniz rule correspond to those of right-hand.
The coefficients of the left-hand are the following.

1 Lh+l+- -+ lo 4+ 1k I3
(lh+ 1o+ + 1) L lo k)"

This is equal to m, so we get (3.2). O

Proposition 3.2. For f € P, we have
(3.3) PZ(fW)=f(W+2).

Proof. Slnce ¢P7 is linear and by Lemma 3.1, we only prove in the case of
fW) = fo ¢:(s)dWy), that is, it suffices to show

eDz (Hn( /O 1éi(s)dWs)) 1, < /0 o)W+ (2 ez-)) |

By the definition, we have
1
< ) (Z, e H, k(/ éi(s)dWW).
0

gDZ<H(/€1 dW)z

For this, apply Hy(z +y) = > p_o (3) Hnk(z)y*, then we get (3.3). O

OM:
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3.2. The operator LTZl . To prove Maruyama-Girsanov formula, we addi-
tionally introduce a sequence {LZ} of new operators associated with Z as
follows. For any n € N, Lﬁ is defined by Lg = id and

3 17=-3 ({)iur ([ 20w, 1213 ) 0%, e

k=1
where the polynomials fIn(:c, y), n =1,2,---  are defined by means of the
formula
A - A"
e’ y _ZFHn(xvy)
n=0

With this notation, the Hermite polynomials we have used so far are can be
written as

H,[z] = Hy(z,1).
Theorem 3.3. For any F € P, we have

oo 1 P -
(3.5) E[nz:% anF} - E[E(/OZ(s)dW(s))l F]
Proof. Tt suffices to show
1
(3.6) E{LﬁF} - E[Hn(/ Z(s)dWs, ||Z||§f) F}
0
for each n € N and F' € P. If we can prove that

1) E[L(e( [ fawn)] = £[m( / 2(s)aW.. 121 ) - £( [ Fawy]

for arbitrary f € 2, then (3.6) is deduced. In fact, for a finite orthonormal
system {e1,- - ,en}, take f:= Aje; + - Apen for Ay, -+ . Ay € R. Then,

/de)1 = Hé’ /eZdW
:i% NI ,Hw ol [ e,
N=0

and we notice that ZJOVO—O ay where

ni gy 1 ifN=0
Z nl!---n IH)\ ”l/ (s)dW (s ))] { 0 otherwise

n1te g =N

CLN:E

is absolutely convergent. This means that (3.6) is valid for arbitrary mono-
mials and hence for all polynomials.
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So, let us prove (3.7). First we note that

E{Lg (5(/f'dW)1)]

n 1

= B[t (D) i [ 2w 1213 ) ke [ fawn)

k=1

where H,,(s) denotes H,,( (J5 Z(u)dWy, [y Z(u)?du) and H, := H,(1). Since
DiE([ faW)y = (f,e))€ fdel Wehave

EL,ZL /de1

— B¢ / faw), fj(—n’“*l (”)szz o Zifren) (e }
Ble( [ jaw), ’f“( )Hn_k<z, il

We will use the following formulas to obtain (3.7) which will complete the
proof;

/ Hn 1 S)dW

5(/de)t — 1+ /Otg(/de)Sf(s)dW(s),

and
(3.8) d(H,,&( / FAW))s = nH,_y( / fdW)sf

As a first step we have
/ $)dW, / )2ds) / faw),]
=E[n /0 A, (s
+E / 1ﬁn (s)7 / 1 / ([fdw), f'(s)dW(s)}
/ H, o / fdw).f
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By Ito’s formula, we have

- 1)5(/de)1/01f(s
:Alﬁnl(s)g(/fdw)s ds+//f w)du d{H,_, 5/de

+ a martingale.

Then by using (3.8), we have
1
I:Enﬁn W& /de /f Z sds]
n(n — 1/f /f dang /de ds

- E{an L& /de (f, Z>}

Again we apply Ito’s formula to get
(e ( [Fawy(r,2)

—2/Hn2 /de /f wdu £(s)Z(s)ds
/ /f(u n_2,5 /de )s + a martingale

and by usmg (3.8) again, we obtain

r=p["" Vg, ([fawnis.2y]

p W =2 [ e ffam iz [Fozwa

Hence we have

/ (s)dWs, / )2ds) / de =7

—E[an 15(/de) (f, Z>}
—E[ (”2 g, 25/de fZ)}

181

—I—E[n(n_ 12 n-2) /Of $)Z(s) /Of u Z(u)du}2 ﬁn_g(s)g(/de)Sds]
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By repeating this procedure until H «(8) in the integrand vanishes, we obtain

B, /O Z(s)aw.. /0 12(3)%) & / fdw),]

= B[e( [ faw{ (-1 (Z) (2, )1}

k=1
U

3.3. Passage to the Cameron-Martin-Maruyama-Girsanov formula.
From Proposition 3.2 and Theorem 3.3, we will give a new proof of Maruyama-
Girsanov formula in the case of f € P.

