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UNIT GROUPS OF A CERTAIN CLASS OF COMPLETELY
PRIMARY FINITE RINGS

CHITENG’A JoHN CHIKUNJI

ABSTRACT. A completely primary finite ring is a ring R with identity
1 # 0 whose subset of all its zero-divisors forms the unique maximal
ideal J. Let R be a commutative completely primary finite ring with
the unique maximal ideal J such that J* = (0) and J? # (0). Then
R/J = GF(p") and the characteristic of R is p*, where 1 < k < 3, for
some prime p and positive integer r. Let R, = GR(p’", pk) be a Galois
subring of R and let the annihilator of J be J? so that R= R, ®U GV,
where U and V' are finitely generated R,-modules. Let non-negative
integers s and t be numbers of elements in the generating sets for U
and V, respectively. When s = 2, ¢ = 1 and the characteristic of R is
p? and p?; and when s = 2, t = 2 and the characteristic of R is p, the
structure of the group of units R* of the ring R and its generators have
been determined; these depend on the structural matrices (a};) and on
the parameters p, k, r, s and t.

1. INTRODUCTION

This is a sequel to [3] and throughout this paper we will assume that
all rings are commutative rings with identity, that ring homomorphisms
preserve identities, and that a ring and its subrings have the same identity.
To recall, the problem is to determine the group of units R* of a commutative
completely primary finite ring R with unique maximal ideal J such that
R/J = GF(p"), J3 = (0) and J? # (0) so that the characteristic of R is
p*, for some prime p and positive integers r and k, where 1 < k < 3; and
further identify sets of linearly independent generators for R*. In particular,
let R, = GR(p"", p*) be a Galois ring and let the annihilator of J be J? so
that R = R, ® U @V, where U and V are finitely generated R,—modules.
Let non-negative integers s and ¢ be numbers of elements in the generating
sets for U and V, respectively.

In the companion paper to the present we have determined R* when
s = 2,t = 1 and charR = p; and when t = s(s2+1)7 for any fixed positive
integer s, and we turn our attention here to the case where s = 2,f = 1
and characteristic of R is p? and p?; and the case where s = 2,t = 2 and
charR = p. Our earlier strategy (that of considering different types of sym-
metric matrices) is thus not viable anymore and we have to follow a different
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approach; that is, that of considering structural matrices of isomorphism
classes of these types of rings with the same invariants p, r, k, s, and .

We refer the reader to [1] for the general background of completely pri-
mary finite rings R with maximal ideals .J such that J3 = (0) and J2 # (0).
Let R be a completely primary finite ring with maximal ideal J such that
J3 = (0) and J? # (0). Then R is of order p™ and the residue field
R/J is a finite field GF(p"), for some prime p and positive integers n, r.
The characteristic of R is p*, where k is an integer such that 1 < k < 3.
Let GR(p*",p*) be the Galois ring of characteristic p* and order p*”, i.e.,
GR(p*", p*) = Zyk[x]/(f), where f € Z,x[7] is a monic polynomial of degree
r whose image in Zj,[z] is irreducible. Then, it can be deduced from the main
theorem in [6] that R has a coefficient subring R, of the form GR(p*", p¥)
which is clearly a maximal Galois subring of R. Moreover, there exist ele-
ments my, ma, ..., my € J and automorphisms o1, ..., o5 € Aut(R,) such
that

h
R=Ry®) Rom

i=1
(as R,—modules), m;r = r%m;, for every r € R, and any ¢ = 1,..., h.
Further, o1,..., o, are uniquely determined by R and R,. The maximal

ideal of R is

h
J=pR,® ZROmi.
i=1
It is worth noting that R contains an element b of multiplicative order p" —1
and that R, = Z,x[b] (see, e.g. 1.3 in [1]).
The following results will be assumed (see [7] and [2]):

Proposition 1.1. Let R be a completely primary finite ring (not necessarily
commutative). Then,

(i) the group of units R* of R contains a cyclic subgroup < b > of order
p" — 1, and R* is a semi-direct product of 1 + J and < b >;

(ii) the group of units R* is solvable;

(i1i) if G is a subgroup of R* of order p" — 1, the group G is conjugate to
<b>in R*;

() if R* contains a normal subgroup of order p" — 1, the set K, =< b >
U{0} is contained in the center of the ring R;

(v) (14 JH/(1+ JH) =2 Ji/JHL (the left hand side as a multiplicative
group and the right hand side as an additive group).

