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CHARACTER VALUES AND DADE’S CONJECTURE

Ryo NARASAKI

INTRODUCTION

Let G be an arbitrary finite group and fix a prime p. Let S be a Sylow p-subgroup
of G. In [19], J. McKay proposed the following conjecture (McKay conjecture) :
The numbers of irreducible characters of G and N (S ) having degrees not divisible
by p are equal when p = 2. In [1], J. L. Alperin generalized this conjecture for
arbitrary primes and p-blocks of G (Alperin-McKay conjecture). Recently, I. M.
Isaacs and G. Navarro extended it including the p’-parts of character degrees in
[15]. Moreover in [21], Navarro proposed a strong form of the McKay conjecture,
which concerns character values.

In [2], Alperin stated the weight conjecture, which described the number of irre-
ducible modular characters by p-local information. In [16], R. Knorr and G. Robin-
son restated this conjecture using the alternating sum of the numbers of characters.
E. C. Dade proposed an extention of this conjecture concerning the defect of char-
acters in [10], and there are sevral forms of Dade’s conjecture. Note that Dade’s
conjecture (the projective form) implies the Alperin-McKay conjecture. (See [11].)

The extended McKay conjecture by Isaacs and Navarro was subdivided into
Dade type by K. Uno in [23]. In this paper, moreover, we subdivide the strong form
of the McKay conjecture by Navarro into Dade type, and we prove this extended
conjecture (Conjecture 1.4) for several sporadic simple groups (Theorem 1.5). For
the calculations the GAP system is used.

Now we mention some notations used in this paper. We denote by N : G = NG
and N.G a split and non-split extention of N by G, respectively. We use n to denote
a group of order n, and Z, to denote a cyclic group of order n. For a prime p, an
elementary abelian group of order p" is denoted by E,» or simply p". We denote

by pfzy an extraspecial p-group of order p!*?¥ and type +. We use Qg to denote
the quaternion group, and D, to denote the dihedral group of order 2n. We use
S, and A, to denote the symmetric group and the alternating group of degree n,
respectively. We denote by F' a Frobenius group with kernel Z,, and complement
Zy,. For a subgroup H of G, we use H’ to denote a subgroup of G such that H = H’
but H’ is not G-conjugate to H. Other notations including those for sporadic simple
groups are taken from Atlas [9].

Throughout the paper, a character means an irreducible complex character. Let
G be a finite group and H a subgroup of G. When a prime p is fixed, for a positive
integer n, we denote by n,, the p-part of n, and by n, the p’-part of n. We denote
by BI(H) the set of all p-blocks of H. The principal block of H is denoted by
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By = Bo(H). The set of characters y of H is denoted by Irr(H). If the p-part of
|H|/x(1) is p?, then we say that y has defect d = d(y). For an integer d, we denote
by Irr(H, d) the set of characters y in Irr(H) with d(y) = d. Also for an integer «,
we denote by Irr(H, []) the set of characters y in Irr(H) such that

(H|/x(1))p = £k (mod p) .

Moreover, for a p-block B of G, we denote by Irr(H, B) the set of characters of
H belonging to some p-block b of H inducing B. The set Irr(H, B, d, [x]) denotes
the intersection of Irr(H, B), Irr(H,d) and Irr(H, [«]). The cardinality of Irr(x) is
in general denoted by k(). For the other notations and terminology used in this
paper, see [22].

1. DADE’S CONJECTURE AND ITS EXTENTIONS

Let G be a finite group and p a prime. A radical p-chain of G is a chain
C:Py<Pi<---<Py
of p-subgroups P; of G such that

1
Py = 0,(G) and P; = Op(ﬂ Ng(Pj)) foralli=1,2,--- ,n.
Jj=0

(Here O,(G) is the largest normal p-subgroup of G.)

For a chain C, we write by |C| the length n of C, and by Ng(C) the normalizer

’}:0 Ng(Pj) of C in G. Let R(G) be the set of all radical p-chains of G. The
group G acts on R(G) by conjugation. We denote the set of representatives of
G-conjugacy classes of R(G) by R(G)/G.

Now we state the ordinary form of Dade’s conjecture [10].

Conjecture 1.1. Let G be a finite group with O ,(G) = 1, p a prime and B a p-block
of G with defect d(B) > 0. Then

(-DK(NG(C), B,d) = 0
CeR(G)/G

for any non-negative integer d.

Uno proposed the following conjecture (it is an extention of Dade’s conjecture)
in [23].

Conjecture 1.2. Let G be a finite group with O,(G) = 1, p a prime and B a p-block
of G with defect d(B) > 0. Then

(-1)k(NG(C), B, d, []) = 0
CeR(G)/G

for any non-negative integers d and «.
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Next, we mention a strong form of the McKay conjecture proposed by Navarro
in [21].

Conjecture 1.3. Let G be a finite group and let p be a prime. Let {|g| be a primitive
|G|-th root of unity. Let e be a non-negative integer and let o € Gal(Q({|6)/Q) be
any Galois automorphism sending every p’-root of unity ¢ to 7. Then o fixes the
same number of characters in Irr ,(G) as in Irr, (Ng(S)).

For such a o, let Irr(H, B, d, [«], o) be the set of o-invariant characters in Irr(H, B,
d,[«]). Now we can extend the conjecture 1.3 to the one of Dade type. See also
p-1139 of [21].

Conjecture 1.4. Let G be a finite group of order n with O ,(G) = 1, p a prime and
B a p-block of G with defect d(B) > 0. Let e be a non-negative integer and let
o € Gal(Q,/Q) be any Galois automorphism sending every p’-root of unity { to
Y. Then
(-1)kNG(C), B, d, [K],0) = 0
CeR(G)/G
for any non-negative integers d and «.

The main theorem of this paper is the following.
Theorem 1.5. (1) Conjecture 1.4 holds for all primes and blocks with positive
defect for the following sporadic simple groups.
Mi1, M2, M2z, Ma3, Moy, J1,J2, J3, HS, McL, He, O'N, Cos.
(i) Conjecture 1.4 holds for all odd primes and blocks with positive defect for the
following sporadic simple groups.

Ru, Suz, Co».

2. SOME REDUCTION THEOREMS
We know the following about the conjecture 1.4.

Theorem 2.1. Suppose that a block B of G has a cyclic defect group. Then con-
jecture 1.4 holds for B.

Proof. We suppose that the defect group D of B is cyclic. In [10, §9], Dade shows
that it suffices to consider the two chains, C; : 1 and C;, : 1 < Q(D), where Q(D)
is the unique subgroup of D having order p. Let b be the block of Ng(€(D)) corre-
sponding to B in Brauer’s sense. Let o be as in Conjecture 1.4. Suppose that B is
o-invariant. Applying the deep theory of blocks with cyclic defect groups by Dade
[12], the following was claimed by Isaacs, Navarro, J. An and E. A. O’Brien. In
[21, Theorem(3.4)], Navarro proved that there exists a bijection F : Irr(B) — Irr(b)
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such that F(y7) = F(y)? for all y € Irr(B), and that F sends exceptional (resp. non-
exceptional) characters of B onto exceptional (resp. non-exceptional) characters of
b. By [15, Theorem(2.1)] of Isaacs and Navarro and [8, Proposition 2.1] of An and
O’Brien, a bijection which sends exceptional (resp. non-exceptional) characters of
B onto exceptional (resp. non-exceptional) characters of b preserves the defects
and *(|G|/x(1)),y modulo p. Thus Conjecture 1.4 holds for B. O

If |G|, = p, there is no block with the defect group D such that |D| > p. Thus it
suffices to consider only primes p such that |G|, > P

If Irr(Ng(C), B, d, [«],0) = Irr(Ng(C), B, d, [«]) for all C, d, k and o, and Con-
jecture 1.2 holds for B, then it is clear that Conjecture 1.4 holds for B. The next
lemma indicates the cases where it really holds. Note also that for p = 2 and 3, it
is meaningless to consider .

Lemma 2.2. In the following cases we have Irt(Ng(C), B, d, [k], o) = Irr(Ng(C), B,
d,[k]) for any C, B, d, k and o

Mi,p=3. Mp,p=3. Moz, p=20r3. My,p=2. HS,p=3. Suz,p =35.

Proof. We have only to make it sure that any irrational values of y € Irr(Ng(C), B,
d, [«]) is o-invariant for any such a o. This can be done by looking at the relevant
character tables. O

Next, let H and K be subgroups of G. If H = K, then
k(H, B, d, [], o) = k(K, B, d, [], o)

for all B € BI(G) with positive defect and for all d > 0, k, 0. So we have the
following.

Lemma 2.3. Let R(G)/G = { C1,Cp,---,Cp }. Let 1 < i < j < n be such
that Ng(C;) = Ng(C;) and the lengthes of C; and C; have different paritis. Let
Ro(G) € R(G) be such that Ry(G)/G ={C;|1 <Il<n,l+#1i, j}. Then

(~1D)K(NGC), B.d, [,y = > (~DIK(NG(C), B,d, K], )
CeR(G)/G CeRy(G)/G

for all B € BI(G) with positive defect and for all d > 0, k, o.

Here, we write order of the sporadic simple groups considered in this paper.
M| =2%-32.5.11. Myp| =20-33-5-11. Iyl =2%-3-5-7-11-19.
My| =27-32.5-7-11. |l =27-33-52.7. Ma3| =27-32.5.7-11-23.
HS|=2-32.53.7-11. 3| =27 -3°-5-17-19. [Mp4| =2'0-33.5.7.11-23.
IMcL| = 27-3%.53.7-11. [He| = 2'°-33.52.73.17. |O'N| = 2°.3%*.5.73 - 11-19-31.
|Cos| =219.37.53.7.11-23. |Ru| = 2!4.33.5%.7.13-29. |Suz| = 23.37.52.7-11-13.
|Co,| = 2!8.36.53.7.11.23. Then we have the following remark.
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Remark. From Theorem 2.1 and Lemma 2.2, in order to verify Theorem 1.5, it
suffices to consider the following cases.

group Mll‘MIZ‘Jl ‘M22| J2 |HS‘ J3 ‘M24‘ McL
prime | 2 |23 |2 | 2 |23,5(25|23] 3 [23,5
group| He | O'N | Cos | Ru|Suz|Co,
prime | 2,3,5,7|2,3,7 | 2,3,5 | 3,5 | 3,5 | 3,5

After § 4, we treat only the cases mentioned in the remark above.