Lemma 3.4. As an operator acting on P,

i %Lf = exp { /OlZ(t)dW(t) - %/OlZ(t)zdt}(l —&bz),
n=1

k:l n:k
<1, &1 L, L2 ®k
= 1= 35 (3 et [ Zawte). [ 2(s2a)) D%
k=1 0 0 0
. > ]_ ®k
=1=&([2dW) ) D%
k=1

OJ

Corollary 3.5 (Cameron-Martin-Maruyama-Girsanov formula). For f €
P, the following formula holds

(3.9) E[g( / ZdW); f(W - /O Z(s)ds)] - E[ f(W)].
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Proof. By Lemma 3.4, we have

(3.10) E{i %Ln (f(W))}

= B[f(w) - /ZdW kz:: kl )+ 5(/Z‘dW)1f(W)}
= E[7W) — ( [2aw)a-2 7 w) + & / Zaw),f(w)]

-y :f(W) . 8(/ZdW)1f(W - /O.Z'(s)ds) + 8(/Z'dW)1f(W)} .
Then by Theorem 3.3, we obtain (3.9). O

4. ANOTHER ALGEBRAIC PROOF FOR CMMG FORMULA.

As we have mentioned in the introduction, we give an alternative proof
which is “purely” algebraic in the sense that we do not use stochastic calculus
essentially, though we restrict ourselves in the case of piecewise constant
(=finite-dimensional) case.

Let F = {Fi}o<t<1 be the natural filtration of #'. Let us consider a
simple F-predictable process

23
(4.1) 2w, t) = 22z (w) Lt 1(t)
k=1
where zi, k = 1,---,2% are Fr_1- measurable random variables. Define
25

ol e M, k=1,---,2° by

t
on(t) = 25/2/ Lk i](u)du.
0

258 198

We will suppress the superscript s whenever it is clear from the context.
Clearly,

(4.2) Dy, F =0

for any F_1-measurable random variable F'. Put
28

D, := 2Dy, and D7, = 2, D_ ,

2k
fork=1,.---,25.
Lemma 4.1. For any n € N and f € P, we have

(4.3) D2 f = %Dy, - 2Do, [ = D5, f

-~

n times
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and
(4.4) (D;)"f = 2Dy, - 2Dy, f = 2,(D, )" f

-~

n times

Proof. These are direct from the following “commutativity”:
Do, (2if) = ziDo, f, and D, (zif) = zi D5 f, ifi <]
for differentiable f. These follows since Dy, (z;) =0. L]

Define the exponentials as

1
Dz, . _
ek _Zﬁ T k=12 , N
n=0
and
|
D *
ek :ZE( ) k=1,2,--N
n=0
formally. By Lemma 4.1 we have
0 Zn
D, _ k
€ k_ZH Zk
n=0

and thus we can include P in the domain of eP# .

Let us introduce a subspace Py of P, which consists of polynomials
with respect to {[e;](w)}, where {e;} is the Haar system. Note that Py
is also characterized as all the polynomials with respect to {[o}](w) : k =
1,---,2% s € N}

The following is a main result in our program.

Theorem 4.2. (i) For any F € Py, we have

(4.5) ePs ... ePa P(w) = F(w + /0. z(w,u) du).

(i4) For any F(,_1)/2s -measurable random variable F,
(4.6) P F = FePar (1),

In particular, the function F is in the domain of P Furthermore, we
have

(4.7) P22 e (1) = exp { /01 z(w, s)dw(s) — %/01 z(w,s)2ds},

1) Fix k € N. Let F € P and let G be an arbitrary F(,_1)/9s -measurable
(k—=1)/2
integrable function. Then

(4.8) E[eP= (F)G] = E[Fe”= (Q)).
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Proof. (i) First, notice that F' € Py is always expressed as a linear combi-
nation of Hi:l F}., where each F} is a polynomial in

l—1 1 k—1 k
t .
(4.9) {iotio): (3] < (53]
so that we can assume that F' is of the form
N 2%
F =3 1] F
i=1 k=1

where each F},; is a polynomial in (4.9). By Proposition 2.2 and the defini-
tion of D,, , we have

Fy; =
oD E7i(w) _ { k,l(w + zk0r) (I =Fk)

Fpi(w) (L # k).
Then by Lemma 2.1,

25
ePzx H Fri(w) = Fi(w + ziog) H Fpi(w).
I=1 I#k
Since zj, is Fy, -measurable, we also have, if j > k,

25
eDzj eDzk H FM(w)
=1

— D% Fk,i(w + zkak)eDzj H Fl,z‘(w)

I#k
= Fyi(w + 250p) Fji(w + z505) H Fri(w).
15,k
Then, inductively we have
25 25
el el H Fri(w) = HFz,z'(w + z01),
=1 =1

and by linearity we obtain (4.5) since

A t
zi(w)oy(t) = | z(w,u)du.