Lemma 1.2. [2, 2.7.] Let R be a completely primary finite ring of charac-
teristic p* and with Jacobson radical J. Let R, be a Galois subring of R. If
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m € J and p' is the additive order of m, for some positive integer t, then
|Rom| = p'".

Now let R be a commutative completely primary finite ring with maximal
ideal J such that J3 = (0) and J? # (0). In [1], the author gave constructions
describing these rings for each characteristic and for details, we refer the
reader to sections 4 and 6 of [1].

If R is a commutative completely primary finite ring with maximal ideal
J such that J? = (0) and J? # (0), then from Constructions A and B in [1],

and
J=pR, UV W,

where the R,—modules U, V and W are finitely generated. The structure of
R is characterized by the invariants p, n, r, d, s, t and A; and the linearly
independent matrices (afj) defined in the multiplication. Let ann(J) denote
the two sided annihilator of J in R. Notice that since J? C ann(J), we can
write R = R, ® U & M, and hence, J = pR, ®U & M, where M =V & W,
and the multiplication in R may be written accordingly. It is therefore easy
to see that the description of rings of this type reduces to the case where
ann(J) coincides with J2. Therefore, when investigating the structure of
the group of units of this type of rings for a given order, say p™", where
ann(J) does not coincide with J2, we shall first write all the rings of this
type of order < p"™", where ann(.J) coincides with J2.

In what follows, we assume that ann(J) = J2.

Let R, = GR(p"", p*) (1 < k < 3) and let non-negative integers s and ¢
be numbers of elements in the generating sets {uq, ..., us} and {vq, ..., vy}
for finitely generated R,-modules U and V', respectively, where t < w
Assume that uq, uo, ..., us and vy, ..., v; are commuting indeterminates.
Then R=R, U & V.

As before, and since R is commutative,
R =<b>-1+J)=<b>x(14+J);

a direct product.

Again, notice that since R is of order p™ and R* = R— J, it is easy to see
that |R*| = p(~ U (p" —1) and |1+ J| = p»~ V", so that 1+ .J is an abelian
p—group. Thus, R* =(Abelian p—group) x (cyclic group of order |R/J|—1).

Our goal is to determine the structure and identify a set of generators of
the multiplicative abelian p—group 1+ J.
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2. THE GROUP 1+J

In this section we determine the structure of the abelian p—group 1 + J.
We do this case by case based on the characteristic of the ring R and the
invariants s and ¢.

Now let R be a commutative completely primary finite ring with maximal
ideal J such that J3 = (0) and J? # (0). Let 1+.J be the abelian p—subgroup
of the unit group R*.

The group 1+ J has a filtration 1 +J > 1+ J2 D 1+ J3 = {1} with
filtration quotients (1 + J)/(1+ J?) and (1 + J?)/{1} = 1 + J? isomorphic
to the additive groups .J/J? and J?, respectively.

Remark. Notice that 1+ J? is a normal subgroup of 1 + J. But, in general,
1 4 J does not have a subgroup which is isomorphic to the quotient (1 +
J)/(1 4 J?) as may be illustrated by the following example.

EXAMPLE: Let R = Z,3, where p is an odd prime. Then J = pZ,s,
ann(J) =J* and 1+ J = Zyp, 1+ J2 27y, (14 J)/(1+ J?) 2 Zy.

Remark. In view of the above remark and example, we investigate the struc-
ture of 1 + J by considering various subgroups of 1 + J.

The following result is fundamental in the study of the group of units of
the rings in this paper.

Lemma 2.1. Let R and S be rings (not necessarily rings considered in this
paper). Then every (ring) isomorphism between R and S restricts to an
isomorphism between R* and S*.

However, it is not always true that if R* = §*, then the rings R and S are
isomorphic as may be illustrated by the following: Z* = {1, —1} =2 Z§ =
{1, 2}, while Z (infinite) and Zs (finite) are non-isomorphic rings.