3. THE CONSIDERATION TO O~

In this chapter, we consider o € Gal(Q({|))/Q) in Conjecture 1.4.

Let n be a positive integer, and ¢, be a primitive n-th root of unity. For an integer
t relatively prime to n, define o, € Gal(Q(¢,)/Q) by

012l — gfq .
Then
Gal(Q(¢n)/Q) ={ov | (t,n) = 1,1 <t <nj}.
For a prime p which divides n and a non-negative integer e, we have
Tilny) = G Y & ()™ =GP
& t-n,=p°-n, (modn)

e

© t=p° (modny).

Thus we may write
t=p°+r-ny (rez,
and we have the following conditions on ¢.
G.1) t=1+r-ny (1St£n, reny £ -1 (modp)) ife=0,
' t=p°+r-ny (1<t<n,ptr ife>0.

For each G of order n, we henceforth assume that o, in Gal(Q(¢,)/Q) satisfies
the condition (3.1) above.
Next, we mantion some notations. (See [18]. ) Let g be an odd prime and a

a
a non zero integer. We denote the quadratic symbol by | — |. Furthermore, let
q
m = qi‘ .-+ ¢ be an odd positive integer written as a product of primes. We define
a a \“ a \“
G-l @)

We call this also the quadratic symbol, and define the Gauss sum to be
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for J, = e%. Then we know that the following holds.

Proposition 3.1.
G - Va if g=1 (mod 4).
" livg  if ¢g=3 (mod 4).

Here we mention the Atlas notation for algebraic numbers ([9]), which describes
the irrational numbers that appear in character tables. For an odd positive integer
m,

LV it m=1 (mod 4).
bm i S \m i _
> if m=3 (mod 4).
Let N = g3’ - q{' -~ q;" be a positive integer written as a product of primes. Since
o ( W) = 0(4/q0)° - o (g1 - -- o (+fgq,)*, it suffices to consider b, (g : an odd
prime), V2 and i. For by, we use Proposition 3.1 and 3.2. And for V2 and i,

-2 if e: d (H)=-1(p=2), odd (p = 3).
0',(\/5) _ \2 if e e.Ven an ( - ) (p ), or e :odd (p )
\/5 otherwise.

" —i  if e:odd and (SL)=-1(p=2), or e:o0dd (p=3.7).
o(i) =
t i otherwise.
(In the above equations we consider only those primes which are needed in this
paper.)

In the sections thereafter, we prove Theorem 1.4. In the rest of the paper, S
always denotes a Sylow p-subgroup of G.

4. My,

Let G be the simple Mathieu group M ;. We assume that p = 2. By using GAP,
the radical 2-chains of G (up to conjugacy) are given in Table 1. Let Ro(G) C R(G)
such that Ro(G)/G = {C, C2, C3,C4}. Then by Lemma 2.3, we have the following.

(~1)KNG(C), B,d, [, o) = > (~DK(NG(C), B, d, [l o) .
CeR(G)/G CeRy(G)/G

In the rest of the paper, we define Ro(G) for several G’s, if it is the case where
Lemma 2.3 applies similarly. In such cases, we only give a definition of Ro(G)
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TaBLE 1. The radical 2-chains of M

Chain C Ng(C) Chain C Ng(C)
Ci:1 G C411<Q8 Qg.@g,
Cy:1<2? 2263 Cs5:1<Q03s<S S
C3:1<22°<Qs Qg Ce:1<S S

TaBLE 2. Conjecture 1.4 for My, p =2

(d,t))|(4,11) B,11) 2,11)| &) B,1) (2,1) | Parity
k(NGg(C1), By, d,[1],04) | 4 3 1 4 1 1 +
k(Ng(C2), Bo,d,[1],0,)| O 4 1 0 4 1 -
k(Ng(C3), By, d,[1],04)| O 4 1 0 4 1 +
k(Ng(C4), By, d,[1],04) | 4 3 1 4 1 1 -

and do not mention further detail. The principal block B of defect 4 is the unique
2-block of G with positive defect.

Let #; be such that (;—11) = (%) and t, such that (;—;) = — (%) Then we have
Table 2.

Hence Conjecture 1.4 holds for G in the case of p = 2.

5. Mp,

Let G be the simple Mathieu group M1;. We assume that p = 2. The radical
2-chains of G (up to conjugacy) are given in Table 3. Here, Ng(Cg) = Ng(C7) =
ZpxDg, and N(C13) = Ng(C14) = S. Then let Ryp(G) C R(G) such that Ry(G)/G =
{C1,Cr,C3,C4,Cs5,Cg,Co,Crp,C11,Cr2}. The principal block By of defect 6 and
the block B of defect 2 are 2-blocks of G with positive defect.

Let #; and 1, be such that e is even and odd, respectively, in the condition (3.1)
in §3. Then we have Table 4.

Hence Conjecture 1.4 holds for G in the case of p = 2.

We assume that p = 3. The radical 3-chains of G (up to conjugacy) are given in
Table 5. (In Table 5, let T be a Sylow 3-group of Ng(Z3).) Let Ro(G) C R(G) such
that Ro(G)/G = {C1,C,, -+, Cg}. The principal block By of defect 3 and the block
B, of defect 1 are 3-blocks of G with positive defect. By Theorem 2.1, it suffices
to consider only By.

Let #; be such that (%‘) = 1 and 1, such that (%2) = —1. Then we have Table 6.

Hence Conjecture 1.4 holds for G in the case of p = 3.
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TaBLE 3. The radical 2-chains of M,

1 Ce:1<2<23<2222 Cy4
1<2 Cr:1<2<222? Ciz
1 <2<2? Cg: 1 <22 Ciz
1<2<22<2 Co:1<22<23 Cis
1<2<23 Cio:1<2223

TaBLE 4. Conjecture 1.4 for M5, p =2

(d)

© 65 @ 3 @

<2223 <58
< Q14
<2< §
< S

k(Ng(C1), By, d, [1],0)
k(NG(C>), By, d, [1],0)
k(Ng(C3), By, d, [1],07,)
k(NG(C4), By, d, [1],04,)
k(NG(Cs), By, d, [1],0)
k(NG(Cyg), By, d, [1],04)
k(Ng(Co), By, d, [1],074,)
k(NG(C10), Bo,d, [1], 07,)
k(NG(C11), Bo,d, [1], 07,)
k(Ng(C12), By, d,[1],0)

k(Ng(C1), B1,d,[1],04)
k(Ng(C»2), By,d, [1],07,)
k(NG(C3), By,d, [1],0)
k(NG(Cs), B1,d, [1],04,)

(d)

k(NG(C1), By, d, [1],04,)
k(NG(C>), By, d, [1],0,)
k(NG(C3), By, d, [1],04,)
kK(Ng(Cy), By, d, 1], 07,)
k(NG(Cs), Bo,d, [1], 04,)
k(NG(Cyg), By, d, [1],0,)
k(Ng(Co), By, d, [1],04,)
k(Ng(C10), Bo,d, [1],04,)
k(Ng(C11), Bo,d,[1],04,)
k(NG(C12), Bo,d, [1],0,)

k(NG(C1), B1,d, [1],04,)
k(NG(C»), B1,d, [1],04,)
k(Ng(Cs3), By,d, [1],074,)
k(NG(Cg), By,d, [1],0,)

8 2 1
8 2
8
8
8 2
8
8
8 6
8 6 2
8 2 2 1
4
4
4
4
6 6 @ 3) 2
8 2 1
8 2
8
8
8 2
4
4
8 6
8 6 2
8 2 2 1
2
4
4
2
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TaBLE 5. The radical 3-chains of M,

Chain C Ng(C) ChainC Ng(C)
Ci:1 G Cs:1<3°<S §.27
C,:1<3 30,2 Cg:1<3% 32.GL,(3)
Ci:1<3<T 365 Cr:1<3<s 8§22
Cy:1<3? 32.GL,(3) Cg:1<S §.2?

TaBLE 6. Conjecture 1.4 for M, p =3

d,1)) | B,11) 2,11) | B, 12) (2,1p) | Parity
k(NG(C1), Bo,d,[1],04)| 9 2 9 2 +
k(NG(CZ)a BOa da [l]ao-ti) 9 3 -
k(NG(C3)7 B07 d’ [1]’0-1,‘) 9 3 +
k(NG(C4), Bo,d,[1],04)| 9 2 9 2 -
k(NG(Cs), Bo,d, [1],04)| 9 2 9 2 +
k(NG(C6)a BOs da [l]ao-ti) 9 2 9 2 -
6. J;

TasLE 7. The radical 2-chains of J;

ChainC Ng(C) Chain C

Ng(C)

Clil G

Cr:l1<2 2xUs

Cy3:1<2<S8S 2xU
Csi:1<8S S:3:7

TaBLE 8. Conjecture 1.4 for J;, p =2

k(Ng(C1), Bo,d, [1],0,)
K(Ng(C>), By, d, [1],0,)
k(Ng(C3), By, d, [1],0,)
K(NG(Cy4), Bo,d, [1],074,)

(d) | (3) | Parity
4 +
4 _
4 +
4 _

Let G be the simple Janko group J;. We assume that p = 2. The radical 2-chains
of G (up to conjugacy) are given in Table 7. The principal block By of defect 3 and
the block of defect 1 are 2-blocks of G with positive defect. It suffices to consider

Let #; and 1, be such that e is even and odd, respectively, in the condition (3.1)
in §3. Then the value of k(Ng(C), Bo, d, [], 0, ) 1s equal to that without « and o,
for every C and d. Thus the result follows from [10, Theorem 10.1]. For o,, we
have Table 8.
Hence Conjecture 1.4 holds for G in the case of p = 2.
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TaBLE 9. The radical 2-chains of M»;

Ciq:1<2¥

Cis:1 <2 <2223
Ci:1<2% <2223 <22223
Ci7:1<2¥ <2224

C1 |

Cr:1<23
Cy:1<23<2%223
Cy:1<23<2223<2022723

Co:l<2d <20 Cig:1<2¥ <2220 <
Coil1<2<22t<2220% Ci:l<2V<S
Cri1<23 <2222 Cy:1<222°

C8 -1 < 24 Cr 1< 22.23 < 2.22.23
Co: 1 < 24 < 22.24 Cyp:1< 2.22.23

ClO -1 < 24 < 22.24 <S C23 1< 2.22.23 <S8
Ciypt1<2* <2222 Co:1<222°
Cpil<2t<22223<s Cos:1<222%<s
Ciy:l<2<s Co6: 1 <3S

TaBLE 10. Conjecture 1.4 for My, p =2

| (1) 6) (5 4 (3)|Parity
k(Ng(C1), Bo,d, [1],04,) | 8 2 n
k(NG(C2), Bo,d, [1],0+,) 8 2 1] -
k(Ng(C53), By, d, [1],074,) 8 6 +
k(NG(C4), Bo,d, [1], 07,) 8 6 2 -
k(NG (Cs), By, d, [1],074,) g8 2 2 1 +
k(NG(Cs), Bo,d, [1],04,) | 8 2 —
k(Ng(Cy), By, d,[1],0,)| 8 2 2 n
k(NG(C1a), Bo,d,[1],01,) | 8 2 2 -
7. My,

Let G be the simple Mathieu group Mj,. We assume that p = 2. The radical
2-chains of G (up to conjugacy) are given in Table 9. Let Ro(G) € R(G) such that
R()(G)/G = {Cl, Cz, C3, C4, C5, Cg, C9, C14}. The principal block B() is the unique
2-block of G.

