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SOME REMARKS ON LUCAS PSEUDOPRIMES

NORIYUKI SUWA

ABSTRACT. We present a way of viewing Lucas pseudoprimes, Euler-
Lucas pseudoprimes and strong Lucas pseudoprimes in the context of
group schemes. This enables us to treat the Lucas pseudoprimalities
in parallel to establish pseudoprimes, Euler pseudoprimes and strong
pseudoprimes.

Introduction

Let p be a prime > 2. Then, as is well known, we have the following
assertions:

(1)(Fermat) If @ is an integer prime to p, then a?~! =1 mod p;
(2)(Euler) If a is an integer prime to p, then o7 = (%) mod p;
(3) Put p — 1 = 2°m with (m,2) = 1. If a is an integer prime to p, then
either ¢ =1 mod p or a?"™ = —1 mod p for some k < s.

These facts provide us with a convenient way to prove that an odd integer
n is composite. That is to say, n is verified to be composite if a statement
fails for n among those above mentioned. The repeated squaring method
is very effective to perform the required exponentiation. In particular, the
assertion (3) is a basis for the Strong Probale Prime Test or the Miller-
Rabin Test ([8],[10]), which is recognized as rapid and accurate enough to
generate an industrial-grade prime ([3, Ch.III, 5]). Examining the accuracy
of probable prime tests, we arrive at the notion of pseudoprimality.

Let n be an odd composite and a an integer prime to n.
(1) n is called a pseudoprime base to a if a”~' =1 mod n;

(2) n is called an Euler pseudoprime base to a if R (2) mod n;
n
(3) Put n—1 = 2°m with (m,2) = 1. Then n is called a strong pseudoprime

base to a if either ™ =1 mod n or 2™ = —1 mod n for some k < s.

Besides the Miller-Rabin Test, there are proposed several probable prime
tests and defined several notions of pseudoprimality. In this article, we re-
formulate Lucas pseudoprimes, Euler-Lucas pseudoprimes and strong Lucas
pseudoprimes in the context of group schemes. It would be profitable to

Mathematics Subject Classification. Primary 11Y11; Secondary 14L15.

Key words and phrases. primality test, group scheme.

Partially supported by The Research on Security and Reliability in Electronic Society,
Chuo University 21st Century COE Program.

1



2 NORIYUKI SUWA

view these pseudoprimalities using the language of group schemes because
the ideas then seem much clearer, to use a phrase at the beginning of [3,
Ch.III, 6]: it is profitable to view this pseudoprime construct using the lan-
guage of finite fields, not just to be fashionable, but because the ideas then
seem less ad hoc. It would narrow a way to reject the language of group
schemes though it is not so popular yet. We use here only elementary facts
on affine group schemes, for example, the contents in the first two chapters
of the introductory book [Waterhouse, 13].

The main result is stated as Theorem 3.4, and the following assertion is
the key for our argument.

Corollary 2.8. Let P, (Q and D be non zero integers, and let n be an odd
integer > 1 with (n,DQ) =1 and P? —4Q = D mod n. Put

D+2Q P
e=( vt 2Q> € U(D)(Z/nZ).
Then:
(1) n is a Lucas pseudoprime with respect to (P, Q) if and only if €*=5(") =T
in U(D)(Z/nZ);
(2) n is an Euler-Lucas pseudoprime with respect to (P,Q) if and only if
either (%) = 1 and 6%(71) =1, or (%) = —1 and 5%(71) = —1I in
U(D)(Z/nZ);
(3) n is a strong Lucas pseudoprime with respect to (P,Q) if and only if
¢m =1 or &2"™ = —T for some k < s in U(D)(Z/nZ). Here n—e(n) = 2°m
with (m,2) = 1.
(A definition of U(D)(Z/nZ) is mentioned in 2.1. We denote by I the unit
of the group U(D)(Z/nZ).)

Now we explain the organization of the article. The description is expos-
itory and self-contained for the reader’s convenience. In the Section 1, we
recall elementary facts on Lucas sequences and the definition of Lucas pseu-
doprimes, Euler-Lucas pseudoprimes and strong Lucas pseudoprimes. In the
Section 2, we introduce some affine group schemes and refomulate the Lucas
pseudoprimalities by the language of group schemes. The main theorem is
stated in the Section 3, and proved in the Section 4. It should be mentioned
that the main theorem is a reformulation of results in the preceding works
[1], [2], [15] except the formula for |Begys,|. However it would be allowed
to emphasize that the arguments in the preceding works are unified by the
language of one-dimensional tori. In the Section 5, several consequences are
presented for the main result.

We conclude the article, mentioning relations between Lucas pseudo-
primes and Frobenius pseudoprimes defined by Grantham ([4], [5]) in the
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Section 6. For example, the following assertion would reveal a part of inter-
esting relations among various pseudoprimalities, some of which Grantham
investigated in [5].

Proposition 6.7. Let P, Q be integers # 0 with D = P? — 4Q not a
square, and let n be an odd composite with (n,DQ) = 1. Assume that
n is a Frobenius pseudoprime with respect to (P,Q). Then n is an Euler

pseudoprime to base Q) if and only if n is an Euler-Lucas pseudoprime with
respect to (P, Q).

It would be worth while to verify in our context the probable prime tests
proposed by Kida [7], to examine the deterministic prime tests proposed
by Gurevich-Kunyavskii [6] and to analyze the Frobenius pseudoprimalities
defined by Grantham [4], [5]. We refer to original papers [1], [2], [4], [5], [15]
and monographs [3], [11] for further topics on the Lucas pseudoprimalities,
for example, the distribution of Lucas pseudoprimes and the accuracy of
probable prime tests related with the Lucas pseudoprimalities.

Notation
.- . . . a
For a positive odd integer n and an integer a prime to n, (—) denotes
n

the Jacobi symbol.
Gpm,z: the multiplicative group scheme over Z
Gp, U(D): defined in 2.1
Bipsp(n, D)y Begpsp(n, D)y Bsgpsp(n, D): defined in 3.3
Bpsp(n), Bepsp(n), Bspsp(n): defined in [9] and recalled in 3.7

For a group scheme G and a commutative ring R, G(R) denotes the
group of R-valued points of G. In particular, R* = G,,(R) stands for the
multiplicative group of invertible elements of R.

1. Recall: Lucas pseudoprimalities

In the section, we fix non-zero integers P, Q with P? — 4Q # 0 and put
D = P? — 4Q.

Definition 1.1. Let P, Q be integers # 0, and put D = P? — 4Q. We

assume that D # 0. Let «, 8 denote the roots of the quadratic equation

t? — Pt + Q = 0. We define sequences {Up, },,>0 and {V,,}n>0 by

a — Bn
—p

The sequence {U,}n>0, {Va}n>o are called Lucas sequences associated to

(P,Q)

The following assertions are verified immediately from the definition.
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(1) Up=0,U; =1, Upya — PUpq +QU, =0, Vy =2,V =P, Vigo —
PVyi1+QV, =0.

(2) V2 — DU2 = 4Q".

(3) 2Vpam = Vi Vi, + DUL U, 2Up i = U Vi + ViU,

In particular,

1
(4) Van = 5(Vii + DUR) = Vi = 2Q" = DU +2Q", Uzn = Un V.
Moreover, the following assertion is concluded readily from the recurrence
relations (1):

(5) Let p be a prime, and assume that p | Q. If p | P, then p | U, and p | V,,
for any n > 1. On the other hand, if p { P, then p t U,, and p {1V, for any
n > 1.

Lemma 1.2. Let n be an odd integer > 1 with (n,D) = 1. If there exists
k > 1 such that U, =0 mod n, then n is prime to Q).