2.1. The case when charR = p?, s =2 and t = 1.. Let the characteristic
of the ring R be p?, and let s = 2 and ¢t = 1. Then

R = Ro D Roul S¥ ROUQ S¥ Ro?)l,
and the Jacobson radical
J =pR, ® Roui ® Rous @ Ryv1,

where R, = GR(p*", p?), the Galois ring of characteristic p? and order p*",
for any positive integer r, and prime integer p, and we have

1 2 3 4
UjUj = QP + az;pul + a3;puz + a;vi,

1,2 .3 4
where a;;, aj;, a;;, a;; € Ro/pR,.
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From the definition of the multiplication in the ring R, we deduce two
cases; namely, (i) the case when p € J?, and (ii) the case when p € J — J2.
These cases do not overlap and we treat them in turn.

2.1.1. Case(i). Suppose that p € J?. Then the multiplication in R is as
defined

UjU; = a}jp + a?jvl.
Since these four products span J?, the symmetric matrices A = (az-lj), B =
(a?j) are linearly independent, and one verifies that any such pair of matri-
ces gives rise to a ring of the present type. If we change to new generators
ull, UIQ, le with corresponding matrices A/, B/, then ull, ulg are linear combi-
nations of uy, uz, vy, p. Since J* = (0), we may assume that the coefficients
of vy, p are zero and write u; = pruq + poiug, so that P = (pl-j) is the tran-
sition matrix from the basis {1, W} of J/J? to the basis {@7 , Tz }. If also
le = kvy + mp (k € (R,/pR,)*, m € R,/pR,) and we now calculate u;u;
and compare coefficients of v, p we obtain equations which, in matrix form
are:

P'BP = mA +B
where P! is the transpose of the matrix P. The problem of classifying the
present class of rings up to isomorphism is now readily seen to amount
to that of classifying pairs of symmetric matrices (4, B) under the above
equivalence relation, in which P € GLa(R,/pR,), k € (Ro/pRo)*, m €

{PtAP = kA

R,/pR, are arbitrary. Observe that Q = <:1 (1) is the transition matrix

from the basis {v1, p} of J2 to {v}, p}. This is similar to the situation of
[4, 5], wherein @ is an element of GLy. We deduce from Theorem 3 in [5]
that if p = 2, there are up to isomorphism, three commutative rings with
pairs of structural matrices

o) G060 (o) 6o

and from Theorem 3 in [4] that if p is odd, there are up to isomorphism,
three commutative rings with pairs of structural matrices

10 0 0y (1 0 0 1y (1 0 0 1)\
0 0)>\0 1) \0 g)>\1 0/ \0 0/)” \1 0/’
where ¢ is a fixed non-square in (R,/pR,)*.

We now determine the structure of 1 + J. Notice that
14+J=14pR, P Rouy & Rouz & Ryv.
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To simplify our notation, we shall call a ring with characteristic 22, a ring
of Type I, if it is isomorphic to a ring with structural matrices

G o) 0 ) o (o) ()

and a ring of Type II if it is isomorphic to a ring with structural matrices

(o) (o)

Proposition 2.2. If charR = p?, s = 2, t = 1, and suppose that p € J>.
Then
1) 1+ J 22 X L X 28 X 77, if p is odd; and when p = 2,
P P P P y
. ~ ) Zj x Zy, if R is of Type I;
(i) 1+J = { Zi x 74 x 75, if R is of Type II.

Proof. If p € J?, let @ = 1 + x be an element of 1 4+ J with the highest
possible order and assume that € J — J2. Then

| p if p is odd;
o(a) = { p?, ifp=2.

This is true because

-1
(1+2)P = 1+px+p(Z)2)x2 (since 2® = 0)

-1
= 1+ ]9(]92)332 (since p € J? and pz = 0).

It is easy to see that if p is odd, then (1 + z)? = 1; and if p = 2, then
(14 x)? = 1+ 22. But then

(1+2%)? = 1+222 +2*
= 1, since 2% = 0 and 22% = 0.
Now, let €1, ..., & € R, with 1 = 1 such that &7, ..., & € R,/pR, =

GF(p") form a basis for GF(p") over GF(p).

We consider the two cases separately. So, suppose that p is odd. We
first note the following results: For each i = 1, ..., r, (1 +gp)? = 1,
(I+egu)? =1, l4+eguz)? =1, (1+ev1)P =1,and g? =1 forallg € 1+ J.
For integers k;, l;, m;, n; < p, we assert that

T ' T '

[T +em)® - TTHQ + ciw)™} - TTEQ + ciug)™} - [[{A +ev)™} = 1,
i=1 i=1 i=1 i=1
will imply k; =l; =m; =n;=pforalli=1, ..., .