Let #; and 1, be such that e is even and odd, respectively, in the condition (3.1)
in §3. Then the value of k(Ng(C), By, d, [«], 07,) is equal to that without k and o,
for every C and d, and thus the result follows from [14, Theorem 2]. For o,, we
have Table 10.

Hence Conjecture 1.4 holds for G in the case of p = 2.
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TaBLE 11. The radical 2-chains of J,

Chain C Ng(C) ChainC Ng(C)
C:1 G Cs:1<2* <58 S.3
Cy:1<2? Wy x A5 Cg: 1 <22+ 224 (3 x B3)
Cz:1<22<2% WxWAy Cr:1<27<§ 5.3
Cy:l<2l 219 Cg:1<S S.3

TaBLE 12. Conjecture 1.4 forJ,, p =2

@ 6 & @ B) (2)]Parity

k(NG(C1), Bo,d,[1],04,)| 8 6 2 1 n
k(NG(C2), Bo,d, [1],04,) 16 -
k(Ng(C3), Bo,d, [1],0+) 16 +
k(NG(C4), Bo,d,[1],04)| 8 2 2 3 1 _
k(Ng(Ce), By, d,[1],04)| 8 6 6 -
k(Ng(C7), Bo,d,[1]l,04,)| 8 2 6 3 +
k(NG(C1), B1,d, [1],04) 41 +
k(NG(C2), B1,d, [1],04,) 4 | -
@) | (7) 6) 5) 4 (3) (2)]Parity
k(Ng(C1), Bo,d,[1],0,) | 4 2 2 1 +
k(NG(C2), Bo,d, [1],01,) 4 -
k(NG (C3), Bo,d, [1],01,) 4 +
k(NG(Ca), Bo,d,[1]l,0,) | 4 2 2 1 1 -
k(NG(Ce), Bo,d,[1],00,) | 4 2 2 _
k(Ng(C7), Bo,d,[1],0,)| 4 2 2 1 +
k(Ng(C1), By, d, [1],04,) 2| +
k(NG(C2), B1,d, [1],07,) 2| -

8. Jy

Let G be the simple Janko group J,. We assume p = 2. The radical 2-chains of
G (up to conjugacy) are given in Table 11. Let Ro(G) C R(G) such that Ro(G)/G =
{C1,C3,C3,Cy4,Cq,C7}. The principal block By of defect 7 and the block By of
defect 2 are 2-blocks of G.

Let #; and 1, be such that e is even and odd, respectively, in the condition (3.1)
in §3. Then we have Table 12.

Hence Conjecture 1.4 holds for G in the case of p = 2.

We assume that p = 3. The radical 3-chains of G (up to conjugacy) are given in
Table 13. Let Ro(G) C R(G) such that Ry(G)/G = {Cy, Cy, C3,Cy4}. The principal
block By of defect 3 and two blocks of defect 1 are 3-blocks of G with positive
defect. It suffices to consider only By.
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TaBLE 13. The radical 3-chains of J,

Chain C Ng(C) ChainC Ng(C)
Ci:1 G C4:1<% (3 x As) : 2
Cr:1<3 WyxS; Cs:1<3 <S 31+2:8
Cy:1<3<3% 3xG3 Cg:1<8 3128

TaBLE 14. Conjecture 1.4 forJ,, p =3

d,t) | B,n1) 2,1)|B,1n) (2,1) | Parity
k(NG(C1)7 BOa da [l]ao-l‘,‘) 9 4 9 4 +
k(NG(CZ)’ BOa d’ [l]ao-li) 9 3 -
k(NG(C?))’ BO’ d’ [1]’O-l,‘) 9 3 +
k(NG(C4)a BOs da [l]ao-ti) 9 4 9 4 -
d,t;)) | B,13) (2,13) | B,14) (2,14) | Parity
k(NG(Cl)’ BOa da [1]50-2‘,') 3 2 3 2 +
k(NG(C2)7 B07 d’ [1]5 O-Z,‘) 9 3 -
k(NG(C3)’ BOs da [l]ao-ti) 9 3 +
k(NG(C4)7 BOa d’ [1]5 O-l,‘) 3 2 3 2 -
TaBLE 15. The radical 5-chains of J,
ChainC Ng(C) ChainC Ng(C)
Clil G C321<5<S Do X D
Cy:5 WsxDyg C4:1<8S 522D12
Let #; be such that (%) = 1 and e is even, t, such that (%) = —1 and e is even,

t3 such that (%‘) = 1 and e is odd and 74 such that (%) = —1 and e is odd in the
condition (3.1) in §3. Then we have Table 14.

Hence Conjecture 1.4 holds for G in the case of p = 3.

We assume that p = 5. The radical 5-chains of G (up to conjugacy) are given in
Table 15. The principal block By of defect 2 and the block of defect 1 are 5-blocks
of G with positive defect. It suffices to consider only By.

Let #; be such that (%‘) = 1 and t, such that (%2) = —1. Then we have Table 16.

Hence Conjecture 1.4 holds for G in the case of p = 5.

9. HS

Let G be the simple Higman-Sims group HS. We assume that p = 2. The radical
2-chains of G (up to conjugacy) are given in Table 17. Let Ro(G) € R(G) such that
Ro(G)/G = {C1,Cy,---, C13,C16,C19,Cra}. The principal block By of defect 9
and the block B of defect 2 are 2-blocks of G with positive defect.



CHARACTER VALUES AND DADE’S CONJECTURE

TaBLE 16. Conjecture 1.4 forJ,, p =5

13

d, [k, ) | 2,[11,11) 2,12,11) | (2,[1],12) (2,[2], 1) | Parity
K(Ng(Cy), By, d, [k, 0,) 2 12 2 4 n
k(NG(C»), By, d, [«],07,) 8 8 4 -
K(Ng(C3), By, d, [k, 07,) 8 8 4 +
k(NG(C4), Bo, d, [«],07;) 2 12 2 4 _

C1:
Czi
C3Z
C4Z
C52
C6:
C7Z
Cg:
C91
C]()Z
Clli
C122
C132
C14Z
C152
C162
C172

TaBLE 17.

1

1<2

1<2<2?

1 <2<2%<42?
1<2<2¥

1 <2<2% <22.Dg
1<2< 22.2.D8

1 <22

1 <2%2<42?

1 <2*

1 <2%<22323

1 <24<22323<20222273
1 <24 <222

1 <24 <2225 <20222273
1 <2%<22%2222°

1 <43

1 <43 <2%22323

Clg .
C19 .
Czo .
Cz] .
sz .
C23 .
C24 :
C25 .
C26 .
C27 .
ng .
C29 .
C30 .
C31 .
C32 .
C33 .
C34 .

The radical 2-chains of HS

1<43<222323<8§

1 <43 <42224
1<43<42224<S
1<43<S

1 <4.2*

1 <4.2%<22323

1 <42%<22323<2222273
1 <424 <42224

1 <42% <4222 <§
1<42%<8S
1<22323

1 <22323<22%222723
1 <4.222%
1<42224<S

1 <222323
1<222323<8§

1<S§

Let #; be such that (_—11) = 1 and e is even, t, such that (;—21) = —1 and e is even,

t3 such that (—)

= 1 and e is odd and 74 such that (

= —1 and e is odd in the

condition (3.1) in §3. Then the value of k(Ng(C), B ],d (], 04,) 1s equal to that
without « and o, for every C, B; (j = 1,2) and d, and thus the result follows from
[13, Theorem 4.3]. For o, (i = 2, 3,4), we have Table 18 and Table 19.

Hence Conjecture 1.4 holds for G in the case of p = 2.

We assume that p = 5. The radical 5-chains of G (up to conjugacy) are given in
Table 20. The principal block By of defect 3 and the block of defect 1 are 5-blocks
of G with positive defect. It suffices to consider only By.

Let #; be such that (%‘) = 1 and 1, such that (%2) = —1. Then we have Table 21.

Hence Conjecture 1.4 holds for G in the case of p = 5.
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TaBLE 18. Conjecture 1.4 for HS, p =2

@] @) (1) 6) (5 (4) |Parity
k(NG(Cy), Bo.d,[1],04,) | 8 8 1 1 +
k(Ng(C2), By, d, [1],0+,) 16 4 2| -
k(NG(C3)’ B()’ d, [l]ao-l‘z) 8 +
K(NG(C4), Bo,d, [1], 074,) 8 | -
k(NG(Cs), By, d, [1],04,) 16 4| +
k(NG (Ce), Bo,d, [1],074,) 16 4| -
k(NG(C7)a BO’ d, [1]’0-1‘2) 16 4 2 +
k(NG(CS)’ Bo’d7 [1]’0-t2) 8 -
k(NG(C9)9 B09 d7 [1],0-l2) 8 +
k(Ng(C10), Bo,d, [1],074,) 16 4 1 -
k(NG(C11), Bo,d, [1],0,) 16 12 2 1 +
k(NG(C12), Bo,d, [1],0,) 6 12 4 2 -
k(NG(C13)9 BO,d’ [1]’0-l2) 16 4 +
k(NG(Cl6)’ B()’ d, [l]ao-l‘z) 8 8 1 -
k(Ng(Cy9), Bo,d,[1],01,)| 8 8 4 3 +
k(NG(sz)’ BO’ d? [1]’ O-tg) 8 8 4 3 1 —
d) ) ®) (1) (6) (5) (4) |Parity
k(NG(Cl)’ BO,d, [1]a0-t3) 8 8 1 1 +
K(NG(C2), Bo,d, [1], 07+;) 6 4 2| -
k(NG(C3)’ BO,d, [1]’0-l3) 16 +
k(NG(C4)a Bo’d, [1],0-[3) 16 —
k(NG(Cs), Bo.d, [1], 04,) 16 4| +
k(NG(Cs), Bo,d, [1], 07+;) 16 4| -
k(NG(C7)9 B09 d7 [1]’0-l3) 16 4 2 +
k(NG(CS)’ BO’ d’ [1],0-[3) 8 -
k(NG(C9)a BO’ d, [1]’0-1‘3) 8 +
k(NG(Cl())’ BO’ d’ [1]’0-t3) 16 1 -
k(NG(Cll)aB()’d’ [1],0-[3) 16 12 2 1 +
k(NG(CIZ)’ BOad’ [1],0-[3) 16 4 2 -
k(Nc(C13), Bo, d, [1], 074;) 16 4 4 +
k(NG(Cl6)’ B07 d’ [1]3 0-t3) 8 8 1 -
k(Ng(Cy9), Bo,d,[1],04,)| 8 10 4 3 +
k(NGg(C2), Bo,d,[1],0,)| 8 10 4 3 1 -