Proof. Assume that (n,Q) > 1. Let p be a prime divisor of (n,Q). By
1.1(5), if p 1 P, then p t Uy for any k& > 1, which is a contradiction to the
assumption. On the other hand, if p | P, then p | D, which is a contradiction
to (n,D) = 1.

The following statement is well known.
Theorem 1.3. Let p be a prime > 2 with p{ DQ. Then:

D
(1) If (—) =1, thenU,—1 =0 mod p and V,_1 =2 mod p. Furthermore,
b

Up-1 =0 mod p if and only if (9> = 1. Moreover, Vp-1 = 0 mod p if
p 2

2

and only if <9> = —1.
p
D
(2) If (—) = —1, then Upy1 = 0 mod p and Vpy1 = 2Q mod p. Fur-
p
thermore, Upt1 = 0 mod p if and only if (%) = 1. Moreover, Vpr1 =0
2 2

mod p if and only if (Q) = —1.
p
Notation 1.4. For an odd integer n > 1 with (n,D) = 1, we put €(n) =

(%)

Definition 1.5.([2, sec.1]) An odd composite n is called a Lucas pseudo-
prime with respect to (P, Q) if (n,D) =1 and U,,_.(;;) =0 mod n.
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By Lemma 1.2, if n is a Lucas pseudoprime with respect to (P, @), then
n is prime to Q.

Definition 1.6.([2, sec.3]) An odd composite n is called an Euler-Lucas

pseudoprime with respect to (P, Q) if (n, DQ) = 1 and either (9) =1,
n

Un—cny =0 mod n or (Q> =—1, Vacetny =0 mod n.
—z n —z

By the formula (4) in 1.1 and Lemma 1.2, we obtain the following asser-
tion:
Proposition 1.7. Ifn is an Euler-Lucas pseudoprime with respect to (P, Q),
then n is a Lucas pseudoprime with respect to (P, Q).

Lemma 1.8. Let p be a prime > 2 and p{ D. Let p — e(p) = 2°m with
(m,2) =1.Then Uy, =0 mod p or Vor,, =0 mod p for some k < s.
Proof. Combining the formulas U,,V,,,Vap, - - - Vas—1,,, = Ussy, and Uss,, =

Up—e(p) =0 mod p, we obtain the result.

Definition 1.9.([2, sec.3]) An odd composite n is called a strong Lucas
pseudoprime with respect to (P, Q) if either U,, = 0 mod n or Vi,, = 0
mod n for some k < s. Here n — e(n) = 2°m with (m,2) = 1.

Proposition 1.10.([2, Th.3]) If n is a strong Lucas pseudoprime with re-
spect to (P, Q), then n is an Euler-Lucas pseudoprime with respect to (P, Q).

Proposition 1.11. Let n be an odd integer > 1 with (n,Q) = 1. Assume
that D 1is a square. Then there exists a € Z such that fa = o mod n. Fur-
thermore, if n is a Lucas pseudoprime (resp. an Euler-Lucas pseudoprime,
a strong Lucas pseudoprime) with respect to (P, Q), then n is a pseudoprime
(resp. an FEuler pseudoprime, a strong pseudoprime) to base a.

Proof. By the assumption, we have (a,n) = (8,n) = 1 since af = Q. To
verify the last statement, it is sufficient to note that

U,=0 modn < akzﬁk modn < o =1 mod n;

k _ k _

V=0 modn & « —B* modn & a —1 mod n.

2. Group schemes Gp, U(D) and G p)

Throughout the sections hereafter, we fix a non-zero integer D. For an

D
odd integer n prime to D, we put €(n) = (—) . We adopt standard notations
n

in [13] concerning to affine group schemes.
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Definition 2.1. Let D € Z, and put
Ap =Z[t)/(t* - D),

1

GD = H Gm7AD = SpeCZ[X,Y, m]

Ap/Z
The group law of Gp is given by
A (X)) » (X @X+DYRY,X®Y +Y ®X),
e: (X,Y)~ (1,0),
X -Y
XT_Dve X pve)
Furthermore, a homomorphism of affine group schemes

S:(X,)Y)— (

1
Nr: Gp = SpecZ[X,Y, — Gz = SpecZ[T, ?]

X2-py?
is defined by
1
Xz_py?!
Put now U(D) = Ker|Nr : Gp — G, z]. More precisely,
U(D) = SpecZ[X,Y]/(X? — DY? — 1),

and the group law of U(D) is given by

A (X)Y)» (X@X+DYRY, XY +Y ® X),

e: (X,Y)— (1,0),

1
T+ X?—DY?:Z|T, 7 2 ZIXY,

X -Y )
X2 _DY?2 X2 _DY?/
1
The group scheme U(D) is a torus over Z[E .
1
In fact, put A = Z[\/E, @] Then an isomorphism of group schemes

S:(X,Y)— (

over A
U(D)a = Spec A[X,Y]/(X? = DY? — 1) = G4 = Spec A[U, %]
is given by
U X +VDY : AU, %] — A[X,Y]/(X? - DY?-1).
Furthermore the sequence of group schemes

0—>U(D)—>GD£>Gm,Z—>O
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is exact over Z|—|.
55

For the convenience, here is given a more concrete description of 2.1.

2.2. Let R be a commutative ring. Then we have
Gp(R) = (R[t]/(t* — D))" = {(a,b) € R?; a* — Db* is invertible in R},
and the multiplication of Gp(R) is given by
(a,b)(a’,b") = (aa’ + DbV, ab/ + a'b).
The unit of Gp(R) is given by (1,0), and we have

_ a b
(a,0)7 = <a2—Db2’_a2—Db2)'

Furthermore, for n = (a,b) € Gp(R), we have
Nr(n) = a® — Db?,
and
Up(R) = Ker[Nr : Gp(R) — G,,(R) = RX] = {(a,b) € R?; a* — Db = 1}.

Notation 2.3. Let R be a commutative ring. We shall denote the unit
(1,0) e U(D)(R) € Gp(R) by I. For n = (a,b) € Gp(R) and ¢ € R*, we
denote (ca,cb) € Gp(R) by cn. In particular, (—a, —b) € Gp(R) is denoted
by —n.

Let £ € U(D)(R) and ¢ € RX. Then c¢ € U(D)(R) if and only if ¢* = 1.
2.4. The correspondence ¢ + ¢l defines an embedding of multiplicative

groups ig : R* — (R[t]/(#* — D))*. The map ig is represented by the
homomorphism of group schemes

. 1 1
7. Gm,Z = SpeCZ[T, T] — GD = SpeCZ[X, Y, m]
defined by
1 1

A homomorphism of group schemes

v :Gp = SpecZ[X,Y, | = U(D) = SpecZ[X,Y]/(X?*—~DY?-1)

X2 - DY?
is defined by

X?+DY? 2XY )
X2 - DY? X2 - DY?

Z[X,Y]/(X? — DY? - 1) = Z[X,Y,

(X,Y) (

1
X2 — DYQ]'
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The sequence of group schemes
0 — Gz —— Gp - U(D) — 0

1
is exact over Z[——]. Furthermore the composite of the embedding U (D) —
Gp and v: Gp — U(D) is the square map.

1
An endomorphism o of group schemes Gp = SpecZ[X,Y, m] is
defined by
1 1
<X7Y> = (Xv_Y) : Z[Xa Y, X2 _ DYQ] - Z[X7Y7 X2 DY2]

Let R be a ring and n = (a,b) € Gp(R). Then we have o(n) = (a, —b).
By convention we denote o(n) also by 7. It is readily seen that n7 = Nr(n) I.
Furthermore, we have

a? + Db? 2ab
— — N -1,2 _ ——1‘
v(n) <a2 R DbQ) r(n)” n° =nq

Lemma 2.5. Let R be a commutative ring and n € Gp(R). Then:
(1) v(n) =1 if and only if n = n.

