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DERIVATIONS AND AUTOMORPHISMS
ON THE ALGEBRA OF
NON-COMMUTATIVE POWER SERIES

KENTARO THARA

ABSTRACT. Motivated by the study of multiple zeta values, we discuss
several linear operators on the algebra of non-commutative formal power
series k((z,y)) over a field k of characteristic zero. Especially a family
of derivations whose elements commute with each other is defined and
automorphisms which correspond to these derivations via exponential
map are described explicitly.

1. INTRODUCTION

Let $§ = k(x,y) be the non-commutative polynomial algebra in two in-
determinates x and y over a field k of characteristic zero. For any positive
integer n, define the derivations D), D’,, and 9,, on $) by

D;(x) =0, D;L(y) = z"y, ﬁn(x) = zy", ﬁn(y) =0,
On(z) =z(z+y)" 1y, Oaly) = —z(z+y)" 'y,
Note that any derivation on $) is uniquely determined by the values on the
generators x and y. Define the derivations on $ := k((z,y)), the non-
commutative power series algebra, by D’ = > o>t %, D = D>t DT'", and

= Zn>1 n '

In [1], Kaneko, Zagier and the author have established a relation among
their exponentials:
(1.1) exp(9) = exp(D’) exp(—D"),
where, as usual, exp(d) = e? = Zmzo % for d = D', D’ and 9, which are
the automorphisms of §). To show the identity, we need to compute the
D' D' 0

,€

images of the automorphisms e ,e? on the generators x and y. They

are given by
Day=az, P(y)=1-2)ty, P(@)=a1-y) " )=
) =a(l—y), ey =1-a2(1- > hy- 1y
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where (1 —w)™' =1+ w+w?+--- defines an element in § for any element
w of degree > 1. In general, it is a hard task to compute the exponential
of a given derivation. Using this formula, one can compute the composition
of the automorphisms and easily check the identity. In the recent study
of multiple zeta values these derivations and the relation (1.1) were used
effectively. (For more information, see below.)

In this paper, we shall consider closely a series of derivations

Dn = Dn(a)57775) (01,57%56743)

(introduced in Section 7 in [1], see below for the precise definition), which
generalizes the above D/, D! and 0,. First, in Section 2, Proposition 1,
we shall prove their mutual commutativity, i.e., D,,D, = D,D,, for any
fixed parameters «, 3,7, d, and then, in Section 3, Theorem 1, we shall give
an explicit formula that computes how the exponential of the derivation
Y nCnDn(a, B,7,6), (where {c1,c,...} is an arbitrary sequence of elements
of k) acts on the generators of 9.

As mentioned above, these results are motivated by a recent study of the
multiple zeta values. Before closing this introduction, we shall explain more
about our background problem and related results from the viewpoint of
studies of the multiple zeta values. The multiple zeta values (MZV’s) are
defined by the series

1
Chrskayeokn) = Y T €R,

2 kn
mi1>mo>->my >0 ml m2 Mn

where the exponents k;’s are positive integers and k1 > 1. They satisfy many
linear relations over Q, the simplest of which is ((3) = (2, 1) found by Euler.
In [1], Kaneko, Zagier and the author found certain relations among MZV’s
called derivation relations. They also showed that the derivation relations
are equivalent in some sense to the other relations which had been found by
Ohno.

To review this, we use the algebraic setup introduced by Hoffman [2]. In
the rest of this introduction, we take the rationals Q as the base field k. Let
HY := Q + 29y be a subalgebra of § = Q(x,y), and Z : §° — R be the
Q-linear map which maps each monomial (word) z¥1~lyak2=1y ... gFn=1y in
H° to the value ((k1, ka2, ..., k,). Having defined the map Z, one of the main
problems in the theory of MZV’s is to find the structure of Ker Z. Producing
elements of Ker Z amounts to finding linear relations among MZV’s. For
example 7%y — xy? is in Ker Z, which corresponds to ((3) = ¢(2,1). Then
the derivation relations are stated as

O (9°) C Ker Z
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for any n > 1. The D/, and D’,, are used to describe the other relations which
were proved by Y. Ohno [3], and the identity (1.1) showes the equivalence
between the derivation relations and Ohno’s relations. From these point
of view, we think that it is important to study the class of derivations
D, (o, 3,7,0) and their exponential automorphisms.