10. J3

Let G be the simple Janko group J3. We assume that p = 2. The radical 2-
chains of G (up to conjugacy) are given in Table 22. Let Ro(G) € R(G) such that
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TaBLE 19. Conjecture 1.4 for HS, p =2

d) |9 @) (7) (6) (5 (4) | Parity
k(Ng(C1), Bo,d,[1],04,)| 8 10 1 1 +
k(Ng(C2), Bo,d, [1],07,) 16 4 2 -
k(NG(C3), By, d, [1], 0,) 8 | +
k(NG(Cy), Bo,d, [1], 074,) 8 | -
k(Ng(Cs), By, d, [1],0,) 16 4 +
k(Ng(Cs), Bo,d, [1],0,) 16 4 -
k(Ng(C7), Bo,d, [1],07,) 16 4 2 +
k(NG (Cs), Bo, d, [1], 07,) 41 -
k(NG(Co), By, d, [1], 0,) 41 +
k(Ng(Cl()), Bo,d,[l],O'm) 16 4 1 -
k(Ng(C11), Bo,d, [1],07,) 16 12 2 1 +
k(Ng(C12), Bo,d, [1],07,) 16 12 4 2 -
k(Ng(CB), Bo,d,[l],O',4) 16 4 4 +
k(Ng(Cm), Bo,d,[l],O‘m) 8 10 1 -
k(Ng(Clg), B(), d, [1], O't4) 8 8 4 5 +
k(Ng(C2),Bo,d,[1],04,)| 8 & 4 5 1 —

(d, 1) | (2,12) | (2,13) | (2,14) | Parity
k(NG(Cl)’Bl,d9 [l]ao-l‘,') 4 2 2 +
k(NG(C2), Bl,d7 [1]7 O-l‘,') 4 4 4 -
k(Ng(C3), B1,d,[1],0,) | 4 4 4 +
k(NG(Cg)aBlad’ [1]a0-l,') 4 2 2 -

TaBLE 20. The radical 5-chains of HS

Chain C Ng(C) Chain C Ng(O)
Ci:1 G C3:1<5<5% (5:4)x Dy
Cr:1<5 5:4)xUAs Cy:1<8S (512:8):2

Ro(G)/G = {C1,Cy, -+ ,Cg}. The principal block By of defect 7 is the unique
2-block of G with positive defect.

Let #; and 1, be such that e is even and odd, respectively, in the condition (3.1)
in §3. Then the value of k(Ng(C), By, d, [], 0, ) 1s equal to that without « and o,
for every C and d, and thus the result follows from [17, Theorem 2.10.1]. For o,,
we have Table 23.

Hence Conjecture 1.4 holds for G in the case of p = 2.

We assume that p = 3. The radical 3-chains of G (up to conjugacy) are given in
Table 24. The principal block Bg of defect 5 and the block of defect 1 are 3-blocks
of G with positive defect. It suffices to consider only Bj.
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TaBLE 21. Conjecture 1.4 for HS, p =5

d,[«D |G, [1D) G,[2D @2, [1]) (2,[2]) | Parity
k(Ng(C1), Bo.d, [k],04,) 9 4 4
k(Ng(C3), By, d, [k], 07¢,) 10 10
k(Ng(C3), By, d, [k],0,) 10 10
K(NG(C4), Bo,d, [k],04) | 9 4 4
d,[«D) |G, 1D G,[2D @2,[1]) (2,[2]) | Parity
k(NG(C1), Bo,d, k], 01,) 9 4 2
k(NG(C2), Bo, d, [«], 07,) 10
k(NG(C3), Bo, d, [«], 07,) 10
k(NG(C4), Bo,d, [k],0,) | 9 4 2
TaBLE 22. The radical 2-chains of J3
Chain C Ng(C) Chain C Ng(C)
Ci: 1 G Cs:1<2t <5 S:3
Cy:1<24 24 GLy(4) Cg:1 <22+ 224 1 (3 x 33)
Cy:1<2%<2¥4 2244 .32 (.1 <22 <§ S:3
Cy:1 <24 2l Cgi1<S S:3
TaBLE 23. Conjecture 1.4 for J3, p =2
@) ©) (5) @) 3) |Parity

k(Ng(Cy), Bo,d,[1],04,) | 4 2 2 1 +

k(NG(C2), Bo,d, [1], 07+,) 4 1 -

k(Ng(C3), By, d,[1],0,) 4 1 +

K(NG(C4), By, d,[1]l,0.,)| 4 2 2 1 1 -

k(Ng(Cs), Bo,d,[1]l,0,) | 4 2 2 1 +

K(Ng(C¢), By, d,[1],0,,) | 4 2 2 -

TaBLE 24. The radical 3-chains of J3

Chain C Ng(C) Chain C Ng(C)

Ci:1 G C3:1<3<3? 33:8

Cr:1<3 BxWg):2 Cy:1<S 32.(3x3%):8

Lett; (1 <i<12)satisfyty =ty =1, h=tg=2,t3 =tg =4,14 =t)p =5,
ts=t7=7T,t6 =tp =8 (mod9), and define ¢1,--- ,tc foraneveneand t7,--- , 12
for an odd e in the condition (3.1) in §3. Then we have Table 25.

Hence Conjecture 1.4 holds for G in the case of p = 3.
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TaBLE 25. Conjecture 1.4 forJ3, p =3

d,t) |5, 11) 4n) B.1) |5, 41n) (3,n) | Party
k(Ng(C1), Bo,d, 1], 0+,) 9 7 9 4 +
k(Ng(C2), Bo,d, (1], 04,) 15 13 -
k(Ng(C3), Bo,d, 1], 04,) 15 13 +
k(Ng(Cs), Bo,d, [1], 07,) 9 7 9 4 -
d,t) | 5,13) (4,13) (B,13) | (5,t4) (4,14) (3,14) | Parity
k(Ng(Cy), By, d, [1],0) 9 4 9 4 +
k(Ng(C2), Bo,d, [1], 04,) 15 13 -
k(Ng(C3), Bo,d, [1], 0+,) 15 13 +
k(Ng(Cy), By, d, [1],074,) 9 4 9 4 -
(d,1;) | 5,15) (4,15) (3,15) [ (5,16) (4,16) (3.16) | Parity
k(Ng(C1), Bo,d,[1],04,) 9 4 9 7 +
k(Ng(C2), Bo,d, 1], 0+,) 15 13 —
k(Ng(Cs3), Bo,d, [1], 0,) 15 13 +
k(Ng(Cs), Bo,d, [1], 0+,) 9 4 9 7 -
d,t) | 5,17) (411) (B,17) | (5,13) (4,13) (3,13) | Parity
KNo©C1, Bodi[1low) | 3 5 3 2 T
k(Ng(C2), By, d, [1],0,) 7 5 -
k(Ng(C3), By, d, [1],0) 7 5 +
k(Ng(Cs), Bo,d, [1], 07,) 3 5 3 2 —
(d, 1) | (5,19) (4,19) (3,19) | (5,110) (4,110) (3,110) | Parity
K(NG(C1). Bo.d 1,00y | 3 2 3 2 T
k(NG(C2), By, d, 1], 07,) 7 5 -
k(Ng(C3), By, d, [1], 07,) 7 5 +
K(NG(Cs), Bo,d,[11,07) | 3 2 3 2 -
d,1) | 5,n1) A n1) G| 5,12 (1) (3,t1) | Parity
k(Ng(C1), Bo,d,[1],07,) 3 2 3 5 +
k(Ng(C2), By, d, [1],07) 7 5 -
k(Ng(Cs3), By, d, (1], 04,) 7 5 +

k(Ng(Cys), Bo,d,[1],04) | 3 2 3 5 -
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TaBLE 26. The radical 3-chains of M4

Chain C Ng(C) Chain C Ng(C)
Ci: 1 G Cy: 1 <3 3.2><L3(2)
Cy:1<3 3.8¢ Cs:1<32<3l+2  3l+292
Ci:1<3 <3¥ 3222 (Cg:1<32 32.GL,(3)

TaBLE 27. Conjecture 1.4 for Mpy, p =3

(d) | (3) (2)|Parity
k(NG(C1)7 B()’d’ [1]9O-l2) 9 2 +
k(NG(CZ)a BOads [1]’0-12) 9

2
k(NG(C?))a BOada [1]’0-1‘2) 9 +
k(NG(C4)’ BO’ da [1]70-t2) 9 -
k(NG(Cs), Bo, d, [1],04,) | 9 2| +
2

k(NG(C6)7 BOada [1]’0-7,‘2) 9

11. Moy

Let G be the simple Mathieu group M»4. We assume that p = 3. By [5, (5A)],
let Ro(G) C R(G) such that Ro(G)/G = {Cy,C»,- - ,Cg} in Table 26. The principal
block B of defect 3 and four blocks of defect 1 are 3-blocks of G with positive
defect. It suffices to consider only By.

Let #; be such that (1’—15) = 1 and 1, such that (%) = —1. Then the value of
k(NG(C), By, d, [k], 04,) 1s equal to that without x and o, for every C and d, and
thus the result follows from [5, 5C]. For o,, we have Table 27.

Hence Conjecture 1.4 holds for G in the case of p = 3.