(2) v(n) = —1I if and only if § = —n.

Proof. The assertion is a direct consequence of the formula v(n) = ni~ .

Example 2.6. Let P, Q be integers # 0 with D = P2 — 4Q # 0. Let
{Un}n>0, {Va}n>0 denote the Lucas sequences associated to (P, Q). Then
Vi U 1
Yk Tk 7
(5%) € Onllzg)
since V,f — DU,? = 4Q". Moreover, we have
(E @) (ﬁ @) _ (Vk—f—l Uk—H)
27 2 272 2 7 2

in Gp(Z|=—=]). In particular,

Vie Ugy (Vi Ui\t (P 1\k
(7’7) - (7’7) - (§’§> '
Furthermore, we have
Vi Up\ _ (VZ2+DUE 2ViU,\ [ Vo, Uy
(7’7) _< 4QF 7 4AQF )_ (Wﬁ)

1
2Q

and therefore,
k k
(a0r300) = (3536) = (Tag20)
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1
50))

Lemma 2.7. Let P, (Q and D be integers # 0, and let n be an odd integer
> 1 with (n,Q) =1 and P? —4Q = D mod n. Put

- (D +2Q P

S\ 2Q 20

in U(D)(Z]

) € U(D)(Z/nZ).

Then:

(1) Up, =0 mod n if and only if ¥ = I in U(D)(Z/n7Z);

(2) Vi =0 mod n if and only if & = —I in U(D)(Z/nZ).

Proof. Put n = (P/2,1/2) € Gp(Z/nZ). Then we have £ = y(n). Combin-
ing Lemma 2.5 and the equality n* = (V4/2,Ux/2) in Gp(Z/nZ), we can
obtain the result.

Corollary 2.8. Under the notation above, we assume that (n, DQ) = 1.
Then:

(1) n is a Lucas pseudoprime with respect to (P, Q) if and only if €5 =T
in U(D)(Z/nZ);

(2) n is an Euler-Lucas pseudoprime with respect to (P, Q) if and only if

n—e(n) n—e(n)
2

either (Q) =1and &2 =1 or (Q) = —1 and &
n n

U(D)(Z/nZ);

(3) n is a strong Lucas pseudoprime with respect to (P, Q) if and only if either

¢m =T or &2 = T for some k < s in U(D)(Z/nZ). Here n—e(n) = 2°m

with (m,2) = 1.

Remark 2.9. Let P, Q be integers # 0 with D = P? —4Q # 0. Put

n = (g%) and £ = (1) = (P;;Q’%)'

= —1 in

Then:
(1) @* =1 mod n if and only if n?* = ¢*.
(2) @* = —1 mod n if and only if n?* = —¢F.

We conclude the section, giving a description on the group U(D)(Z/p*Z)

for a prime power p®. Corollary 2.11 has an importance in the proof of the
main theorem.

Lemma 2.10. Let p be a prime with (p,2D) = 1. Then the sequence
0 — Ker[U(D)(Z,) — U(D)(F,)] = U(D)(Zp,) — U(D)(F,) = 0

is a splitting exact sequence, and Ker[U(D)(Z,) — U(D)(F,)] is isomorphic
to the additive group Z,. Moreover,
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D
(1) If (5) =1, then U(D)(F)) is a cyclic group of order p — 1.
D
(2) If (—) = —1, then U(D)(Fp) is a cyclic group of order p+ 1.
p
D
Proof. 1f (—) = 1, then U(D) ®z Z, is isomorphic to the multiplicative
p

On the other hand, if (2> = —1, then we have
p

U(D)(Zp) = {a € Zy[VD]* ; Nrgy /)0, (@) = 1}
Let a € pZ,. Then we have

expaV'D € 1+ pZ,[VD]
and

Nr@p(@)/(@p(exp avD) = 1.

Moreover the correspondence a — exp ayv' D gives rise to an isomorphism of
groups

pZyp = Ker[U(D)(Zy) — U(D)(F,)].
On the other hand, we have
U(D)(F,) ={a € IEqp(\/ﬁ)x ; Nr]Fp(\/B)/IFp(O‘) =1}

Hence U(D)(F,) is a cyclic group of order p + 1. Futhermore, since the

quadratic extension Q,(v/D)/Q, is unramified, the Teichmiiller lifting gives
a section of the reduction map U(D)(Z,) — U(D)(F,).

Corollary 2.11.([1, Th.3.1]) Let p be a prime with (p,2D) = 1 and « a
positive integer. Then:

D

(1) If (—) =1, then U(D)(Z/p“7Z) is a cyclic group of order (p — 1)p®~1;
p
D

(2) If (—) = —1, then U(D)(Z/p®Z) is a cyclic group of order (p+1)p*~1.
p

Notation 2.12.([1, Sec.2]) For a positive integer n with (n,2D) = 1, we

define
1 ifn=1
eo) =N (D)@ /mz)| 0> 1.
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If (n,m) =1, then pp(nm) = pp(n)pp(m). Moreover, if p is a prime, then

D
(p-1p*t i (=) =1
vp(p*) = g
(p+1)pet if (—) ~ 1.
p
Hence, if D is a square, ¢p(n) is nothing but the Euler function ¢(n) for n
with (n,2D) = 1.

Remark 2.13. (cf. [14]) Let D be an integer # 0. Then an affine group
scheme G (p) is defined by
G(py = SpecZ[X,Y]/(X* = DY? -Y)

with the group structure:

A X—XR14+410X+2DX QY +2DY ® X,

Y—=Y®1I+1Y +2DY ®Y +2X ® X,

e: X—0,Y—0,

S: X—-X,Y~—Y.
The group scheme G p) is smooth over Z.

A surjective homomorphism of group schemes

B:Gp = SpecZ[X,Y, — G(py = SpecZ[X,Y]/(X*~DY*-Y)

X2 - DYQ]
is defined by

XY y?
X —— Vi
T xXz_pv2 ' T xX2_Dye
1
ZIX.Y/(X?—-DY?-Y ZIXY — .
(X, Y]/( ) = Z[X, ,XQ_DW]
Moreover,
1 1
X=T YV—=0:ZIX)Y, ——1/(XY.Y? = Z[T, =
) [ ) ’X2_DY2]/( b ) [’T]

gives rise to an isomorphism
1
Gm,z = SpecZ|[T, f]

N 1
— Ker[8: Gp = G(p)] = SpecZ[X, Y, m]/(

Furthermore, a homomorphism of affine group schemes

XY, Y?).

a: G(py = SpecZ[X, Y]/(X? - DY?-Y)
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— U(D) = SpecZ[X,Y]/(X? - DY? - 1)
is defined by

X—=2DY +1, Y —2X:
Z[X,Y]/(X?* - DY? - 1) = Z[X,Y]/(X? — DY? - Y).
1

Hence o : G(py — U(D) is an isomorphism over Z[@]

The homomorphism v : Gp — U(D) is nothing but the composite of
ﬁ : GD — G(D) and o : G(D) — U(D)

It would be suitable to define the function ¢p(n) by

=1 ifn=1
PTGy @ /)| it > 1.

since the reduction map G(py(Z,) — G(py(Z/p“Z) is surjective for any
prime p and any a > 1. This definition respects Arnault [1] since the
homomorphism « : G(py — U(D) is isomorphic over Z/nZ with (n,2D) = 1.
Moreover, if p is a prime divisor of 2D, then we have ¢p(p*) = p*.

