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THE GALOIS ACTION ON THE TORSOR OF HOMOTOPY
CLASSES OF PATHS ON A PROJECTIVE LINE MINUS A

FINITE NUMBER OF POINTS
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0. Introduction.

0.1. Deligne on a conference in Schloss Ringberg considered the mixed
Hodge structure on the fundamental group of P 1\{0, 1,−1,∞}. He showed
that the motivic Galois Lie algebra associated to this mixed Hodge structure
contains a free Lie subalgebra on generators in degree 1, 3, 5, . . . , 2n + 1, . . .
corresponding to log 2, ζ(3), ζ(5), . . . , ζ(2n + 1), . . . .

In [W1] and [DW] we were studying actions of Galois groups on funda-
mental groups. In this note we are studying the action of the Galois group
Gal(Q/Q) on the torsor of (`-adic) paths from

→
01 to −1 on P 1

Q\{0, 1,∞}. We

show that the associated graded Lie algebra of the image of Gal(Q/Q(µ`∞))
contains a free Lie subalgebra over Q` on generators in degree 1, 3, 5, . . . , 2n+
1, . . . . We use the idea working modulo 2 from Deligne’s talk in Schloss
Ringberg.

In [W1] section 5 we were studying some general aspects of actions of
Galois groups on torsors of paths. To make this paper self contained we
recall some definitions and results from [W1] in sections 1 and 2.

1. Torsors of paths.

1.1. Let K be a number field and let a1, . . . , an+1 be K-points of a projective
line P 1

K . Let V = P 1
K\{a1, . . . , an, an+1}. For simplicity we assume that

an+1 = ∞.
We denote by V̂ (K) the set of K-points of V and of tangential base

points defined over K. Let z, v ∈ V̂ (K). Let π1(VK̄ , v) be the `-completion
of the etale fundamental group of VK̄ and let π(VK̄ , z, v) be the set of `-adic
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paths from v to z on VK̄ . The set π(VK̄ , z, v) is a π1(VK̄ , v)-torsor. The
Galois group GK := Gal(K̄/K) acts on π1(VK̄ , v) and on π(VK̄ , z, v) in a
compatible way, i.e., σ(p · S) = σ(p) · σ(S), where σ ∈ GK , p ∈ π(VK̄ , z, v)
and S ∈ π1(VK̄ , v).

Let us fix a path p ∈ π(VK̄ , z, v) . We define a bijection of sets

tp : π(VK̄ , z, v) → π1(VK̄ , v)

setting tp(q) := p−1 · q (the composition of paths is from right to left). The
bijection tp is not GK-equivariant. Using the bijection tp we transport the
action of GK on π(VK̄ , z, v) into the action of GK on π1(VK̄ , v).

Let σ ∈ GK . We set
fp(σ) := p−1 · σ(p).

The element fp(σ) ∈ π1(VK̄ , v). Let us define a new action of GK on
π1(VK̄ , v) setting

σp(S) := fp(σ) · σ(S).
Observe that

(τ · σ)p = τp · σp,

i.e., we have an action of GK on π1(VK̄ , v). We have

tp(σ(q)) = σp(tp(q)),

i.e., the bijection tp is GK-equivariant if we equip π1(VK̄ , v) with the new
action of GK .

1.2. We fix generators of π1(VK̄ , v) in the following way. At each missing
point ai we choose a tangential base point vi defined over K. Let γi be a
path from v to vi. Then xi is the composition of the path γi + a small loop
around ai in the opposit clockwise direction + the path γ−1

i . We can assume
that xn+1 · xn · . . . · x1 = 1.

To study the action of GK on the torsor π(VK̄ , z, v), i.e., the action

( )p : GK → Autset(π1(VK̄ , v))

it is very convenient to embed π1(VK̄ , v) into the ring of formal power series
in non-commuting variables.

Let Q`{{X1, . . . , Xn}} (resp. Q`{X1, . . . , Xn}) be a Q`-algebra of formal
power series (resp. of polynomials) in non-commuting variables X1, . . . , Xn.
Let

k : π1(VK̄ , v) → Q`{{X1, . . . , Xn}}
be a continuous multiplicative embedding given by k(xi) = eXi for i =
i, . . . , n.

Let us set
Λp(σ) := k(fp(σ)).
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The action of GK on π1(VK̄ , v) induces a homomorphism

GK → AutQ`−algebra(Q`{{X1, . . . , Xn}}).
The action of GK on π(VK̄ , z, v), i.e., the action ( )p induces a homomor-
phism

ϕp : GK → AutQ`−linear(Q`{{X1, . . . , Xn}}).
Let ω ∈ Q`{{X1, . . . , Xn}} and let σ ∈ GK . Then

ϕp(σ)(ω) = Λp(σ) · σ(ω).

1.3. We shall study the Lie algebras of derivations of free Lie algebras.
Let Lie(V) be a free Lie algebra over Q` on free generators X1, . . . , Xn.