12. McL

Let G be the simple McLauthlin group McL. We assume that p = 2. By [20,
(TABLE 4.3)], let Ro(G) C R(G) such that Ro(G)/G = {C1,Ca,---,Cg} in Ta-
ble 28. The principal block By of defect 7 and the block of defect 1 are 2-blocks of
G with positive defect. It suffices to consider only By.

Let #; and 1, be such that e is even and odd, respectively, in the condition (3.1)
in §3. Then the value of k(Ng(C), By, d, [], 0, ) 1s equal to that without « and o,
for every C and d, and thus the result follows from [20, Theorem 4.8.3]. For o,,
we have Table 29.

Hence Conjecture 1.4 holds for G in the case of p = 2.

We assume that p = 3. The radical 3-chains of G (up to conjugacy) are given in
Table 30. Let Ryp(G) C R(G) such that Ry(G)/G = {C, Cy, C3,C4}. The principal
block By of defect 6 is the unique 3-block of G with positive defect.
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TasLE 28. The radical 2-chains of McL

Chain C Ng(C) Chain C Ng(C)
Ci:1 G C521<2 2-918
Cy:1<2* 2491 Co:1<2<24 24 GL3(2)
C3:1<2%<222% (222%:(3%2:2) C7:1<2<2%<222% 24: 3y
Cy:1<2¥ 249y Cg:1<2<2¥ 24 GLs(2)

TaBLE 29. Conjecture 1.4 for McL, p =2

() 6 (5) @ (3)|Parity
k(NG(C1),Bo,d,[11,0,)| 8 6 2 1 1] +
k(Ng(C2), Bo,d,[1],04,)| 8 6 1 -
k(Ng(C3), Bo,d,[11,0,)| 8 6 2 1 +
K(NG(C4), Bo.d,[1),0,)| 8 6 1 -
k(NG(Cs), Bo,d,[11,0,)| 8 2 2 6 1| -
k(Ng(C¢), Bo,d,[1],0,)| 8 2 4 +
k(Ng(C7), Bo,d,[1],0,)| 8 2 2 2 -
K(NG(Cg), Bo,d,[1],0,) | 8 2 4 +

TaBLE 30. The radical 3-chains of McL
Chain C Ng(C)  ChainC Ng(C)
C,:1 G Cy:1 <3+ 314 (2.G5)
Cy:1<3* 3* My Cs:1<3t<s 31+:3:0¢
C3:1<3*<§ 3%4:3:08 Cs:1<S 3143 0g

Let 7; be such that (%) = 1 and e is even, t, such that (%) = —1 and e is even,

t3 such that (%3) = 1 and e is odd and #4 such that (%“) = —1 and e is odd in the
condition (3.1) in §3. Then the value of k(Ng(C), By, d, [«], 0,) is equal to that
without « and o7, for every C and d, and thus the result follows from [20, Theorem
3.6.2]. For o, (i = 2,3,4), we have Table 31.

Hence Conjecture 1.4 holds for G in the case of p = 3.

We assume that p = 5. The radical 5-chains of G (up to conjugacy) are given
in Table 32. The principal block By of defect 3 is the unique 5-block of G with
positive defect.

Let #; be such that (%) = 1 and e is even, , such that (%) = —1 and e is even,

t3 such that (%3) = 1 and e is odd and 74 such that (%4) = —1 and e is odd in the
condition (3.1) in §3. Then we have Table 33.
Hence Conjecture 1.4 holds for G in the case of p = 5.
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TaBLE 31. Conjecture 1.4 for McL, p =3

(d)](6) (5) 4) (3)|Parity
k(Ng(C1), Bo,d,[1],0,) | 8 3 3 1 +
k(Ng(C2), By, d, [1],04,)| 8 3 3 _
k(Ng(C3), Bo,d,[1],04,) | 8 3 4 +
K(NG(C4), By, d,[1],0,,)| 8 3 4 1 -

(d)|(6) (5) 4) (3)|Parity
k(Ng(C1), Bo,d,[1],0,) |10 1 3 1| +
k(Ng(C2), By, d,[1],04)| 10 3 3 -
k(NG(C3), Bo,d,[1],04) | 10 3 4 +
k(NG(Cs), Bo,d,[1],04,) | 10 1 4 1 -

d) ]| (6) (5) @) (3)|Parity
k(Ng(C1), Bo,d,[1],04,) |10 1 3 3 I
k(Ng(C>), By, d,[1],04,) | 10 3 3
k(Ng(C3), By, d,[1],04,)| 10 3 6 +
k(NG(Cy), Bo,d,[1],0,)[10 1 6 3| -

TasLE 32. The radical 5-chains of McL

Chain C Ng(C)
C1 01 G
Cy:1<8 5142:3:8

TaBLe 33. Conjecture 1.4 for McL, p =5

d,[«] |G, (1) (3,[2]) (2,[1]) |Parity
k(Ng(C1), Bo,d, [],07,) | 9 4 6 +
k(NG(C2)9 BO’ d’ [K]9 0-t1) 9 4 6 -
d,[«], 1) | B, [1]) (3,[2]) (2,[1]) | Parity
k(NGg(C1), By, d, [k],01,) | 9 4 2 +
k(NG(C2), Bo, d, [k],0,) | 9 4 2 -
d,[«] |3, [1]) (3,[2]) (2,[1]) | Parity
k(Ng(C1), By, d, [«],04) | 5 4 6 +
k(NG(C»), Bo,d, [k],0,) | 5 4 6 -
d,[«],1) | B, [1]) (3,[2]) (2,[1]) | Parity
k(Ng(C1), Bo,d, [k],0,) | 5 4 2 +
k(NG(C»), Bo,d, [k],0,) | 5 4 2 -
13. He

Let G be the simple Held group He. We assume that p = 2. By [3, (4D)], let
Ro(G) € R(G) such that Ro(G)/G = {Cy,C3,- -+ ,C12} in Table 34. The principal
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TasLE 34. The radical 2-chains of He

C,:1 C7: 1< (2% < (21+6.22y
Cy:1 <20 Cs: 1<% <2824 <§
C3:1<20<21%622 (Cg:1<22

Cy:1<2° Cio: 1 <22 <20y

Cs: 1<% <2%2% (C1;:1<2%2<26

Co: 1< (20) Cip:1<22 <20y <2424

TaBLE 35. Conjecture 1.4 for He, p =2

(d)[(10) 9 B) (1) (6) (4 (3) (2) | Parity
k(Ng(C1), Bo,d,[1],0,)| 16 4 2 2 1 1 n
k(Ng(C2), Bo,d,[1],0,)| 16 4 2 6 1 1 -
k(NG(C3), Bo,d,[1],04,) | 16 12 10 6 1 +
k(Ng(C4), Bo,d,[11,0,)| 16 12 2 2 1 -
k(NG(Cs), Bo,d,[1],04,)| 16 20 2 2 1 +
k(Ng(Ce), Bo,d,[1],0,)| 16 12 2 2 1 -
k(NG(C7), Bo,d,[1],04,)| 16 12 10 6 1 +
k(Ng(Csg), Bo,d,[11,0,)| 16 20 18 6 1 -
k(Ng(Co), By, d, [1],04,) 8 12 4 2 +
k(NG(Co0), Bo, d, [1],0,) 8 12 4 2 —
k(NG(C11), Bo,d,[1],0%,) 8 12 4 2 +
k(NG(C12), Bo,d,[1],04,) 8 12 4 2 _
k(NG(C1), B1,d, [1],074,) 4 +
k(NG(Co), B1,d, [1], 01,) 4 1| -

block By of defect 10 and the block B; of defect 3 are 2-blocks of G with positive
defect.

Let #; be such that ( ) 1 and #, such that ( ) = —1. Then the value of
k(Ng(C), B}, d, k], 0,) is equal to that without k and oy, forevery C, B; (j = 1,2)
and d, and thus the result follows from [3, (5B)]. For o,, we have Table 35.

Hence Conjecture 1.4 holds for G in the case of p = 2.

We assume that p = 3. By [3, (4C)], let Ro(G) C R(G) such that Ro(G)/G =
{C1,C3, -+ ,Cg} in Table 36. The principal block B of defect 3, the block By of
defect 2 and three blocks of defect 1 are 3-blocks of G with positive defect. It
suffices to consider By and B;.

Let 7; be such that (%) = 1 and e is even, t, such that (%) = —1 and e is even,

t3 such that (%) = 1 and e is odd and #4 such that (%4) = —1 and e is odd in the
condition (3.1) in §3. Then the value of k(Ng(C), B}, d, [«],0,) is equal to that
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TasLE 36. The radical 3-chains of He

Chain C Ng(C) Chain C Ng(C)
Clil G C431<3/ 63XL2(7)
Cy:1<3 3.8, Cs:1<3 <3% S5 X G5
Cy:1<3<3%2 (32x2H).2xG3) Cg:1<32 (32 x 22).GLy(3).2

TaBLe 37. Conjecture 1.4 for He, p =3

d,1) | 3,1) (2,1)|B,13) 2,13) | (3,14) (2,14) | Parity

k(Ng(C1), Bo,d,[1],0,) 9 9 9 +
k(Ng(C2), Bo,d, [1],07,) 9 9 9 -
k(Ng(C3), Bo,d, [1],07%,) 9 9 9 +
k(Ng(Cy4), By, d, [1],0,) -
k(NG(Cs), By, d, [1],0,)

k(NG (Ce¢), Bo,d, [1],07%,) 9 9 9 -

k(NG(C1), B1,d, [1],074)
k(Ng(C2), By, d, [1],07)
k(Ng(C3), By, d, [1],07)
k(Ng(Ce), B1,d, [1],07)

O O \O O \O \O N NN

W O \O WIN O \O NN

WO O WO O~~~
+

TasLE 38. The radical 5-chains of He

Chain C Ng(C) Chain C Ng(C)
C;:1 G C3:1<5<S 5%.(4x2)
Cr:1<5 5xUs)4  Cy:1<S 52 : (4%)

without « and o, for every C, B; (j = 1,2) and d, and thus the result follows from
[3, (5A)]. For o, (i = 2,3,4), we have Table 37.

Hence Conjecture 1.4 holds for G in the case of p = 3.

We assume that p = 5. The radical 5-chains of G (up to conjugacy) are given in
Table 38. The principal block By of defect 2 and the block of defect 1 are 5-blocks
of G with positive defect. It suffices to consider only By.

Let #; and 1, be such that e is even and odd, respectively, in the condition (3.1)
in §3. Then we have Table 39.

Hence Conjecture 1.4 holds for G in the case of p = 5.