If weset B; = {(14+ep)Flk =1, ..., p}, Fi = {(1+cuw)' |l =1, ..., p},
G ={(1+egu2)™m=1, ..., p} and H; = {(14+¢;v1)"|n =1, ..., p}, for all
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1=1, ..., r; we see that E;, I}, G;, H; are all subgroups of the group 1+ .J
and these are all of order p as indicated in their definition. The argument
above will show that the product of the 4r subgroups F;, F;, G; and H; is
direct. So, their product will exhaust 1 + J. This proves (i).

To prove part (ii), suppose p = 2. We first observe that (1 + g;uq)* = 1,
in both cases, and if the ring R is of Type II, the element 1 4 g;us will be
of order 2, while if it is of Type I, it will be of order 4.

If R is of Type II, then for each ¢ =1, ..., r, and for integers k; < 4, and
l;, m; < p, we assert that the equation

H{(l + gup)Fi} - H{(l + giug)li} - H{(l + &)™} =1,
i=1 i=1 i=1

will imply k; =4, and [; =m; =2, foralli =1, ..., r.

If we set B; = {(1+¢eu)¥|k =1, ..., 4}, F; = {(1 +gu0)!{l = 1, 2}, and
G ={(1+¢egv)"m =1, 2}, for all i = 1, ..., r; we see that E;, F;, G;
are all subgroups of the group 1 + J and these are of the precise order as
indicated in their definition; and if R is of Type I, the equation

[[{Q+eu)®y [[HQ +eug)} =1,
=1 =1

will imply k; = 4, and [; = 4, for all i = 1, ..., r. If we set H; = {(1 +
giu)Flk = 1, ..., 4}, and K; = {(1 +gup)'|l = 1, ..., 4}, we see that E;
and F; are subgroups of 14 J, each of order 4. The argument above will
show that the product of the 3r subgroups E;, F;, and G; is direct; and the
product of the 2r subgroups H; and Kj; is direct; and in both cases, these
products will exhaust 1+ J. U

2.1.2. Case(ii). Suppose that p € J — J?. Then the multiplication in R is
now defined by

1 2 3
UiUj = Q;;pul + a;;pu2 + a;;01.

Let us assume that pu; # 0 and pus # 0. Since these four products span
J?, the symmetric matrices A = (a}j), B = (a?j) and C = (a?j) are linearly
independent over R,/pR,, and one verifies that any such triple of linealy
independent symmetric matrices A, B, C gives rise to a ring of the present

type. All rings of this type are isomorphic to the ring with structural ma-

trices of the form
1 0 00 0 1\
0 0/7\0 1/>\1 0)°

since all vector spaces of symmetric 2 X 2 matrices of equal dimension 3 over
the same field Iy, are isomorphic.
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Proposition 2.3. IfcharR = p?, s =2, t = 1, and suppose thatp € J—J>.
Suppose further that pui; # 0 and pus # 0.Then

ZQX(ZQXZQ)X(ZQXZQ)XZQ, ifp:2 andrzl;
1+J 2 Z5 X Z) X L)y X 7, ifp=2andr>1,
Zi x Ly % LTy X T, ifp#2.

Proof. If p € J — J?, let a = 1+ x be an element of 1 + J with the highest
possible order and assume that = € J — J2. Then

( )_ p27 lfPISOdd, Orp:2a,nd7«>1;
aw= b, 1fp=2andr:1

This is true because, for any ¢; (i =1, ..., r),

-1
(1+ez) = 1+p€z‘$+p(p2)

If p is odd, then (1 + &;2)P = 1 + pg;x, since pr? = 0. Now,

~1
(1+peiz)? = 1+p2€z‘x+p(p2 :

= 1, since charR = p.

(gi2)? (since z° = 0).

(peix)?

Hence, (1 + eim)pQ = 1. However, if p is even, and ¢; # 1, for i = 2, ..., r,
then

(1+¢eix)* =1+ 22 + 2e7x and (1 +¢;2)* = 1;
and if r =1,

(1+2)* = 1+2z+2?
= 1+ 2z + 2z (since in this case, x
= 1+2%
= 1,

? = px)

sothat o(l1+z) =2and o(1 +¢e;z) =4, ¢; #1, fori =2, ..., r.