It is also verified that:
(1) If 24 D, then G(py(Z/2°Z) is isomorphic to Z/2Z x Z./2* ' Z;
(2) If D = —3 mod 9, then G(p)(Z/3*Z) is isomorphic to Z/3Z x Z./3* 1 Z;
(3) If p is a prime divisor of D, then G(py(Z/p*Z) is isomorphic to Z/p*Z
except the case (2).

3. Statement of the theorem

Notation 3.1. Let D be an integer # 0 and p a prime > 2 with (p, D) = 1.
For ¢ € U(D)(F,), we define a symbol [é] by
p

¢ 1 £ 5p—;(p) s
[2_7] = p—<(p)

-1 if& =2 =-1.
We have gotten an exact sequence

1 — {*I} — U(D)(F,) "5°U(D)(F,) i {+1} — 1.

since U(D)(F,) is a cyclic group of order p — e(p). Moreover, let n be an
odd integer > 1 with (n, D) = 1. For £ € U(D)(Z/nZ), we define a symbol

5o |
-1
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Example 3.2. Let D be an integer # 0 and n an odd integer > 1 with
(n,D) = 1. Let P, Q € Z. Assume that (n,Q) = 1 and P?> —4Q = D
mod n. Put
¢ = (D +2Q P )
SN 20 '2Q)°
As is noticed in Example 2.6, we have
ek — ( Vor, - Usg, )
2QF7 2Q% )"
Hence Theorem 1.3 implies that

5= )

for each prime divisor p of n, and therefore,
§1_ (@
L =G

We shall introduce notations after Monier [9].

Definition 3.3. Let D be an integer # 0 and n an odd integer > 1 with
(n,D) = 1. Let n — e(n) = 2°m with (m,2) = 1. We put:

Bpsp(n, D) = {& € UD)(Z/nZ) ; €=M =T},

_ H —land €57 = 1,
Beﬁpsp(nvD) = f € U(D)(Z/nZ) ) n £ n—e(n) ’
or H:—umdg >~

Batpsp(n, D) = {€ € U(D)(Z/nZ) ; €™ =1, or €' — _T for some k < m}.

We denote often ngsp(n, D), Begpsp(n, D), Bsgpsp(n,D) by ngsp, Begpsp,

Bgepsp, respectively, when (n, D) is fixed.

Now we can state the main theorem.
Theorem 3.4. Let D be an integer = 0 and n an odd integer > 1 with

(n,D) = 1. Let r denote the number of distinct prime divisors of n, and put
n —e(n) = 2°m with (m,2) =1 and v = minords(p — £(p)). Then:

pln
(1) @Zpsp 2 Beépsp 2 Bsﬁpsp-
(2) Bipsp ts a subgroup of U(D)(Z/nZ) and

|B£psp| = H(n - 5(”)727 - E(p))§

pln
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(3) Betpsp s a subgroup of U(D)(Z/nZ) and

( n—em )
2 (IS p ) ifs=v
pln
n — e(n) if s > v and
~ H(T,p —e(p)) ordyn =0 mod 2 for any
| Betpsp(, D)| = { bin p|n with ords(p — e(p)) < s
] (n) if s > v and
—c
2 H(%,p — 5(p)) ordpn =1 mod 2 for some
[ Pn p|n with orda(p — (p)) < s.
- v 1
(4) Bupssl = (1+ Z—) [T0m.p —=0)).
pln

Example 3.5. Let p be a prime > 2 and n = p®. Then ngsp = Begpsp =

Bgepsp and its order is equal to p —e(p). The first case of (3) occurs when «
is odd, and the second when « is even.

Remark 3.6. Let n be an odd integer > 1 and n — &(n) = 2°m with
(m,2) = 1. Since (m,2) =1, (=1)™ = —1I, and therefore {£I} C Bgpsp C
Beﬁpsp C Bﬁpsp-

Remark 3.7. Assume that D is a square. Put D = d?. Then an isomor-

1
phism of group schemes over Z[—]

2D

. _ 1 2 2
S: U(D)Z[%] = SpecZ[E][X,Y]/(X — DY —1)
~ 1 1
o sz[%] = SpecZ[E][U, E]
is defined by
1 1 1
X +dY : Z[—]||U, =] = Z[—][X,Y]/(X%? — DY? — 1).

Then for an odd integer n with (n, D) = 1, an isomorphism of groups 5 :
U(D)(Z/nZ) = (Z/nZ)* is given by £ = (a,b) — a+db. Moreover 5 induces
isomorphisms

Bﬁpw(”» D) — Bysp(n),

Be@psp(nv D) ; Bepsp(n)

and a bijection .
Bgepsp(n, D) = Bspsp(n).
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Here
Bysp(n) = {a € (Z/nZ)* ; a" ™t =1},
Bapsp(n) ={a € (Z/n2)* ;a7 = ()},
Bapsp(n) = {a € (Z/nZ)* =1, or a®™ = —1 for some k < m}.

Definition 3.8. Let D be an integer # 0. An odd composite n is called a
Carmichael-Lucas number to base D if n is prime to D and ngsp(n,D) =
U(D)(Z/nZ). The Carmichael-Lucas numbers to base 1 are nothing but the
Carmichael numbers.

Corollary 3.9.([15, Th.4]) A Carmichael-Lucas number is square-free. Fur-
thermore put n = p1p2 - - - p,, where p1,po,...,pr are distinct primes. Then
n is a Carmichael-Lucas number to base D # 0 if and only if r > 2 and

n —e(n) is a common multiple of p1 — e(p1),p2 — €(p2), ..., 0r — (py).
Proof. By (2) of Theorem 3.4, n is a Carmichael-Lucas number to base D
if and only if pp(n) = H(n —¢&(n),p — e(p)). Furthermore, by Corollary
pln
2.11, pp(n) = H(p —¢(p)) if and only if n is square-free. Therefore it is
pln

sufficient to note that H(p —e(p)) = H(n —¢e(n),p —e(p)) if and only if

pln
(p —e(p))|(n — e(n)) for each prime divisor p of n.

4. Proof of the theorem

Lemma 4.1. Let D be an integer # 0, n an odd integer > 1 with (n,D) =1
and d a divisor of n —e(n). Put

H = {¢ e U(D)(Z/n); € = T}.
Then H is a subgroup of U(D)(Z/nZ) and |H| = H(d,p —e(p)).

pln
Proof. Put n = p*pS?---pS, where p1,pa,...,p, are distinct primes, and
& = & mod p;' for each i. Then the correspondence & — (&1,62,...,&)
gives rise to an isomorphism

U(D)(Z/nZ) — U(D)(Z/p{'Z) x U(D)(Z/pS*Z) x -+ x U(D)(Z/p;" ).

We obtain the result, noting that Ker[d : U(D)(Z/p5'Z) — U(D)(Z/p;'Z))
is a cyclic group of order (d, p; —e(p;)) since U(D)(Z/p;'Z) is a cyclic group
of order ¢p(p') = (p; — e(pi))p® ! and d is prime to p;.
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Lemma 4.2. Let n be an odd integer > 1 and k an integer > 1. Put v =
m‘in ordy(p — £(p)). Then there exists &€ € U(D)(Z/nZ) such that ¢2* = —I
n

2'? and only if k <v—1.

Proof. Put n = p{'p5*---pSr, where p1,pa,...,p, are distinct primes. Let
¢ € U(D)(Z/nZ). Then we have £2° = —I if and only if £2" = —T mod P
for each ¢. There exists & € U(D)(Z/p5 Z) such that 52-2k = —TI if and only if
p; — &(p;) is divisible by 281 since U(D)(Z/p§Z) is a cyclic group of order
op(p§') = (pi —e(pi))p®~! and 2 is prime to p;. Hence we obtain the result.