We assume that p = 7. The radical 7-chains of G (up to conjugacy) are given in
Table 40. The principal block By of defect 3 and the block of defect 1 are 7-blocks
of G with positive defect. It suffices to consider only By.

Let #; be such that (’7‘) = 1 and 1, such that (’72) = —1. Then we have Table 41.

Hence Conjecture 1.4 holds for G in the case of p = 7.
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TaBLE 39. Conjecture 1.4 for He, p =5

(d,[k].t) | 2, [1].01) (2,[2],21) | (2, [1]. 1) (2,[2].2) | Parity
k(NG(C1), Bo, d, [k], o, 8 8 4 4 +
k(NG(C2), Bo,d, [k, 04) | 2 12 2 12 -
k(NG(C3), Bo.d, [k],07) | 2 12 2 12 +
k(NG(C4), Bo, d, [«], 071, 8 8 4 4 -
TaBLE 40. The radical 7-chains of He

Chain C Ns(C) Chain C Ng(C)

Ci:1 G Cs:1<T? 7.5 Lo (7)

Cr:1<7 FixLy7) Cs:1<7*<S 5.6

C3:1<7<7¥ F3xF Co:1<S S.(S3 % 3)

TaBLE 41. Conjecture 1.4 for He, p =7

d,[«D) |G, [1]D) G,[2D) G,[3D) @,[1D) 2,[2]) (2,[3]) | Parity
K(Ng(C1), By, d, [k], 07,) 1 7 12 3 +
k(Ng(C>), Bo, d, [«], 074,) 4 9 12 -
k(Ng(C3), Bo, d, [«], 07,) 4 9 12 +
k(Ng(Cs), By, d, [k], 07%,) 13 4 1 -
K(NG(Cs), Bo,d, [«],04) | 13 4 1 +
k(Ng(Ce), Bo, d, [k], o71,) 1 7 12 3 -

d,[«D)|G,[1]) G,[2) G,[3D @,[1D) 2,[2]) (2,[3]) |Parity
k(NG(C1), Bo,d, [k], 01,) 1 3 6 1 +
k(Ng(C»), Bo, d, [k], 07,) 9 -
k(Ng(C3), Bo, d, [«], 07,) 9 +
k(NG(C4), Bo,d, k], 00) | 7 -
K(Ng(Cs), By, d, [k], 071,) 7 1 +
k(Ng(Cs), Bo, d, [k], 0,) 1 3 6 1 -

14. O'N

Let G be the simple O’Nan group O’N. We assume that p = 2. By [24, Proposi-
tion 5.1], let Ry(G) € R(G) such that Ry(G)/G = {Cy, Cp, C3,Cy4} in Table 42. The
principal block By of defect 9 and the block B of defect 3 are 2-blocks of G with
positive defect.

Let #; be such that (%) = 1 and e is even, f, such that (%) = —1 and e is even,

t3 such that (%) = 1 and e is odd and #4 such that (%) = —1 and e is odd in the
condition (3.1) in §3. Then the value of k(Ng(C), B}, d, [«],0,) is equal to that
without « and o, for every C, B; (j = 1,2) and d, and thus the result follows from
[24, 5.6]. For o, (i = 2,3,4), we have Table 43.
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TaBLE 42. The radical 2-chains of O’N

Chain C Ng(O) Chain C Ng(C)
Ci:1 G Cy:1<4 43 .15(2)
Cr:1<4 4.154):2 Cy: 1 <4 <(@x25)2% (4x2%).2%.35

TaBLE 43. Conjecture 1.4 for O'N, p =2

d(©® & (1) 6) 4 3) (2) |Parity
k(Ng(C1), Bo,d,[1],04,) | 8 2 1 1 +
k(Ng(C2), Bo,d,[1],04,)| 8 2 5 3
k(Ng(C3), Bo,d,[1],04,)| 8 2 1 1 —
k(Ng(C4), Bo,d,[1],04,)| 8 2 5 3
k(Ng(C1), By,d, [1],0,) 4 1
k(NG(C>), By,d, [1],0,) 4 1 -
A &) (1) 6) 4 (3) (2) |Parity
k(Ng(C1), Bo,d,[1],0)| 8 6 1 1 2 +
k(NG(C3), By, d,[1],04) | 8 2 -
k(NG(C3), By, d,[1],04) | 8
k(NG(C4), By, d,[1],04) | 8
k(Ng(C1), By,d, [1],04) 4 1
k(NG(C>), B1,d, [1],04) 4 1 -
@{® ® (1) 6) 4 3) (2) |Parity
k(Ng(C1),Bo,d,[1],04)| 8 2 3 1 +
k(Ng(C2), By, d,[1],04,)| 8 2 5 5
k(Ng(C3), Bo,d,[1],0,)| 8 2 3 1 -
k(Ng(C4), BO, d, [1], O't4) 8 2 5 5
k(Ng(C1), By, d, [1], 04,)
k(NG(C>), By,d, [1],0,)

+ [+

N N O
DN = N
W = W
|

+ |+

~ &~
[S—
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Hence Conjecture 1.4 holds for G in the case of p = 2.

We assume that p = 3. The radical 3-chains of G (up to conjugacy) are given
in Table 44. The principal block By of defect 4 and the block B; of defect 2 are
3-blocks of G with positive defect.

Let #; and 1, be such that e is even and odd, respectively, in the condition (3.1)
in §3. Then the value of k(Ng(C), B, d, [«],0,) is equal to that without « and o,
for every C, B; (j = 1,2) and d, and thus the result follows from [24, 6.6]. For o,,
we have Table 45.

Hence Conjecture 1.4 holds for G in the case of p = 3.
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TaBLE 44. The radical 3-chains of O’N

Chain C Ng(C) Chain C Ng(C)
Ci:1 G C3:1<3°<S§ 3%.22.2°
Cy:1<3% (32:4xUg).2 Cs:1<S 3*: 214 Dy

TaBLE 45. Conjecture 1.4 for O'N, p =3

(d) | (4) (2) | Parity
k(NG(C1), By, d,[1],04,) | 12 +
k(NG(C2), Bo, d, [1],0,) | 20 -
k(Ng(C3), By, d, [11,04,) | 20 +
kK(NG(C4), Bo, d,[1],0,) | 12 -
k(NG(C1), By, d, [1],07,) 6| +
k(NG(C2), By, d, [1],07,) 6| -

TaBLE 46. The radical 7-chains of O’N

Chain C Ng(C) Chain C Ng(C)

C;:1 G Cy:1<7% 72 SLy(7):2
C,:1<7? 72:SLy(7):2 Cs:1<7 <8 71*2:(3x2%
C3:1<7?<8 7#2:(3x2% Ce:1<S 7142 (3 x Dg)

We assume that p = 7. The radical 7-chains of G (up to conjugacy) are given
in Table 46. The principal block By of defect 3 is the unique 7-block of G with
positive defect.

Let #; be such that (%) = 1 and e is even, t, such that (%) = —1 and e is even,

13 such that (%3) = 1 and e is odd and 74 such that (%“) = —1 and e is odd in the
condition (3.1) in §3. For o, (i = 1,4) and 0, (j = 2, 3), we have Table 47.
Hence Conjecture 1.4 holds for G in the case of p = 7.

15. Cos

Let G be the simple Conway’s third group Cos. We assume that p = 2. By [4,
(BO)], let Ro(G) € R(G) such that Ro(G)/G = {Cy,Cy, -+ ,Ci6} in Table 48. The
principal block By of defect 10, the block B; of defect 3 and the block of defect 1
are 2-blocks of G with positive defect. It suffices to consider By and Bj.

Let #; be such that (;—ll) = 1 and e is even, t; such that (;—21) = —1 and e is even,

t3 such that (;—31) = 1 and e is odd and 74 such that (;—41) = —1 and e is odd in the
condition (3.1) in §3. Then the value of k(Ng(C), B}, d, [«],07,) is equal to that
without « and o, for every C, B; (j = 1,2) and d, and thus the result follows from
[4, (4B)]. For o, (i = 2,3,4), we have Table 49 and Table 50.



26 R. NARASAKI

TaBLE 47. Conjecture 1.4 for O'N, p =7

d,[«]) | G,[1]) GB,[2]) GB,[3D) (2,[2]) (2,[3]) |Parity
k(NG(C1), Bo,d, [«],0) | 1 7 12 4 n
k(NG(C2), By, d, [«], 0,) 3 16 2 -
k(NG(C3), By, d, [k],0) | 3 16 2 +
k(NG(Cs), By, d, [k],04) | 3 16 2 -
k(Ng(Cs), Bo,d, [«],01) | 3 16 2 +
k(NG(Ce), Bo, d, [k],04) | 1 7 12 4 -

d, [« |G, [1D) G,[2]) G, [3D (2.[2D (2,[3]) | Parity
k(NG(C1), Bo,d, [«l,0¢) | 1 7 12 2 +
k(NG(C2), Bo, d, [«],0) | 3 16 2 -
k(NG (C3), Bo,d, [«],0) | 3 16 2 +
k(Ng(C4), Bo,d, [xl,0) | 3 16 2 -
k(Ng(Cs), Bo, d, [«],00) | 3 16 2 +
k(Ng(Ce), Bo, d, [«],01) | 1 7 12 2 -

TaBLE 48. The radical 2-chains of Cos

Ci:1 C921<2’<23.23
Cr:1<2 Cip:1<?2
C3:1<2<2%2° Cip:1<2 <22+
Cy:1<2226 Cpp:1<2 <23 <%
Cs:1<2%<2l+6 Ci:1<2 <23
Ce:1<2° Cip:1<2 <2323<23232
Cy:1<2%<2226 Cis:1<23 <%

Cg:1<2%<2226<22325 (Ci:1<23

Hence Conjecture 1.4 holds for G in the case of p = 2.

We assume that p = 3. By [4, (3B)], let Ro(G) C R(G) such that Ry(G)/G =
{C1,Cs,--+,Cg} in Table 51. The principal block By of defect 7 and the block of
defect 1 are 3-blocks of G with positive defect. It suffices to consider only By.

Let 7; be such that (%) = 1 and e is even, #, such that (%) = —1 and e is even,

t3 such that (%) = 1 and e is odd and #4 such that (%“) = —1 and e is odd in the
condition (3.1) in §3. Then the value of k(Ng(C), By, d, [«], 0%,) is equal to that
without « and o7, for every C and d, and thus the result follows from [4, (4A)]. For
oy, (i =2,3,4), we have Table 52.

Hence Conjecture 1.4 holds for G in the case of p = 3.