Acknowledgements. The author is grateful to Prof. Masanobu Kaneko,
Jyun Kajikawa and the referee who read the manuscript and suggested sev-
eral important improvements of the exposition.

2. DERIVATIONS

Let § = k((z,y)) be the algebra of non-commutative formal power series
in two indeterminates over a commutative field k of characteristic zero. The
algebra .% is complete with respect to the grading defined by degx = degy =
1. The space of all derivations of $ over k form a Lie algebra, denoted by
Der($), with usual commutater bracket: [d,d’] := dd’ — d'd. On the other
hand, the set of all automorphisms of 9 over k form a group, denoted by

Aut($)). Note that both derivations and automorphisms on ) are deter-

mined by the values on generators of 5% Let Dert (.%) be the Lie subalgebra
consisting of derivations which increase the degree, or equivalently which
induce the zero derivation on the associated graded algebra gr(.%) =&
5%71 / .6,1“, where S%H is the subspace of 5/’3 generated by the words of degree
> n. Let Aut!(§) be the subgroup of Aut($) consisting of automorphisms
¢ such that ¢(x) —z and ¢(y) —y belong to 52, or equivalently which induce
the identity automorphism on gr(%). There is a one to one correspondence
between the Lie subalgebra Der™ (5) and the subgroup Autl(.%) via the ex-
ponential and the logarithm maps; exp(d) = e? = > m>0 % ford € Der"'(,ﬁ%)

and logp = =% (1_$)m for ¢ € Autl(.?)). We have used the condition
that the characteristic of k is zero to make these definitions well defined.

Let {a, b} be an arbitrary set of (topological) generators of §), for example
a and b are both linear combinations of  and y which are not proportional.
In this paper we will fix such {a, b} once and for all.

In Proposition 14 of [1], the following derivations were defined, which
generalize {D,},{D,} and {9,} in the introduction. Here we consider them
in a slightly generalized setting that the generators a¢ and b need not be
of degree 1 homogeneous elements. The proof of Proposition 1 below was

omitted in [1] and so we give it here.
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Definition 1. For all n > 0 and elements «, 3,7, in k, define the deriva-
tions Dy, := Dy(a, 8,7,0) = Dyp({a,b}; o, 8,7,0) by

Dy, (a) =0, D, (b) = aa™! + Ba"b 4 vba™ + ba™ b,

which are clearly in Der“'(%).

The derivations D;,ﬁn and 0, in the introduction are special cases of
D,:

D’:’L = Dn({w, y}? O’ 1707 0)7 D/n = Dn({y’ x}; 07 07 17 0)7
On = Dp({z +vy,2};0,0,1,-1) = D,,({x + y,y};0,—1,0,1).

Proposition 1. The derivations {D,} commute with each other:
[Dp, Dy = 0 for all m,n > 1.

Proof. Clearly the [D,,, D,] is also a derivation on 9, so it is enough to
check the images of a and b are both 0. [D,,,Dy](a) = 0 is trivial. Put
u = aa+ Bb and v = va + b, then we have D, (b) = a™u + ba™'v. First we
have

Dy (u) = B(a™u + ba™ 1) = a™(Bu — av) +ua™ v,
Dy (v) = 6(a™u + ba™ 1) = a™(Su — yv) + va™ v,
From this, we have
DDy (b) = Dy (a™u 4 ba™ o)
= a"Dy,(u) + Dy (b)a™ v 4 ba™ 1 Dy, (v)
= a"(a™(Bu — av) + ua™ ') + (a™u + ba™ 1 v)a" "t
+ ba" " a™ (6u — yv) + va™ 1w)
= ™" (Bu — aw) + (a"ua™ v + a™ua™ ")
+ ba™ " (Su — yv) + (ba™ v o + ba"Lwa™ ).

Since the last expression is symmetric in m and n, we have [D,,, D,](b) =
0. (I

To consider any linear combination of D,,’s, we use the notation Dy which
was introduced in [1]:

Definition 2. Let f(X) =) ., ¢, X" € XE[[X]] be a formal power series
in one indeterminate X Withgu_t constant term. We define the derivation
-Df = Df(aHB?’% 5) € Der+(~6) by Df(OéaBu’% 6) = anl ann(OQBv’Ya 6)
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Note that the action of Dy on generators {a, b} is given by

Dy(a) =0,
D¢(b) = af(a)a+ Bf(a)b+~vbf(a) + 5bf(aa)b
= fayu +61%,

where ©u = aa + 8b and v = vya + 0b. The element @ € 9 is given by

substituting a for X in the power series @ € k[ X]].