Lemma 4.3. Let n be an odd integer > 1. Put s = orda(n — &(n)) and
v =minords(p — e(p)). Then we have s > v.Furthermore,

pln
s=v & Z ord,n =1 mod 2,
pln
orda(p—e(p))=v
S>>V & Z ord,n =0 mod 2.
pln

orda(p—e(p))=v
Proof. Let p be a prime divisor of n. Noting that

orda(p—e(p)) =v & p=e(p)+2° mod 2"1,
orda(p —e(p)) >v & p=e(p) mod ov+l

we obtain

n= H e(p)°rdem + ( Z s(p)ordpn) 2v

pln pln
orda(p—e(p))=v

=e(n) + ( Z ordpn) 2¥  mod 2",
pln
ordz (p—e(p))=v

Corollary 4.4. Let n be an odd integer > 1. Put s = orda(n —€(n)) and
v= mlin orda(p — e(p)). Then:
pln

(1) For any prime divisor p of n we have s < ords(p — &(p)) if and only if
s =v;

(2) There exists a prime divisor p of n such that s > orda(p — €(p)) if and
only if s > v.
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Corollary 4.5. Let D be an integer # 0 and n an odd integer > 1 with
(n,D) = 1. Put s = orda(n — e(n)) and v = minorda(p — e(p)). Let

In
¢ € U(D)(Z/nZ). Then: ’
(1) IFe2 " =1, then F] — 1

n
(2) If 2" = —1 and s > v, then [%] =1;
(3) If €2 = —I and s = v, then [%] =—1.

Proof. First assume that 521’71 = I. Then for each prime divisor p of n we

have
p—e(p)

— (52"_1) 2 =] mod p,

p—e(p)
2

§

which implies that [g} = 1. Hence we obtain the first assertion.
p

2V—1

Now we assume that & = —I. Then we have

Szofg(p) _ )1 modp iforda(p—e(p)) >v
| -1 modp ifordy(p—ce(p)) =v,

and therefore,
[g] _ 1 iforda(p—e(p)) > v
—1 if orda(p — e(p)) = v.

Hence we obtain

where

e= Z ord,mn.

pln
orda(p—e(p))=v

Therefore the last two assertions follow from Lemma 4.3.

4.6. Proof of Theorem 3.4.
(1) Assume first that £ € Begpsp. Then by definition we have En_;(n) =+],
which implies that €~ = I, that is, £ € Bypep-

Assume now that & € Bsgpsp. Then by definition and by Lemma 4.2, we
have £™ =1 or §2km = —I for some k < v —1.

Case (a): s = v. Then we have
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Furthermore, by Corollary 4.5 we have
[f] B [.fm] 1 e =
nl Lol -1 ife2'm=_g,
since m is odd. This implies that & € Begpsp-
Case (b): s > v. We have

n—e(n)

gT _ gzs—lm _ (SQV_lm)QS_V _ I

On the other hand, by Corollary 4.5, we have [é} = 1, which implies that

. n
6 € Beépsp~
(2) Applying Lemma 4.1 to d = n — e(n), we obtain the assertion.

(3) Put C = {¢ € U(D)(Z/nZ) ; é’ni;(n) = I}. Then C is a subgroup of
U(D)(Z/nZ). Furthermore, by Lemma 4.1 we have

=TI <)),

pln

Case (a): s =v. If £ € C, then 52'/717” = I. Hence by Corollary 4.5, we
obtain [é] = [5—] = 1, which implies that £ € Begpsp
n n
On the other hand, by Lemma 4.2 there exists £ € U(D)(Z/nZ) such that

§2U_1 = —1I. Then it follows from Corollary 4.5 that [é] = —1 and that
~ n
5 € Beépsp(”a D)

It follows that the homomorphism Begpsp — {£1} defined by £ — [é] is
n

surjective and that Ker[Besps, — {£1}] = C, and therefore C' is a subgroup
of Begpsp of index 2.

Case (b): s > v. By Lemma 4.2, there does not exist £ € U(D)(Z/nZ) such
n—e(n)

that £ 2 = 528_17” = —I, which implies that Begpsp cC.
Now let £ € C. Let p be a prime divisor of n. If orda(p — e(p)) > s, then
£

[—} = l.Indeed, we have
p

r—e(p) r—e(p) p—e(p)
2

=2 )y = (™ =" =1 modp

3
n—e(n)
since £ 2 =1 mod p and (m,2) = 1.
Hence, if ordyn = 0 mod 2 for any prime divisor p of n with ords(p —

e(p)) < s, then we have [é} =1 for all £ € C. Tt follows that Begysp = C.
n
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On the other hand, assume that there exists a prime divisor p of n such
€1,.,62 | (S

that orda(p—e(p)) < s and ord,n =1 mod 2. Put n = p{*p5? - - - p&r, where
P1,D2,-..,pr are distinct primes and p; = p. Take & € U(D)(Z/p“*Z)

5’1 p1—e(p1)
so that [—} = —1. Then we have & °? = —I mod p;. By Lemma
P
pel—l pr1—£(p1) 4
2.7, replacing & by &' , we may assume that & 2 = —I mod p;".
Furthermore, we put s; = orda(p; — &(p1)). Then we obtain
%im) p1—c(p1)
i e
p1 P

—¢ pr;(m)
since ]th(pl) =1 mod 2. Repalcing & by §; *' , we may assume that
%31_1 = —J mod p;*. Since s; —1 < s — 1, we obtain 5%3_1 = I mod p;’,

n—e(n)
and therefore § > =1 mod p;*. Hence, if we take & € U(D)(Z/nZ) so
that

=& modpi, =1 modpi?,..., =1 mod pr,
we have Enig(n) = I mod n. On the other hand, we have [ﬁ] = —1 since
n

e1 =1 mod 2 and

[p% =1, [p%] —1,. [pi] .y

It follows that the homomorphism C' — {+£1} defined by ¢ — [é} is
n

surjective and that Ker[C' — {£1}] = Begpsp, and therefore Begpsp is a
subgroup of C of index 2.

(4) Put G, = {¢€ € U(D)(Z/nZ) ; €"™ = I} for each k > 0. Then C}, is a
subgroup of U(D)(Z/nZ) and

Ck| = ]2 m,p —e(p))
pln
by Lemma 4.1. Moreover, if k < v, then

[1@*m.p—e(p) =2 [[(m.p — ().
pln pln
Put now By, = {¢ € U(D)(Z/nZ) ; €™ = —I} for each k > 0. Then
By, # ¢ if and only if there exists £ € U(D)(Z/nZ) such that ¢2" = _J, since
(m,2) = 1. Furthermore, if By # ¢, then the correspondence n — &n gives
rise to a bijection C}, = By, where £ € B;. By Lemma 4.2, there exists
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¢ € U(D)(Z/nZ) such that €2° = —I if and only if k + 1 < v. Hence, if
k > v, then B = ¢. Hence we obtain a partition of Byy,sp

Bsepsp =CoUByUB U---U B, 1,
and therefore

Bstpspl = (1 + 142"+ -+ 27 T (m,p — <(p))
pln

= (1 + 2;::;) H(m,p —e(p)).

pln

Remark 4.7. Under the notations of Theorem 3.4, let C denote the sub-

group of U(D)(Z/nZ) generated by Bgppsp. As is verified in 4.6, we have
Bsgpsp:COUBQUBlU---UB,/_l and C,_1 D CoUByUB{U---UB,_3.
Hence we obtain

C = Cu—l U By—la

and therefore

C| =2|Cyq| = 27D ] [ (m,p — 2(p).

pln

In particular, Bygpsp is a subgroup of U(D)(Z/nZ) if and only if C,_; =
CoUByUB;U---UB,_5. This is the case only when r =1 or v = 1.