We assume that p = 5. The radical 5-chains of G (up to conjugacy) are given in
Table 53. The principal block By of defect 3 and the block of defect 1 are 5-blocks
of G with positive defect. It suffices to consider only By.
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TaBLE 49. Conjecture 1.4 for Cos, p =2

(d) | (10) (9) B) (7) (6) (5) (4)|Parity
k(NG(C1), Bo,d,[1],0,)| 16 4 2 6 1 1| +
k(NG(C»), By, d,[1],0,,)| 16 4 2 10 6 1| -
k(Ng(C3), Bo,d,[1],04,) | 16 12 10 10 6 +
k(Ng(C4), Bo,d,[1],04,) | 16 12 10 6 1 —
k(Ng(Cs), Bo,d,[1],04,)| 16 4 2 6 1 1 +
k(Ng(Cs), Bo,d,[1],04,) | 16 4 2 2 1 —
k(NG(C7), By, d,[1],0,,)| 16 12 10 2 ¥
K(NG(Cs), Bo,d,[1],04,)| 16 12 10 6 1 -
k(Ng(Cy), By, d, [1],04,) 16 12 +
K(Ng(C10), Bo, d, [1], 07,) 16 4 2| -
k(NG(C11), Bo,d, [1],0,) 16 4 4 2| +
k(Ng(C12), Bo,d,[1],074,) 6| -
K(NG(C13), Bo,d, [1],0,) 16| +
k(NG(C14), Bo,d, [1],071,) 16 12 4 -
k(Ng(C15), Bo,d, [1], 07,) 16| +
k(NG (C16), Bo,d,[1],074,) 16| -
(d) | (10) (9) ) (7) (6) (5) (4)|Parity
k(Ng(C1), Bo,d,[1],04)| 16 4 2 6 1 1 +
k(Ng(C2),Bo,d,[1],04)| 16 4 2 10 6 1 —
k(Ng(C3), Bo,d,[1],04,) | 16 12 10 10 6 +
k(Ng(C4), Bo,d,[1],04) | 16 12 10 6 1 -
k(NG(Cs), Bo,d,[11,0,)| 16 4 2 6 1 +
k(Ng(Ce), Bo,d, [1],0,) | 16 4 2 2 1] -
k(NG(C7), Bo,d,[1],04,) | 16 12 10 2 ¥
k(NG(Cs), Bo,d, [1],0,)| 16 12 10 6 1 -
k(NG(Co), Bo,d, [1], 07+;) 16 12 +
kK(Ng(C10), Bo,d, [1], 073) 16 4 2| -
kK(Ng(C11), Bo, d, [1], 073) 16 4 4 2| +
k(Ng(C12), Bo,d, [1], 073) 8 -
k(NG(C13), Bo,d, [1],0,) 8 | +
k(NG(C14), Bo,d, [1],04) 16 12 4 -
k(NG(C15), Bo,d, [1],0,) 8 | +
k(NG(C16), Bo,d, [1], 07) 8 | -

Let #; be such that (%‘) = 1 and 1, such that (%2) = —1. Then we have Table 54.
Hence Conjecture 1.4 holds for G in the case of p = 5.
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TaBLE 50. Conjecture 1.4 for Coz, p =2

(d) | (10) (9) B) (7) (6) (5) (4)|Parity
k(Ng(C1), By, d,[1],04)| 16 4 2 6 1 3 +
k(Ng(C2), By, d,[1],04,) | 16 4 2 10 6 3 —
k(Ng(C3), By, d,[1],04,)| 16 12 10 10 6 +
k(Ng(Cs), By, d,[1],04) | 16 12 10 6 1 —
k(Ng(Cs), By, d,[1],04) | 16 4 2 6 1 1 +
k(Ng(Ce), Bo,d,[1],04,) | 16 4 2 2 1 —
k(Ng(C7), By, d,[1],04) | 16 12 10 2 +
k(Ng(Cs), B, d,[1],04,) | 16 12 10 6 1 —
k(Ng(Cy), By, d,[1],0,) 16 12 +
k(NG(Cl()), B(),d, [1],0't4) 16 4 2 -
k(NG(C11), Bo,d, 1], 0,) 16 4 4 2 +
k(NG(C12), Bo,d, [1],0,) 8 =
k(NG(C13), Bo,d, [1],0,) 8 | +
k(NG(C14), Bo,d, [1],0't4) 16 12 4 —
k(Ng(C15), Bo,d, [1], o7,) 8 +
k(NG(C16), Bo,d, [1],0,) 8 -
d,1;) | (3,12) | (3, 13) | (3, 14) | Parity
k(Ng(C1),B1,d,[1],04) | 8 4 4 +
K(Ng(C10), By,d,[1],04) | 8 4 4 -
k(Ng(C13), By, d, [1],04) | 8 4 4 +
k(Ng(Ci6), By, d, [1],04) | 8 4 4 -
TaBLE 51. The radical 3-chains of Cos
Chain C Ng(C) Chain C Ng(C)
Ci:1 G Cy:1<3 3 :(2xMy))
Cr:1<3 S3 X Lr(8) : 3 Cs:1<3<85 §S:(2x85Dy)

C3:1<3<3%x(9:3) 3x(9:3)).22

Ce:1 <3+ 314 43

TaBLE 54. Conjecture 1.4 for Co3, p =5

d,[«]) |G, [1D) G,[2D) (2, [1]) (2,[2]) |Parity
k(Ng(C1), Bo,d, [k],04) | 10 10 2 4 n
k(Ng(C2), Bo,d, [«],04,) 10 10 -
k(Ng(C3), Bo.d, [k], 04,) 10 10 +
k(NG(C4), Bo,d, [k],04) | 10 10 2 4 -

d,[«]) |G, [1D G,[2D) 2, [1]) (2,[2]) |Parity
k(NG(C1), Bo,d, [«],0,) | 10 10 2 2 +
k(Ng(C2), By, d, [k], 07,) 10 —
k(NG(C3), By, d, [k],0,) 10 +
k(NG(C4), By, d, k], 01,) 10 10 2 2 —
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TaBLE 52. Conjecture 1.4 for Coz, p =3

)| () 5) 4 (3)|Parity
k(NG(Cl)aBO’d’ [1]’0-1‘2) 33 4 2 +
k(NG(CZ)’ BO’d, [1]’0-t2) 9 3 -
k(NG (C3), Bo, d, [1], 07,) 9 3| +
k(NG(C4)a BO,d, [1],0-[2) 33 4 -
k(NG (Cs), Bo, d, [1],04,) | 33 19 +
k(Ng(Cs), Bo,d,[1],04,) | 33 19 2| -
d) | () 5 4 (3)|Parity
k(Ng(C1), Bo, d, [1],04) | 33 4 2 +
k(NG(CZ)aBO, d, [1],0-[3) 27 3 -
k(NG(C3)7BO’ d’ [1]’0-1‘3) 27 3 +
k(NG(C4)’ BO’d, [1]’0-t3) 33 4 -
k(NG(Cs), Bo,d, [1],04) | 33 17 +
k(NG(C6)a BO,d, [1],0-[3) 33 17 2 -
@) | () (5 4) 3)Parity
k(NG(C1), Bo,d, [1],04,) | 33 4 2 +
k(NG(CZ)aBO,d’ [1],0'[4) 9 3 -
k(NG(C3)7 BO,d, [1]70-1‘4) 9 3 +
k(NG(C4)’ BO’d, [1]’0-l4) 33 4 -
k(NG(Cs), Bo,d, [1],04,) | 33 17 +
k(NG(C6)’ BO,d, [1]30-1‘4) 33 17 2 -
TaBLE 53. The radical 5-chains of Coj
Chain C Ng(C) Chain C Ng(O)
C:1 G C3:1<5<5 (5xF5)4

Cr:1<5 (5xUs).4  C4:1<S 5172242
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TasLE 55. The radical 3-chains of Ru

ChainC  Ng(C) Chain C Ng(C)
Ci:1 G C3:1<3? 32 : GLy(3)
Cr:1<3 (U222 C4:1<32<s 31+42:22

TaBLE 56. Conjecture 1.4 for Ru, p =3

(d) | (3) (2) | Parity
k(N(C1), Bo,d,[1,01,)| 9 3 | +
k(NG(C2), Bo.d,[1),01,) | 9 3
k(NG(C3), Bo,d,[1],0,) | 9 2| =
k(Ng(Cs), Bo,d,[11,0,) | 9 2 | +

TasLE 57. The radical 5-chains of Ru

Chain C Ng(C) Chain C Ng(C)

Ci:1 G Ci:1<52 5% : GLy(5)

Cy:1<5 5:4xUs Cs:1<52<8§ 51*2:42

C3:1<5<5% 5:4%x5:2 Ce:1<S 51+2 . 4.Dg
16. Ru

Let G be the simple Rudvalis group Ru. We assume that p = 3. By [6, Lemma
7.2], let Rp(G) € R(G) such that Ry(G)/G = {Ci,C,p,C3,C4} in Table 55. The
principal block Bj of defect 3 and two blocks of defect 1 are 3-blocks of G with
positive defect. It suffices to consider only By.

Let #; be such that (%‘) = 1 and t, such that (%2) = —1. Then the value of
k(NG(C), By, d, [k],04,) 1s equal to that without x and o, for every C and d, and
thus the result follows from [6, Theorem 9.1]. For o,,, we have Table 56.

Hence Conjecture 1.4 holds for G in the case of p = 3.

We assume that p = 5. The radical 5-chains of G (up to conjugacy) are given in
Table 57. The principal block By of defect 3 and the block of defect 1 are 5-blocks
of G with positive defect. It suffices to consider only By.

Let #; be such that (%‘) = 1 and #, such that (%2) = —1. Then we have Table 58.