It clearly holds that tDy = D;; and Dy + Dy = Dy, for any elements
t € kand f(X),g(X) in XE[[X]]. As a consequence of Proposition 1, we
have [Dy, Dy] = 0 for any f,g € XE[[X]]. In other words, the space of
derivations {Dy | f € XE[[X]]} forms a commutative Lie subalgebra in

Der™($).

3. AUTOMORPHISMS

In the previous section we defined the derivations Dy depending on the
fixed basis {a,b}, coefficients a, 3,7, d, and the series f(X) € Xk[[X]]. In
this section we give an explicit description of the corresponding exponential
automorphisms.

Definition 3. Let h(X) € 14+ Xk[[X]] be a power series with constant term
1. We define an automorphism Ay, as follows: Denote by € and &’ the two
roots of the quadratic equation T2 + (84 v)T +ad = 0 and put w = ¢ — &'
The elements ¢,¢’ and w belong to a quadratic extension K of k, and the
elements € + ¢’ = — (G + ) and e’ = ad are in k.

Let Aj, € Aut!($) be the automorphism defined by the following action
on generators: Ap(a) = a and

(3.1) Ap(b) = h(a)®+* [b + h(“)::_l(aa - 5b)]
I I
(3.2) = h(a)® [(h(a)a ~ h(@))aa — (¢h(a) — gh(a)f’)b]
< [(eh(a)f — /hla)) - W&b} “hia) P

where h(a)* = exp(Alogh(a)) for any A € K, and the quotients (h(a)® —
1)/wa and (h(a)® — h(a)®')/a define the elements of K ((z,y)), since each

numerator has no constant term, one can divide it by a. In the case w = 0,
we regard the elements (h(a)™ —1)/(—w) and (h(a)® — 1)/wa as log h(a)
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and (logh(a))/a respectively. Since the expression (3.2) is symmetric in
and €', it defines an element of §.

First we check the expression (3.1) equals (3.2):
h(a)™™ —1

Ap - = h(a)P*e [b + (aa — sb)}

/

— h(a)ﬁ [h(a)e ;h(a)g aa + (h(a)s _ €(h(a)6 —

(33) = h(a)’ [Maa _ hlo)y - eh(a)® i

On the other hand, we have

Biti= 1+ W(sa — o)) h(ayre
- :1 + h(azja_l(ga - 6b)} " h(a) B+
_ [ + = M) _ B hY 1y
(3.4) _ :eh(a)a ;5’h(a)5/ B h(a)tah(a)s’ 5b}—1h(a),ﬁ‘

Thus we have showed that (3.1)=(3.2). Since the equation (3.4) defines

an invertible element of ), we denote the inverse by Bj. Hence we have
Ap(b) = ApB; .

Theorem 3.1. For any f(X) € Xk[[X]], set h(X) = /%) € 1 + XEk[[X]].
Then we have

(3.5) Ay, = exp(Dy).

Proof. For the derivation Dy, we can consider the 1-dimensional commu-
tative Lie subalgebra {tD; = D,s} spanned by D;. Then the image of
the Lie algebra under the exponential map forms a 1-parameter subgroup
{etPr = ePir} of Aut'($). The tangent vector along the path at the unit
(identity automorphism on $) corresponds to log(ePf) = Dy¢. Therefore
it is enough to show that (i) %Aht‘t:(] = Dy, and (ii) Ay, = Ay, for
g,h € 1+ XEk[[X]], i.e., the map h — Ay, is a group homomorphism.

For (i), from the definition of Dy and Ay, it is clear that %Aht(aﬂt:o =
D¢(a) = 0. Next we have from (3.1)

ht—1

wt _ -1
h ! (ea — ob)| RO,

A (b) = RO+ [b + (aa — gb)} [1 +
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Where we write h for h(a) for simplicity. By using the formula 5 M) g =
)‘tf 9|—o = Mf(a) for X € K, we have

%Aht ()|,_o = (B+¢)f(a)b+ f(a)(aa —eb) — bf(aa) (ea — 6b)
+0(y+¢)f(a)
= af(a)a+ Bf(a)b+bf(a) + 5bf(aa)b
= f(a)u+ bf(aa)v.