Notice also that 1 + J = (1 4+ pR,) X (1 + Rou; @ Ryuz & R,v1). Choose
€1, ..., & € R, with €1 = 1 such that 71, ..., & € R,/pR, = GF(p") form
a basis for GF(p") over GF(p).

If p is odd, since for each i =1, ..., r, (1 + 5iu1)p2 =1, (1+ Ei’LLQ)pQ =1,
(1 4+ g;v1)P = 1, the direct product of the cyclic subgroups < 1+ g;u; >,
<14 ¢guo > and < 1+ g;v1 > exhaust 1 + Rouy @ Rous ® Ryvq.

Ifp=2andr =1 1+wu)? =1 (1+2u)? =1, (1+u)? =1,
(1+2u2)? =1, and (1+wv1)? = 1, and these elements generate subgroups of
1+ J of the given orders; and
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if p=2, r>1, wehave (1 +gu1)* =1, (1 +guz)* =1, and (1 +¢v)? =1,
and also these elements generate subgroups of 1 + J of the given orders.
Moreover, their direct product gives rise to the subgroup 1+ Rou1 ® Rous ®
Ro’Ul.

The structure of 1+ pR, is given in [7], Theorem 9 (1), and it is a direct
product of r cyclic groups, each of order p. Thus, 1 4+ J is of the required
form, and this completes the proof. O

We remark here that the case for which only one of puq, pus is zero has a
similar argument to that given in 2.1.1, and one may deduce the structure
of 1+ J from Proposition 2.2.

2.2. The case when charR = p?, s =2 and t = 1.. Let the characteristic
of the ring R be p3, and let s =2 and ¢t = 1. Then

R =R, ® Rou; ® Ryuz ® Ry,
and the Jacobson radical
J =pR, ® Ryu1 @ Rouz ® R,y

where R, = GR(p®", p?), the Galois ring of characteristic p* and order p3",
for any positive integer r, and prime integer p, and we have

UjUj = a}ij + a?jpm + a?jpuz + afjm,
where az-lj, a?j, a?j, a?j € R,/pR,.

From the definition of the multiplication in the ring R, we deduce two
cases; namely, (i) the case when pu; = 0, puy = 0, and (ii) the case when
one of puy, pus is zero, and the other product is non-zero. These two cases
do not overlap and we treat them in turn. Notice that puj, pus can not
both be non-zero, since this will lead to 4 symmetric 2 x 2 matrices which
are clearly dependent over R,/pR,.

2.2.1. Case(1). Suppose that pu; = 0, pug = 0. Then the multiplication in
R is as defined by

UjU; = a,-lij + a?jvl,
and we have two linearly independent symmetric matrices A = (a%j), B =
(a?j) over R,/pR,. The augument is the same as that in 2.1.1, and we may
deduce from Theorem 3 in [5] that if p = 2, there are up to isomorphism,
three commutative rings with pairs of structural matrices

(o) @) 6D 6 o) (o)
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and from Theorem 3 in [4] that if p is odd, there are up to isomorphism,
three commutative rings with pairs of structural matrices

1 0\ (0 0y (1 0\ (0 1\ (1 0\ [0 1)
0 0/7\0 1/7\0 ¢g/”\1 0/ \0 O0/” \1 0)’
where ¢ is a fixed non-square in (R,/pR,)*.

We again simplify our notation by calling a ring of characteristic 22, a
ring of Type III, if it is isomorphic to the ring with structural matices

o) ) (1) ()

and of Type IV, if it is isomorphic to a ring with structural matrices

10 0 1
0 0/”\1 0/
Proposition 2.4. If charR = p3, s = 2, t = 1, and suppose that pu; =
0, pus = 0. Then
(i) 1+ J = Z;)Q X Ly X Ly X Ly, if p is odd; and when p = 2,
T T T y y .
(ii)l—i—J%{ Zéxzéng, ) z.fRz.S of Type III
Ly x Ly x Ly X 7, if R is of Type IV.
Proof. If puy =0, pus =0, let a = 1 + = be an element of 1 4+ J with the

highest possible order and assume that x € J — J2. Then o(a) = p?, for
every prime p. This is true because

—1
1+z)P=1+4+pzr+ 19(172)562 (since 2° = 0).
It is easy to see that if p is odd, then (1 + )P = 1 + pz, since pz? = 0. So,
p(p B 1)(

5 px)?