Remark 4.8. Let n = p7*p5* - - - p&* be an odd number, where p1,pa,...,pr
are distinct primes. Put n —e(n) = 2°m with (m,2) =1 and p; — e(p;) =

2%im; with (m;,2) = 1 for each i, and put v = 1121_12 s;. Then we have
<i<r

.
ordy pp(n) =Y s;
=1

and, by Theorem 3.4,
orda|Bppsp| = Y min(s, s;),
i=1

(1+7r(s—1) ifs=v

ifs>vande; =0 mod 2

~ min(s — 1, s;
ords|Bepsp| = Z ( i) for any ¢ with s; < s

ifs>vande; =1 mod 2

for some 7 with s; < s
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and

ordy|C| =1+ (v —1).
,

Furthermore, |Bypsp|, |Berpsp| and |C| are equal to H(m, m;) up to powers

i=1
of 2.

5. Some consequences of the theorem

Proposition 5.1. Let D be an integer # 0 and n an odd integer > 1 with
(n,D) = 1. Then Bypsp(n, D) = Begpsp(n, D) if and only if either n is a
prime power, or n is a square and ords(p — e(p)) < orda(n — e(n)) for each
prime divisor p of n.

Proof. By Remark 4.8, \ngsp| = \Begpsp] up to powers of 2. It follows that
Bipsp = Betpsp if and only if orda|Byps,| = orda|Begpspl-

Put now n = p*ps* - - ptr, where p1,po,...,p, are distinct primes, and

n—e(n) = 2%m with (m,2) = 1. Put p; —e(p;) = 2%*m; with (m;,2) = 1 for

each 7, and ¥ = min s;.
1<i<r

Case (a): s = v. By Remark 4.8 we have

r
orda|Bepsp| = Z min(s, s;) = s,
i=1

,
ord2|Begpsp| =1+ Zmin(s —1,8)=1+r(s—1).
i=1
Hence 0rd2|ngsp| = OI‘dQ’Begpsp| if and only if r = 1.

Case (b): s > v and ¢, =0 mod 2 for any ¢ with s; < s. By Remark 4.9 we
have

T T
ordsa|Bepsp| = Z min(s, s;), orda|Bespsp| = Z min(s — 1, s;).
1=1 =1

Hence ord2|ngsp| = ord2|l§egpsp| if and only if s; < s for each 4. If this is
the case, then n is a square by the condition on e;.

Case (c): s > v and e; =1 mod 2 for some i with s; < s. By Remark 4.8
we have

'8 'S
orda|Bepsp| = Z min(s, s;) > orda|Begpsp| = —1 + Zmin(s —1,s;).
i=1 i=1



22 NORIYUKI SUWA

Corollary 5.2. Let D be an integer # 0 and n an odd composite with
(n,D) = 1. Then |Begpsp| < @p(n)/2.

Proof. Tt is sufficient to prove that Begysy # U(D)(Z/nZ) since Begpsy is a
subgroup of U(D)(Z/nZ). If n is not a Carmichael-Lucas number to base
D, then |Begpsp| < |Bepsp| < ¢p(n). On the other hand, if n is a Carmichael-
Lucas number to base D, then |Begpsp| < |ngsp| since n is neither a prime
power nor a square.

Lemma 5.3. Let D be an integer # 0 and n an odd integer > 1 with

(n,D) = 1. Put s = orda(n —e(n)) and v = mlinordg(p —e(p)). Let C
pln

denote the subgroup of U(D)(Z/nZ) generated by Bsgpsp. Then C = Begpsp
if and only if either s = v, or n is a prime power, or n = p“q®, where p,
q are distinct primes with ords(p — e(p)) = orda(q — e(q)) and a = B =1
mod 2.
Proof. By Remark 4.8, IC| = |Begpsp| up to powers of 2. Tt follows that
Begpsp — C if and only if ord2|BegpSp| = ordsy|C.

Put now n = pi*p5* - - - p&r, where p1,po,...,p, are distinct primes, and
n—e(n) = 2°m. Put p; — e(p;) = 2°*m; with (m;,2) =1 for each 1.

Case (a): s = v. By Remark 4.8 we have
orda|Begpsp| = 1 + (v — 1) = orde|C| = 1 +r(v — 1),

Case (b): s > v and e; =0 mod 2 for any i with s; < s. By Remark 4.8 we
have

T
orda| Begpsp| = Zmin(s —1,8)) > v, ordg|C| =1+ r(v —1).
i=1

Hence ords|Begpsp| = ords|C| if and only if r = 1.

Case (c): s > v and ¢; =1 mod 2 for some 7 with s; < s. In this case, we
have r > 2 as is remarked in Example 3.5. By Remark 4.8 we have

ordy|Begpsp| = —1 + me —1,8) >rv—1, ordg|C| =147 —1).

Hence if ordg|Begpsy| = orda|C|, then we have r = 2. We may assume that
s1 < s9. Then we obtain min(s — 1,s3) = v. If s9 > s — 1 = v, then we
would have e; =0 mod 2 by Lemma 4.3. This contradicts to the condition
on e;. B R

Hence ords|Begpsp| = orda|C| = v if and only if r = 2, 51 = 59 = v.
Furthermore, if this is the case, then e; = es =1 mod 2, since e or ey is
odd and e; +e2 =0 mod 2 by Lemma 4.3.
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Proposition 5.4. Let D be an integer # 0 and n an odd integer > 1 with

(n,D) =1. Then Begpsp = Bsgpsp if and only if either n —e(n) =2 mod 4,

or n is a prime power, or n = p*q®, where p,q are distinct primes with
p—elp)=qg—e(¢) =2 mod4 anda=p =1 mod 2.

Proof. Let C be a subgroup of U(D)(Z/nZ) generated by Birpsp- Then

Begpsp = Bsgpsp if and only if Begpsp = C and C = Bsgpsp Therefore,

combining Lemma 5.3 and Remark 4.7, we obtain the result.

Proposition 5.5. Let D be an integer # 0 and n an odd integer > 1 with
(n,D) = 1. Then |Begpsp| = ©p(n)/2 if and only if n is a Carmichael-Lucas
number to base D and orda(p—e(p)) < orde(n—e(n)) for each prime divisor
p of n.

Proof. Assume that |Begpsy| = @p(n)/2. Then it follows from Theorem 3.4
that n is square-free. Put n = pips---p,, where p1,po,...,p, are distinct
primes, and n — e(n) = 2°m with (m,2) = 1. Put p; — e(p;) = 2%m,; with

(m;,2) =1 for each i, and v = 1@12 s;. Then again by Theorem 3.4 we have
IST

r > 2 and m;|m for each i.

Case (a): s = v. By Remark 4.8, we have

OI‘dQ’Begpsp‘ =1+r(s—1), ordepp(n) = ZS“

which implies that

and therefore

Z(si—s—!—l) =2.

i=1
Since s; — s+ 1 > 1 for each 7, we have r = 2 and s; = sy = s. It follows
from Lemma 4.3 that s > v, which contradicts to s = v.

Case (b): s > v. By Remark 4.8 we have

T
ord2|BegpSp| = -1+ Zmin(s —1,s)
i=1

since n is square-free. This implies that

T T
-1+ Zmin(s —1,8)=—-1+ ZSZ',
=1 =1
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and therefore
'S '
Zmin(s —-1,8)= Z Si.
i=1 i=1

It follows that s; < s — 1 for each ¢. Hence it is concluded by Corollary 3.9
that n is a Carmichael-Lucas number to base D, since m;|m for each i.