This coincides with the expression in Definition 2. For the proof of (ii) we
need the following lemma which will be proved later:

Lemma 3.2. For any g,h € 1 + Xk[[X]], we obtain
(3.6) Ag(An)By = Agh, Ay(Bn)By = Byn
where Ay, By, are the elements defined above.
Using this lemma we can prove (ii):
Ag(An(a)) = a = Agn(a),
Ag(An(0)) = Ag(ARBy 1) = Ag(Ap)Ag(By) ™
= (AgnBy ") (BB, )™ = Agn B, = Agn(b).

Proof of Lemma. We continue to write h instead of h(a) and denote equa-
tions (3.3) and (3.4) simply as

Ap = BP[(h° — h¥)aa — (€'h° — eh® )b] Jw,
hé — hE

By, = hP[(eh® — £'h¥) — 3b] Jw,
and Ay (b) = ApB; '. We obtain
Ay(Ap)By = WP [(h* — 1= )aa — (£'h® — eh® ) Ay (b)] By/w
= RP[(h® — h¥)aaBy — (¢'h — eh®)Ay] Jw
= (gh)?[(h* — 1 )aa{(eg" — g7 - gsggaab}
— (€h —eh){(¢" = g7 )aa — (€'g" - 698')5}} /w2
= (gh)” [{(he —h)(eg” —€'g") — (£'h° —eh™)(g" — g7) }aa

{0 — 1) - ¢ Jad — (N — b ) — e} fu?
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= (gh)’[{(gh)® - (gh)* }aa — {<'(gh)* — £(gh)* }b] Jw = Agp.
Similarly we obtain
hE — ha’

Aﬁmﬂgzﬁﬁmﬂw%ﬁ— 54@@@/w

=n? |:<€h€ — a’hSI)Bg " ;ha, 5Ag} /w

e ¢
- (gh)ﬂ [(eh8 — 5’h5/){(€gg — 5'95/) _9 ag (5b}
B hE — ha’

5{(._(f—-95')04a-—(6’95-—69‘5/)b}]/w2
= (gn)?[{(eh* = 07 (eg" — 'g7) = (h° = he)(g° — g')ad)}

- (h® —e'h)(g" —g7) _ (° = h)(e"g" —eg”) Lot] /2

a a

= (gh)® {{a(gh)E — al(gh)‘fl} - Méb] /w = Bgp.

a
Thus we conclude the proof of Lemma and Theorem 3.1. O

The following theorem is a special case of Theorem 1, but is worth stating
separately because of the conciseness of the expression.

Theorem 3.3. Suppose that o, 3,7, € k satisfy aé — By = 0. Then the

derivation Dy is defined by the images Dy(a) =0, Ds(b) = w@w’ on the
generators for some w,w' € ka + kb and the automorphism Ay = exp(Dy)

for h = el sends the generators to
Ap(a) = a,
h(a)P~ =1 h(a)?~7 —1 71-1
(a) 4[_ (a) ;
B—n (8 —=7)a
where u = aa + Bb, v = ya + 0b.

(3.7) AMM:P+

Proof. The condition ad — 3y = 0 is equivalent to that one can write u = Aw’
and v = pw' for some \, u € k and w' € ka + kb. If we put w = Aa+ ub then
we have

D¢ (b) = f(a)u + bf(aa)v = fla) w' +b

= (Aa+ ,ub)fila)w’ = wfila)w'.

oW
a

In this case one can take —(3 and —+ respectively as the roots € and &’ of
the quadratic equation. Then we have —w = 3 — . Therefore from (3.3) we
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obtain
h(a)?=7 —1
——(aa+ pb } .
B— ( )
On the other hand, since the equation (3.4) is symmetric in € and €/, we
have

A= [b+

_ h(a)™ —1 -1 _
1_ MY T, (B+e)
B; [1 + = ——(a 5b)] h(a)

h(a)?=7 —1 -1

=|1—-——————(ya+db .
R ]
Hence we conclude the proof. O
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