Let L(V ) :=lim←−
n

Lie(V )/ΓnLie(V ). We identify Lie(V ) (resp. L(V )) with the

Lie algebra of Lie elements of Q`{X1, . . . , Xn} (resp. of Q`{{X1, . . . , Xn}}).
If L is a Lie algebra then we denote by Der L the Lie algebra of derivations

of L.
Let n := {1, . . . , n}. We set

Der∗Lie(V ) := {D ∈ Der Lie(V ) | ∀i ∈ n ∃Ai ∈ Lie(V ), D(Xi) = [Xi, Ai]}
and

Der∗L(V ) := {D ∈ DerL(V ) | ∀i ∈ n ∃Ai ∈ L(V ), D(Xi) = [Xi, Ai]}.
The derivation D ∈ Der∗Lie(V ) such that D(Xi) = [Xi, Ai] for i ∈ n we
denote by D(A1,...,An) or D(Ai)i∈n

. Let < Xi > be a vector subspace of
Lie(V ) generated by Xi. Observe that we have an isomorphism of vector
spaces

Der∗Lie(V ) ≈
n
⊕
i=1

(Lie(V )/ < Xi >)

which maps D(A1,...,An) onto (A1, . . . , An). We introduce on
n
⊕
i=1

(Lie(V )/ < Xi >) a new bracket { } defined in the following way

{(Ai)i∈n, (Bi)i∈n} := ([Ai, Bi] + D(Aj)j∈n
(Bi) − D(Bj)j∈n

(Ai))i∈n.

Lemma 1.3.1. The vector space
n
⊕
i=1

(Lie(V )/ < Xi >) equip with the

bracket { } is a Lie algebra isomorphic to the Lie algebra Der∗Lie(V ). The
isomorphism of Lie algebras maps (Ai)i∈n onto D(Aj)j∈n

. ¤

The vector space
n
⊕
i=1

(Lie(V )/ < Xi >) equip with the Lie bracket { } we

shall denote by (
n
⊕
i=1

(Lie(V )/ < Xi >), { }).
We define a semi-direct product of Lie algebras
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Lie(V )×̃Der∗Lie(V )
defining a Lie bracket { } on the product of vector spaces Lie(V )×Der∗Lie(V )
in the following way

{(λ,Dβ), (λ1, Dβ1)} := ([λ, λ1] + Dβ(λ1) − Dβ1(λ), [Dβ , Dβ1 ]).

Hence the Lie bracket in a semi-direct product of Lie algebras

Lie(V )×̃(
n
⊕
i=1

(Lie(V )/ < Xi >), { })

is given by

{(λ, β), (λ1, β1)} := ([λ, λ1] + Dβ(λ1) − Dβ1(λ), {β, β1}).
We recall that Q`{X1, . . . , Xn} is a Q`-algebra of polynomials in non-

commuting variables X1, . . . , Xn. Observe that any derivation of the
Lie algebra Lie(V ) (resp. L(V )) induces a derivation of the Q`-algebra
Q`{X1, . . . , Xn} (resp Q`{{X1, . . . , Xn}}). Let ω ∈ Q`{X1, . . . , Xn} (resp.
ω ∈ Q`{{X1, . . . , Xn}}). We denote by Lω the left multiplication by ω in
the corresponding Q`-algebra. We denote by LLie(V ) (resp. LL(V )) the set
of left multiplications by elements of Lie(V ) (resp. L(V )). Observe that the
semi-direct product

LLie(V )×̃Der∗Lie(V ) ⊂ EndQ`−linear(Q`{X1, . . . , Xn}).

Notice that the Lie algebras Lie(V )×̃Der∗Lie(V ) and LLie(V )×̃Der∗Lie(V )
are obviously isomorphic. The same is true if we replace Lie(V ) by L(V )
and Q`{X1, . . . Xn} by Q`{{X1, . . . Xn}}.

1.4. Using the representations

(1.4.1) GK → AutQ`−algebra(Q`{{X1, . . . , Xn}})
and

ϕp : GK → AutQ`−linear(Q`{{X1, . . . , Xn}})
we shall define filtrations of the Galois group GK . We set

Gm = Gm(V, v)

:= ker(ψm : GK → AutQ`−algebra(Q`{{X1, . . . , Xn}}/Im+1)),

where I is the augmentation ideal of the Q`-algebra Q`{{X1, . . . , Xn}}
and ψm is induced by the action (1.4.1) of GK on the Q`-algebra
Q`{{X1, . . . , Xn}}.

We set

Hm = Hm(V, z, v)

:= ker(ϕp,m : Gm → AutQ`−linear(Q`{{X1, . . . , Xn}}/Im)),
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where ϕp,m is induced by ϕp.
We set

G∞ :=
∞⋂

m=1

Gm and H∞ :=
∞⋂

m=1

Hm.