(ii) Noting that D,, F' = 0 for F{;_1)/9s - measurable random variable F,
we have

D} F = zp{~Dyy + 2°/*(wyj2s — w(p_1)/25 )} F
= szQS/z(wk/QS — W(—1)/2s) = FD7 (1)
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since zj, is also F(,_1)/9s-measurable. Inductively, we then have
(DZ)"F = F(D;,)"(1),

and hence we have (4.6), which in turn implies (4.7). In fact, we have by

induction
DZQS ... e Zl H{e Zk
Dz D*

since e *k-1 ... e"=1(1) is F(j_1)/2s-measurable for any k, and for each i =
1,2,---,2% we have

]

o0

D* 1)—22—;:Hn[/0 O'k(t)dwt]

(P
n=0
1
{ w) 252 (wy, s — Wik_1)/25) — 5%(“02}-

(iii) Since F' is a polynomial,

sz ZkD’n

for some M € NU{0}. Therefore, the left-hand-side of (4.8) is rewritten as

M

> ! B[ D}, F -G

n= O
Since zj, and G are F(_1)/s-measurable, we have, for n < M
E[{ D}, F-G] = E[F - (D, )"2}C]
= E[F - z;(D;,)"G] = E[F - (D,)"G].

The relation is valid for n > M since
1
(D3,)"G = G(D3,)"(1) = GH,( [ on(t) duy),
0

and the degree of F' as a polynomial of fo oy (t) dwy is less than M, we have
Elz; Dy F -Gl = E[F - D;'G] = 0.
Thus we have
=1 =1
E| aDsz'G] =E| aF-DZkG],
n=0 n=0

which is the desired relation. Ol
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Remark 4.3. (i) We do not assume smoothness for F' in (4.6). (ii) In (4.5)
and (4.7), the order of application of the operators is important. If it is
changed anywhere, neither holds anymore.

By using the above algebraic results, we can prove the following

Corollary 4.4 (Cameron-Martin-Maruyama-Girsanov formula). For a sim-
ple predictable z in (4.1) and F € Py, it holds

E[F(w — /0' z(w, u) du) exp { /01 z(w, t) dwy — %/01 |z(w, t)? dt}
= E[F].

(4.10)

Proof. As a formal series, we have
ePere Pz = 1,
for k=1,---2% Then, for F' € Py, we have
F=ePaePap
and since e~P=1 F' is a polynomial, by Theorem 4.2 (iii), we have
E[F] = E[eP=1e P F)
(4.11) N o
= Fle” " F-e = (1)].

Inductively, since
e0 e £ (€)

still is a polynomial in
[—-1 1 k—1 k
t ) _ - - X
{[Ol](w) ( ot ’2t:| C ( 9s 725:|}7

eD:kfl e eD::[ (1)

and

is F(r_1)/2s-measurable, we have
(4.12) _ E[epzk P L AT ---eD:1(1)]
= EBle P .. Pap. P ePR(1).

Combining this with (4.5) and (4.7) in Theorem 4.6, we have the formula
(4.10). O
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APPENDIX A. CONTINUITY OF THE TRANSLATION

The following lemma extends the translation on the dense subset of poly-
nomials to an operator on L, to L,, and hence ensure the MG formula (4.10)
for any bounded measurable F.

Lemma A.1. Let z be a predictable process as (4.1). Suppose that

(A1) E lexp {c/olz(t)zdt}] < o0

for some ¢ > 0. Then, for p € [1,00), there exists q € (p,00) and a positive
constant C, such that

leP=e e PR, < G||F
for any F € Py.
Proof. We will denote Z := [ z(t) dt and

£(2) = exp {/Olz(t) duw(t) — %/Olz(t)zdt} |

Let n > 1 be an integer and p < 2n. By Holder’s inequality,
E(|F (w - Z(w))P] = E ||F (w — Z(w))" {£()} F{£(2)} %]

< BIFtw - 2)P¥ e EE]F B [y Es]

2n—p

B [|P(w- Z(w))!2”5(2)]% E [{g(z)}—gﬁp} o

Since F'is a polynomial, so is | F|?". Therefore, we can apply the MG formula
for polynomials (4.10) in Corollary 4.4, to obtain

b P
E[|F(w— Z(w))["E(2)] > = E [|[F|**] " = ||F|5,.
Now it suffices to show that
(A.2) E [{5(z)}—ﬁ] < 0.

Let us denote L; := fg z(u) dw(u). Then (L); = fot z(u)? du. Now, since we
have

R e e ]

2n —p (2n —p

o] (5 * <2np—2 o) B
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by Schwartz inequality we have

E[{£(2)} 77 |
= leXp {_ 2n21—) . (27%21—)219)2 o H :

ol () o))

2 2
Clearly, (an_p) + (2n€p)

n to have the estimate (A.2) by using the assumption (A.1). O

> — 0 as n — oo, and hence we can take large enough

Remark A.2. By a similar but easier procedure we can also prove a continuity
lemma, for eP? with 6 € 7, to extend (2.9) in Corollary 2.7 to obtain a full
version of CM formula.
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