(1+px)? = 1+p(pz)+
= 1+ p2:):
= 1, since p?z = 0.

If p=2, then (1 +2)? =1+ 22+ 22, and

(14+2z+2%)? = 144z +62% + 423 +2*
= 1+4z+ 622
— 1, since charR = 2% and 222 = 0.
Now, let €1, ..., & € R, with &1 = 1 such that g7, ..., & € R,/pR, =

GF(p") form a basis for GF(p") over GF(p). Then the proof is essentially
the proof of Proposition 2.2 with slight changes that

(i) if p is odd, then 1 + J contains subgroups < 1 + ¢;p + ;u; > each of
order p?, for every i = 1, ..., r; and
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(ii) if p is even, then 1+ J contains an extra r subgroups, each of order p.

The small changes preserve each of the previous results up to the inclu-
sion of the direct products of these extra subgroups. Therefore, with a few
modifications, everything goes through as before. Hence, if p is odd, then

r r r
1+J = H<1+eip—|—6iu1> ><H<1—|—el-u1> XH<1—|—E¢U2>
=1 =1 =1

r
><H< 14 2e5u0 >,
=1

a direct product (proving part (i)); and if p is even and R is of type III, then

T T T
1+ J=]]<1+4s > =] <1+eu>x[[<1+eu >,
i=1 i=1 i=1
a direct product, and if R is of type IV, then

r r r
1+J = H<1+45i>XH<1+5W1>XH<1+€W2>
i=1 i=1 i=1

-
X H <1+ ¢gv >,
i=1

a direct product. This completes the proof. O

2.2.2. Case(ii). Suppose that pu; = 0, pug # 0. Then the multiplication in
R is now defined by

1,2 2 3
Uij = Q;;p” + Az;pU2 + a;35V1.

Since these four products span J2, the symmetric matrices A = (azlj), B =
(a?j) and C = (a?j) are linearly independent over R,/pR,, and one verifies
that any such triple of linealy independent symmetric matrices A, B, C
gives rise to a ring of the present type. All rings of this type are isomorphic

to the ring with structural matrices of the form
10 0 0 0 1
0 0/7\0 1) \1 O

Proposition 2.5. If charR = p?, s = 2, t = 1, and suppose that pu; =
0, pug # 0. Then

(see 2.1.2 case (ii)).

L4 g Ly X Ly X Ly x Ll x L, Z:fp:2;
Z;xZ;';Q ><Z'}';2 X Ly, if p#£ 2.
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Proof. If pu; =0, pus # 0, let @ = 1 + = be an element of 1 4+ J with the
highest possible order and assume that # € J — J2. Then o(a) = p?, for
every prime p. This is true because

-1
1+2)P=1+pz+ p(p2)x2 (since 2° = 0).

It is easy to see that if p is odd, then (1 + )P = 1 + pz, since pz? = 0. So,

(1+pz)? = 1+4p(pz)+ p(p;l)(m)2
=1 —|—p2m

= 1, since p?z = 0.
If p=2, then (1 +2)? =1+ 22+ 22, and

(1422 +2%)? = 1+4a+62° +42° + 2!
= 1+ 4z + 622
= 1, since charR = 23 and 222 = 0.

Now, let €1, ..., & € R, with e = 1 such that g1, ..., & € R,/pR, =
GF(p") form a basis for GF(p") over GF(p). Then since for each i =1, ..., r
and p odd, (1 4+ ep+ cu)’ =1, 1+ ecuw)? = 1, (1 + gug)?” = 1,
(1+¢;v1)P = 1, and the intersection of the cyclic subgroups < 1+¢&;p+e;u; >,
<1l+4+e¢eu; >, <1l4egus > and < 1+ g;v1 >, is trivial, and the order of the
group generated by the direct product of these cyclic subgroups coincides
with |1 + J|, it follows that

)