Conversely, let n = pips---p, be a Carmichael-Lucas number to base
D, where p1,pa,...,p, are distinct primes. Assume that we have ords(p; —
e(p;)) < orda(n — e(n)) for each i. Then by Corollary 3.9 we obtain (p; —

e(pz))|n_T€(n) for each i. It follows from Theorem 3.4 that

T

|Be€psp| - %];[(n_Tg(n)apz - g(pi)) = %H(pz - g(pi)) = S0D2(n)

since s > v = min s; and n is square-free.

1<i<r
Example 5.6. When D = 5, the first three examples with |Begp5p| =
vp(n)/2 are given by 323 = 17 x 19, 6721 = 11 x 13 x 47 and 11663 =
107 x 109.

Corollarx 5.7. Let D be a non-square and n an odd composite with (n, D) =
1. Then |Bsepsp| < wp(n)/2. In particular, |Bsepsp| = ¢p(n)/2 if and only if
n = pq is a Carmichael-Lucas number to base D with g =p+2, e(p) = —1,
e(¢) =1, p=1 mod 4.

Proof. Combining Propositions 5.5 and 5.4, we obtain the result.

Example 5.8. When D = 5, the first three examples with |Bsgpsp| =
¢p(n)/2 are given by 323 = 17 x 19, 19043 = 137 x 139 and 39203 =
197 x 199.

Remark 5.9. Let D be a square and n an odd composite with (n, D) =
1 and n # 9. Then, as is well known, |Bgypsp| < @(n)/4 ([9], [10]). In
particular, |Bsgp5p\ = p(n)/4 if and only if either n = pq, where p, ¢ are
primes with p =3 mod 4 and ¢ = 2p — 1, or n = p1pap3 is a Carmaichael
number, where p1, po, p3 are different primes with p; = ps = p3 =3 mod 4.

Remark 5.10. Let D be an integer # 0, n an odd integer > 1 with
(n,D) = 1. Put n—¢(n) = 2°m with (m,2) = 1 and v = minords(p —e(p)).

pln
The]g:

(1) Begpsp = {1} if and only if either n is a power of 3 and D =1 mod 3,
orn—e(n) =2 mod 4 and (m,p —e(p)) = 1 for each prime divisor p of n,
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or n = p®q¢®, where p, ¢ are distinct primes with p — e(p) = ¢ — e(q) = 2
mod 4, (m,p —e(p)) = (m,q—¢e(q)) =1land a = =1 mod 2.

(2) Bsppsp = {£I} if and only if v = 1 and (m,p — £(p)) = 1 for each prime
divisor p of n.

Hereafter we mention several remarks with relation to preceding works
[1], [2] and [15].
Definition 5.11. Let D be an integer # 0 and n an odd integer > 1 with
(n,D) = 1. We put:

Bﬁpsp(nv D) -

. 2 _
{P € Z/nT there exist ) € Z/nZ such that P —4Q = D and } ,

n is a Lucas pseudoprime with respect to (P, Q)
Beﬁpsp(na D) =

: X 2 _
{P € T/nT there exists @ € (Z/nZ)* such that P —4Q = D and } ,

n is an Euler-Lucas pseudoprime with respect to (P, Q)
Bsepsp(na D) =

: 2 _ _
{P € Z/nZ there exists @) € Z/nZ such that P* —4Q = D and } .

n is a strong Lucas pseudoprime with respect to (P, Q)

Notation 5.12. Let D be an integer # 0. Put

1
"T2 - D

Vp = SpecZ[T ].

Then Vp is an open subscheme of the affine line Al over Z.
A morphism of affine schemes

7 : Vp = Spec Z[T | = U(D) = SpecZ[X,Y]/(X? — DY? — 1)

1
"T2 - D
is defined by

T?> + D v oT
T2 — D’ T2 — D

Moreover, put

X —

Z[X,Y]/(X? - DY? 1) - Z[T, =)

- 1
—ZIX. Y, —1/(X? - DY? - 1).
VD [ y ’X—l]/( )

Vp is an open subscheme of U(D). Moreover, 7 induces an isomorphism
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1
over Z[E] In fact, the correspondence

DY 1 1 , ,

defines the inverse of Ty L]
2D

Example 5.13. Let D be an integer # 0, n an odd integer > 1 with
(n,D) =1and P € Vp(Z/nZ). Put Q = (P?> — D)/4 € Z/nZ. Then Q is
invertible in Z/nZ, and

w(P) = (izi_gv Pffp) - (D;_—C;Q’%)

Lemma 5.14. Let D be an integer # 0 and n an odd integer > 1 with
(n,D) = 1. Then the morphism m: Vp — U(D) induces bijections

Bﬁpsp(na D) VD (Z/?’LZ) N Bﬁpsp(na D)7
Beﬁpsp(n; D) VD (Z/NZ) N Beﬁpsp(na D),
Batpsp(n, D) = Vp(Z/nZ) N Bygpsp(n, D).

~
~

Proof. The assertion follows from Corollary 2.8 and Example 5.13.

Lemma 5.15. Let D be an integer # 0, n an odd integer > 1 with (n, D) = 1
and &£ € U(D)(Z/nZ). Then & € Vp < £ # 1 mod p for each prime divisor
p of n.

Proof. Let &€ € U(D)(Z/nZ). Then, by definition, £ € Vp(Z/nZ) if and only
if a —1 is invertible in Z/nZ, which means that a Z 1 mod p for each prime
divisor p of n. On the other hand, a =1 mod pif and only if £ = I mod p,
since a® — Db?> =1 mod p.

Corollary 5.16. Let D be an integer # 0 and n an odd integer > 1 with
(n,D) = 1. Then the group U(D)(Z/nZ) is genarated by Vp(Z/nZ).

Proof. First let p be a prime and 6 a generator of U(D)(Z/p*Z). Observe

that, except in the case of p = 3 and ¢(p) = 1, we have { # +£I mod p.
On the other hand, if p = 3 and ¢(p) = 1, then we have Vp(Z/p*Z) =

{¢ € UD)(Z/p*Z) ; ¢ = —I mod p}, and therefore, |Vp(Z/p®Z)| =
U(D)(Z/p°T)|/2.

Put now n = p{'ps* - - - p§~, where pi,pa, ..., p, are distinct primes. Then
the correspondence ¢ — (£ mod p®,¢ mod p®,...,& mod p®) gives rise

to an isomorphism

U(D)(Z/nZ) > U(D)(Z/p}'Z) x U(D)(Z/p$Z) x - x U(D)(Z/pir D).



LUCAS PSEUDOPRIMES 27

Let H denote the subgroup of U(D)(Z/nZ) genarated by Vp(Z/nZ). Take
a generator 0; of U(D)(Z/p;'Z). Except in the case of p; = 3 and ¢(p;) = 1,
we have
(—1,...,—1,—0;,—I,...,—I) € Vp(Z/nZ),
which implies
(I,... . 1,0:,0,....1) = —(—1I,...,—I,—0;—1I,...,—I) € H.
Hence we obtain |U(D)(Z/nZ) : H| < 2, and therefore U(D)(Z/nZ) = H.

Corollary 5.17. Let D be an integer # 0 and n an odd integer > 1 with
(n,D) =1. Then:

(1) Bepsp(n, D) = U(D)(Z/nZ) if and only if Bepsp(n, D) = Vp(Z/nZ).
(2)([15, Th.7]) Beepsp(n, D) # Vp(Z/nZ).