Hence Conjecture 1.4 holds for G in the case of p = 5.
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TaBLE 58. Conjecture 1.4 for Ru, p =5

d,[«]) |G, [1D G,[2D) 2, [1]) (2,[2]) |Parity
k(Ng(C1), By, d, [«],04) | 10 10 1 4 +
k(NG(C2), By, d, [k],0,) 10 10 —
k(NG(C3), Bo, d, [«], 07,) 10 10 +
k(NG(Cs), Bo,d, [k],04) | 25 4 -
k(Ng(Cs), By, d, [«],07,) | 25 4 +
k(Ng(Ce), Bo,d, [],00,) | 10 10 1 4 -

d,[«) |G, [1D G,[2D) (2, [1]) (2,[2]) |Parity
k(Ng(C1), By, d, [k],04,) | 10 10 1 2 +
k(NG(C2), By, d, [k],0,) 10 -
k(Ng(C3), Bo,d, [«], 04,) 10 +
k(NG(Cs), Bo,d, [],07,) | 25 4 -
k(Ng(Cs), By, d, [k],0,) | 25 4 +
k(Ng(Ce), B, d, [«],0,) | 10 10 1 2 -

TaBLE 59. The radical 3-chains of Suz

C:1 Co:1<3<3<sS (C;:<3<S
Cr:1<3 C;:1<3<S Cyy i< 32+
C3:1<3<3 Csg:1<3? Ci3:<3*<S
Ci:1<3<3<S Cy:1<32<3 Cius:<S

Cs:1<3 <32+ Cip:1<3

17. Suz

Let G be the simple Suzuki group Suz. We assume that p = 3. The radical
3-chains of G (up to conjugacy) are given in Table 59. Let Ro(G) € R(G) such that
Ro(G)/G = {C1,C,, -+ ,Ci2}). The principal block By of defect 7, the block B; of
defect 2 and the block of defect 1 are 3-blocks of G with positive defect. It suffices
to consider By and B;.

Let #; be such that (%) = 1 and e is even, #, such that (%) = —1 and e is even,

t3 such that (%3) = 1 and e is odd and #4 such that (%4) = —1 and e is odd in the
condition (3.1) in §3. Then we have Table 60 and Table 61.

Hence Conjecture 1.4 holds for G in the case of p = 3.

We assume that p = 5. The radical 5-chains of G (up to conjugacy) are given in
Table 62. The principal block By of defect 2 and the block of defect 1 are 5-blocks
of G with positive defect. It suffices to consider only Bj.

For all o, we have Table 63 since all the relevant characters are invariant under
any such o.
Hence Conjecture 1.4 holds for G in the case of p = 5.
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TaBLE 60. Conjecture 1.4 for Suz, p =3

|7 ©) 5) @) (2)|Parity
K(NG(C1),Bo.d,[1],0) | I8 9 3 4 i
k(Ng(C2), Bo,d,[1],0,,)| 12 6 12 5 -
k(NG(C3), Bo,d, [1],04) | 12 3 12 n
k(NG(Cy), Bo,d, [1],0,) |12 3 18 _
k(Ng(Cs), Bo,d, [1],04,) |12 6 18 5 +
k(Ng(C¢), Bo,d,[1],04) | 12 3 18 -
k(NG(C7), Bo,d, [1],04,) |12 3 18 n
k(Ng(Cs), Bo, d, [1],074,) 30 -
k(NG(Cy), Bo, d, [1], 074,) 30 +
k(NG(Cy0), Bo,d,[1],04) |18 3 3 -
k(NG(C11), Bo,d,[1],04,) | 18 3 18 +
k(Ng(C12), Bo,d,[11,04) | 18 9 18 4 -
k(NG(C1), By, d, [1],04) 6 | +
k(NG(Cs), By, d, [1],04,) 6 | -
d () (6) (5 4 (2)]Parity
KNG(C1), Bo,d [1,o,) |12 9 1 4 n
k(Ng(C2), Bo,d,[1]l,0,)| 8 6 8 5 -
k(NG(C3), By, d,[1],0,)| 8 3 8 +
k(NG(Cy), Bo,d, [1],0,)| 8 3 10 -
k(Ng(Cs), Bo,d,[1],0,)| 8 6 10 5 +
k(NG(C¢), Bo,d, [1],0,) | 8 3 10 -
k(Ng(C7), By, d, [1],0,)| 8 3 10 +
k(NG(Cs), By, d, [1],074,) 30 -
k(NG(Co), By, d, [1], 01,) 30 +
k(Ng(Cro), Bo,d,[1],04,) | 12 3 1 —
k(Ng(C11), Bo,d,[1],04,) |12 3 6 +
k(NG(C12), By, d,[1],0,) |12 9 6 4 -
k(NG(C1), B1,d, [1], 04,) 6 | +
k(NG(Cs), B1,d, [1],04,) 6| -
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TaBLE 61. Conjecture 1.4 for Suz, p =3

@\ © 6 @ (2)|Parity
k(NG(C1), Bo,d,[1),0,,) [ 18 7 1 4 +

k(Ng(C2), Bo,d,[1],0,) | 10 6 10 5 -
k(Ng(C3), Bo,d,[1],04,) | 10 3 10 +
K(NG(Cs), Bo,d,[11,04,) | 10 3 14 _
k(NG(Cs), Bo,d,[11,0,) |10 6 14 5 +
k(Ng(Ce), By, d,[1],04)| 10 3 14 -
k(Ng(C7), Bo,d,[1],04,) | 10 3 14 +
k(Ng(Cs), Bo, d, [1],07;) 28 _
k(NG (Co), Bo,d, [1],07;) 28 +
k(NG(Cr0), Bo,d,[1],04) [ 18 3 1 -
k(Ng(C11), Bo,d,[1],04) | 18 3 16 +

k(NGg(C12), Bo,d,[1],0,) | 18 7 16 4 -

k(NG(C1), B1,d, [1], 04,) 6| +
k(NG(Cs), By,d, [1],074;) 6 | -
| ©6) (5 @4 (2)|Parity
k(Ng(C1), Bo,d,[11,00,) |12 7 3 4 n
k(Ng(C2), Bo,d, [1],04)| 10 6 10 5 -
k(Ng(C3), Bo,d, [1],04,)| 10 3 10 +
k(NG(Cy), Bo,d, [1],07,) | 10 3 14 -
k(NG(Cs), Bo,d, [1],0,)| 10 6 14 5 n
k(NG(Ce), By, d,[1],04,) | 10 3 14 -
k(Ng(C7), Bo,d,[1],04,) | 10 3 14 +
k(NG(Cs), Bo, d, [1], 074,) 28 -
k(Ng(Co), By, d, [1],074,) 28 +
k(NG(Cy0), By, d,[1],04) |12 3 3 _

(O8]
(@)}
+

k(NG(Cll)’ BOada [1]’0-1‘4) 12
k(NG(Clz)’ BOada [l]ao-t4) 12 7 6 4 —
k(NG(Cl)’ Blad’ [l]ao-t4) 6 +
k(NG(CS), Bl’d’ [1]’0-1‘4) 6 -

TaBLE 62. The radical 5-chains of Suz

Chain C Ng(C) Chain C Ng(O)

C:1 G C,: 1<% (5xAg) : 4
Cr:1<5 (5xUAs) : 4 Cs:1<5<S (5%2:4):2
C3:1<5<S (52:4):2 Ce:1<S (5%2:3):4):2
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TaBLE 63. Conjecture 1.4 for Suz, p=15

d,[xD | 2,[1D (2,[2]) | Parity
k(NG(C1), Bo,d, [k],0) | 8 8 +
k(NG(C2), Bo,d, [k],0) | 2 12 -
k(Ng(C3), Bo,d, [«],0) | 2 12 +
k(NG(C4), Bo,d, [k],0) | 2 12 -
k(Ng(Cs), Bo,d, [k],0) | 2 12 +
k(NG(Ce), Bo,d, [k],0) | 8 8 -

TaBLE 64. The radical 3-chains of Co,

glfi<3 Ci:1<3<3%x(3%:3)
C2:1<3<34 Cg:1<3*Cy:1<3*<S
3

C1021<3_1‘_+4
Cip:1<3<s
C1221<S

Cy:1<3<3*<3%x(3%:3)
Cs:1<3<3x31+2
Co:1<3<3x3*2<3x%x(33:3)

TaBLE 65. Conjecture 1.4 for Coy, p =3

d)](©6) ) 4 3)|Parity
k(Ng(C1), Bo,d,[1],04,) 27 6 9 1 +

k(Ng(C3), By, d, [1],04,) 27 39 3 -
k(NG(C3), Bo,d, [1],07,) 27 39 +
k(NG(Cy), Bo,d, [1],01,) 27 24 -
k(NG(Cs), Bo,d, [1],074,) 27 24 3| +

k(NG(CS)a B()’da [1]’0-&) 27 6 9 -
k(NGg(C10), Bo,d, [1],04,) |27 6 12 1 -
k(NG(Cll)’ BOada [1]’0-&) 27 6 12 +

18. Coy

Let G be the simple Conway’s second group Co,. We assume that p = 3. The
radical 3-chains of G (up to conjugacy) are given in Table 64. By [7, (5B)], let
RQ(G) - R(G) such that Ro(G)/G = {Cl, C2, C3, C4, C5, Cg, Clo, Cll} The princi—
pal block By of defect 6 and two blocks of defect 1 are 3-blocks of G with positive
defect. It suffices to consider only By.

Let #; be such that (1’—15) = 1 and 1, such that (%) = —1. Then the value of
k(NG(C), By, d, [k],04,) is equal to that without x and o, for every C and d, and
thus the result follows from [7, (6A)]. For o,, we have Table 65.

Hence Conjecture 1.4 holds for G in the case of p = 3.
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TaBLE 66. The radical 5-chains of Co,

ChainC  Ng(C) Chain C Ng(C)
C:1 G C3:1<5<5° F§><F§
Cr:1<5 FixGs Ci:1<S 5142 . 4€y)

TaBLE 67. Conjecture 1.4 for Coy, p =5

d,[«]) |G, [1D) G,[2D) (2, [1]) (2,[2]) |Parity
k(NG(C1), Bo,d, [k],04,) | 10 10 3 4 +
k(NG(CZ)’ B()a da [K]’ O-t1 ) 25 -
k(NG(C3), Bo, d, [«],07,) 25 +
k(Ng(Cs), By, d, [k], 07,) 10 10 3 4 -

d,[«) |G, [1D G,[2D) (2, [1]) (2,[2]) |Parity
k(Ng(C1), Bo,d, [k], 07,) 10 10 1 2 +
k(NG(C2), By, d, [«], 07,) 25 -
k(Ng(C3), Bo.d, [k],04,) 25 +
k(Ng(Cs), By, d, [k], 071,) 10 10 1 2 —

We assume that p = 5. The radical 5-chains of G (up to conjugacy) are given
in Table 66. The principal block By of defect 3 and two blocks of defect 1 are
5-blocks of G with positive defect. It suffices to consider only By.

Let #; be such that (%) = 1 and t, such that (%) = —1. Then we have Table 67.
Hence Conjecture 1.4 holds for G in the case of p = 5.
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