T T T
1+J = [[<t4eptem>x[[<1+eaum>x]]<1+emus>
=1 =1 =1

T
X H <1+ ¢gjv >,
i=1
a direct product. This proves the second result. To prove the first part, we
first observe that (1+&;u;)* = 1, and the elements 14¢;us and 14¢;us are all
of order 2. Now, since for each i = 1, ..., v, (1 +4¢;)? =1, (1 +gu1)* =1,
(1 +¢giug)? = 1, (1 + 25u2)? = 1, (1 +&v1)? = 1, and the order of the
group generated by the direct product of the cyclic subgroups < 1 4+ 4¢; >,
<l4egu >, <14+e¢gus >, <1+ 2cus > and <1+ g;v1 > coincides with
|1 4+ J|, and their intersection is the identity group, it follows that

™ ' r
1+J = H<1+4ei>xH<1+aiu1>xH<1+eiuQ>
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T T
><H< 1+ 2eup > ><H< 1+ v >,
i=1 i=1
a direct product. This completes the proof. O

2.3. The case when charR =p, s =2 and t = 2. In this case,
R=F;®Fyu; ®Fyus @ Fyv1 @ Fyvo,
and the Jacobson radical
J =TFqui @ Fquo © Fyv1 ® Fyva,

where F, = GF(p"), for some postive integer r and any prime integer p.
The multiplication in R is defined by

_ 1 2
Uil = ;U1 + a;;v2,

where a} a?j € F,, and the two symmetric matrices A = (a}.), B = (a?,) are

ij> ij ij
linearly independent over F,, since the four products w;u; span J 2. The ring
structure is determined by the pair of 2 x 2 symmetric matrices A = (allj),

B = (a?j), which are linearly independent over [F,, and any pair of indepen-
dent symmetric matrices defines such a ring. The problem of determining
the number of isomorphism classes of such rings and of finding normal forms
for the pair of matrices A, B defining them, was treated in [4] and [5]. There
are exactly three commutative types of these rings for any prime character-

istic p. These are represented by the following structural matrices:

(o) G060 6o) 6 o)

if p=2; and

o) (1) () G o) (o) (o)

if p is odd , where g is a fixed non-square in F, (see e.g. Theorem 3 [5], and
Theorem 3 [4], respectively).
We now proceed to determine the structure of 1 4+ J. Notice that

1+J=1+ Fqul ) ]FqUQ &) qul &) qug.

To simplify our notation again, we shall call a ring of characteristic 2, a
ring of Type V, if it is isomorphic to a ring with structural matrices

G o) ) o (1) ()

and a ring of Type VI if it is isomorphic to a ring with structural matrices

(o) (o)
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Proposition 2.6. If charR=p, s=2, t =2, then
(i) 1+ J = Zy X Ly, X Loy X Loy, if p is odd; and when p = 2,
. ~ | Z} x 7, if R is of Type V;
(i) H‘]—{ 7% T x 75, if R is of Type VI.
Proof. Let a =14 z be an element of 1 + J with the highest possible order
and assume that z € J — J2. Then

| p, ifpisodd;
o(a) = { p?, ifp=2.

This is true because

-1
(1+2)? = 14+pzr+ p(pz)xQ (since 2® = 0)

-1
- o1g p(pz):c? (since p € J* and pz = 0).

It is easy to see that if p is odd, then (1 + z)? = 1; and if p = 2, then
(14 x)? = 1+ 2. But then
(1+2%)? = 1+22% 427
= 1, since 23 =0 and 22% = 0.
Now, let elements €1, ..., &, € F, with €1 =1 be a basis for GF(p") over

GF(p). Then the proof is essentially the proof of Proposition 2.2, with a few
modifications; and if p is odd, then

T T T
1+ = [[<t4ewm>x][<l+eau>x[[<1+ew >
=1 =1 =1

,
X H <14 ¢gvg >,
i=1
a direct product, proving (i); and if p is even and R is of type V, then
T '
1+J=][<1+eum > x]] <1+ems>,
i=1 i=1
a direct product, while if R is of type VI,
r r r
1+J=H<1+€@'u1 > ><H< 1+ ¢egiug + 01 > ><H< 1+ eg5v9 >,
i=1 i=1 i=1

a direct product; proving part (ii). This completes the proof. U

In summary, we have proved:
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Theorem 2.7. Let R ba a commutative completely primary finite ring of
the introduction with unique mazimal ideal J. If charR = p? or p3, s = 2,
t =1; and charR = p, s = 2, t = 2; then, the group of units R* of R is
the direct product of a cyclic group Zyr—1 and the p—group (1 + J), whose
structure 1s given in Propositions 2.2 — 2.6.
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