Remark 5.18. Williams [15] defines an odd composite n to be a Carmichael-
Lucas number to base D if n is prime to D and Byps,(n, D) = Vp(Z/nZ).
The first assertion of Corollary 5.17 assures that Definition 3.8 is equivalent
to Williams’.

Remark 5.19. Lemma 5.14 allows us to deduce formulas for | Bypsp|, | Beepspl
and |Bggpsp| from those for |ngsp\, |Begpsp| and |Bsgpsp|, respectively. This
is done indeed by Baillie and Wagstaff [2, Th.2] for Byp,,, and by Arnault
[1, Th.1.5] for Bgppsp-

6. Frobenius pseudoprime

Grantham ([4], [5]) defines the notion of Frobenius pseudoprimes and
strong Frobenius pseudoprimes with respect to a polynomial f(t) € Z[t].
We adopt here the definition given in [3] for a quadratic polynomial.

Definition 6.1.[3, Def.3.6.5] Let P, Q be integers # 0, and put D = P? —
4(). Assume that D is not a square. An odd composite n is called a Frobenius
pseudoprime with respect to (P, Q) if n is prime to QD and

m {t ife(n) =1

TPt if e(n) =—1
in the residue ring Z[t]/(n,t? — Pt + Q).

P+ D

Remark 6.2. The correspondence t > 5

gives rise to an isomor-

phism of rings

2L/~ Pt + @) = 22 VD).



28 NORIYUKI SUWA

Under this identification, we have P —t = This implies the

P—+D

5
following assertion.

Let n be an odd composite with (n, DQ) = 1, and put n = (P/2,1/2) €

Gp(Z/nZ). Then n is a Frobenius pseudoprime with respect to (P, Q) if
and only if

" {77 if e(n) =1

TG0 ifetn) = -1,

Proposition 6.3. Let P, Q be integers # 0 with D = P? — 4Q not a
square, and let n be an odd composite with (n, DQ) = 1. Assume that n is
a Frobenius pseudoprime with respect to (P, Q). Then:

(1)([5, Th.4.9]) n is a Lucas pseudoprime with respect to (P, Q).

(2) n is a pseudoprime to base Q.

Proof. Put

P 1 D+2Q P
1=(53) mae=rtn= (" 55)

(1) In the case of e(n) = 1, we have " = 1 in G(p)(Z/nZ), and therefore

¢" = ¢ in U(D)(Z/nZ), which implies £~ = 1.

On the other hand, in the case of ¢(n) = —1, we have n” = 7 in
G(p)(Z/nZ). Hence we obtain £" = £~ in U(D)(Z/nZ) since ~(ij) = 1.
This implies "1 = I.

(2) In both the cases we obtain Q™ = @ in Z/nZ from the fact Nr(n) =
Nr(7) = Q-

Remark 6.4. The second assertion of Proposition 6.3 is a special case of
Grantham [5, Th. 4.3]) .

Remark 6.5. Let {Uy, }n>0, {Vn}n>0 denote the Lucas sequences associated

to (P, Q). Then we have
(37) =33

1
in G(p) (Z[ED, as is remarked in Example 2.6. This implies the following

assertion.

Let n be an odd composite with (n, DQ) = 1. Then n is a Frobenius
pseudoprime with respect to (P, Q) if and only if

2 ifg(

n)=1
Up—em) =0 modnand V,_.,) =
2Q ife(n)=-1
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(13, Th.3.6.6)).

Remark 6.6. Let P, Q be integers # 0 with D = P? — 4Q) not a square,
and let n be an odd composite with (n, DQ) = 1. Put n = (P/2,1/2) €
Gp(Z/nZ). Then v(n) € Bypsy(n, D) and Q = Nr(n) € Bpsy(n) if and only
if "¢ = oI, where a € Z/nZ with

o J1 ife(n)=1
“= Q? ife(n) =—1.

In fact, if v(n) € ngsp(n, D), then (™ ¢™) = I, and therefore, 5"
— al for some a € (Z/nZ)*. Tt follows that a® = Nr(n*—()) = Q"= =
Q" 1Q' =) Hence, if Q € Bypsp(n), then we obtain a? = Qi)

Conversely, assume that there exists a € Z/nZ such that n" ¢ = oI and
a? = Q'°(™). Then we obtain v(1)"*™ = I and Q"¢ = Nr(n)"»=(") =
a?, and therefore Q"1 = 1.

Proposition 6.7. Let P, Q be integers # 0 with D = P? — 4Q not a
square, and let n be an odd composite with (n,DQ) = 1. Assume that
n is a Frobenius pseudoprime with respect to (P,Q). Then n is an Euler
pseudoprime to base Q) if and only if n is an Euler-Lucas pseudoprime with
respect to (P, Q).

Proof. Put n = (P/2,1/2) € Gp(Z/nZ) and & = v(n) = ni~'. Then we

have
n_Jn ife(n) =1
T q ifen) = -1

since n is a Frobenius pseudoprime with respect to (P, Q). Assume that n

is an Euler pseudoprime to base (), that is to say, Qanl = <9) mod n.
n

Then, by Remark 2.9, we have Eanl = (9)77”_1. If e(n) = 1, then we
n
obtain
S (9)1.

If e(n) = —1, then we obtain b
e - (-t (o - (Yo - (I

Therefore n is an Euler-Lucas pseudoprime with respect to (P, Q).
Conversely, assume that n is an Euler-Lucas pseudoprime with respect to

(P,Q). Then we have
¢ (Q)I

n
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If e(n) = —1, we have
n-1, 6 __ ntl Q Q n=—
€= () =¢> =(—>I=(—)n 7
n n
. . n—1 Q -1
Hence in both the cases, we obtain {2 = (—)77” It follows from
n

Remark 2.9 that QnT_l = (Q> mod n.
n

Remark 6.8. The if-part of Proposition 6.7 is proved by Baillie and
Wagstaff [2, Th.5].

Corollary 6.9. Let P be an integers # 0, Q = +1 with D = P? — 4Q
not a square, and let n be an odd composite with (n,D) = 1. Then n is a
Frobenius pseudoprime with respect to (P, Q) if and only if n is an Euler-
Lucas pseudoprime with respect to (P, Q).

Proof. Assume that n is a Frobenius pseudoprime with respect to (P, Q).
It follows from Proposition 6.7 that n is an Euler-Lucas pseudoprime with
respect to (P, Q) since n is an Euler pseudoprime to base @ = £1.

Conversely, assume that n is an Euler-Lucas pseudoprime with respect to
(P,Q). Put n = (P/2,1/2) € Gp(Z/nZ) and ¢ = nij~t. As is remarked at
the end of 2.4, we have

I ifQ=1
5= Nt(n)] =
ni = Nr(n) {_I FO- 1,
and therefore
T= = itg=-1.
In the case of Q = 1, we have "< = fn_;(n) = I by Corollary 2.8,

which implies

if e(n) =1
n ife(n)=—-1

N2
3
|
)
2

In the case of Q = —1 and n =1 mod 4, we have n”*E("
n—e(n)

(—=1) 2 "I by Corollary 2.8, which implies

n n—e(n) n if E(n) =1
= (-1 2z 7™ = I
= {—(—m:n it e(n) = 1.
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n—e(n)

In the case of Q = —1 and n =3 mod 4, we have " <) = (=)= =

(—1)n_§(n) (—I) by Corollary 2.8, which implies

n—e(n f e ]_
Tln _ (_1)72( )—i—lne(n) _ n ) ) 1 g(n)
—(=n) =7 ife(n)=-1.
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