2. Lie algebras of actions of Galois groups on torsors.

2.1. We have seen in section 1 that the action of GK on the torsor π(VK̄ , z, v)
leads to the Galois representation

ϕp : GK → Aut(Q`{{X1, . . . , Xn}}),
where ϕp(σ)(ω) = Λp(σ) · σ(ω). It is shown in [W1] Lemma 5.1.7 that for
σ ∈ Gal(K̄/K(µ`∞)).

(2.1.1) log ϕp(σ) = Llog ϕp(σ)(1) + log σ.

Moreover we have

(2.1.2) (log σ)(Xi) = [Xi, log ϕγi(σ)(1)]

for i = 1, . . . , n (see [W1] Proposition 5.1.8). Passing with the representation
ϕp to Lie algebras we get a homomorphism of Lie algebras

Lieϕp : Lie(H1/H∞ ⊗ Q) → EndQ`−linear(Q`{{X1, . . . , Xn}}).
It follows from (2.1.1) and (2.1.2) that Lieϕp factors through

Lieϕp : Lie(H1/H∞ ⊗ Q) → LL(V )×̃Der∗L(V ).

We recall that we have a canonical isomorphism

LL(V )×̃Der∗L(V ) ≈ L(V )×̃(
n
⊕
i=1

(L(V )/ < Xi >), { }).

Let σ ∈ Gal(K̄/K(µ`∞)). We shall calculate coordinates of (Lie ϕp)(σ) in

L(V )×̃(
n
⊕
i=1

(L(V )/ < Xi >), { }).

Lemma 2.1.3. Let σ ∈ Gal(K̄/K(µ`∞)). Then

(Lieϕp)(σ) = (log ϕp(σ)(1), (log ϕγi(σ)(1))i∈n).

Proof. The lemma follows from (2.1.1) and (2.1.2). ¤
We pass with the morphism Lieϕp to associated graded Lie algebras. Then

we get a morphism

grLieϕp : grLie(H1/H∞ ⊗ Q) → LLie(V )×̃Der∗Lie(V ).

Let us set
φp := grLieϕp.

Lemma 2.1.4. Let σ ∈ Hn. Then
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i) log ϕp(σ)(1) ≡ log Λp(σ) mod Γn+1Lie(V ),
ii) the class of logΛp(σ) mod Γn+1Lie(V ) does not depend on a choice

of a path p from v to z.

Proof. The lemma is already proved in [W1]. ¤

Let σ ∈ Hn. We denote by L(z, v)(σ) the class of logΛp(σ) mod Γn+1Lie(V ).
Now we can calculate coordinates of φp(σ) in LLie(V )×̃Der∗Lie(V ) ≈

Lie(V )×̃(
n
⊕
i=1

(Lie(V )/ < Xi >), { }).

Lemma 2.1.5. Let σ ∈ Hn. Then

φp(σ) = (L(z, v)(σ), (L(vi, v)(σ))i∈n)

in Lie (V )×̃(
n
⊕
i=1

(Lie(V )/< Xi >), { }).

Proof. The lemma follows from Lemmas 2.1.3 and 2.1.4. ¤

It follows from Lemma 2.1.5 that the morphism of Lie algebras

φp : grLie(H1/H∞ ⊗ Q) → LLie(V )×̃Der∗Lie(V ).

does not depend on a choice of a path p from v to z, hence we shall denote
it by φz,v.

We set
tV (z, v) := image(φz,v).

Observe that the Lie algebra tV (v, v) is the associated graded Lie algebra
of the image of Gal(K̄/K(µ`∞)) in Aut(π1(VK̄ , v)). This Lie algebra was
studied in [W1] section 15. To indicate the importance of the Lie algebra
tV (v, v) we set

δV (v) := tV (v, v).

3. Examples.

Let V = P 1
Q\{0, 1,∞}. In the fundamental group π1(VQ,

−→
01) we have two

generators x - loop around 0 and y - loop around 1. We embed π1(VQ,
−→
01)

into Q`{{X,Y }} mapping x onto eX and y onto eY .

Proposition 3.1. The Lie algebras δV (
−→
01) and tV (

−→
10 ,

−→
01) are isomorphic.

Proof. It follows from Lemma 2.1.5 that

φ−→
01 ,

−→
01

(σ) = (0, (0,L(
−→
10 ,

−→
01)(σ)))
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and

φ−→
10 ,

−→
01

(σ) = (L(
−→
10 ,

−→
01)(σ), (0,L(

−→
10 ,

−→
01)(σ)))

in Lie(V )×̃((Lie(V )/ < X >) ⊕ (Lie(V )/ < Y >), { }). It is clear that the

map δV (
−→
01) → tV (

−→
10 ,

−→
01) sending (0, (0,L)) to (L, (0,L)) is an isomor-

phism of the corresponding Lie algebras. ¤

Proposition 3.2. The Lie algebra tV (−1,
−→
01) contains a free Lie subalgebra

on free generators in degree 1, 3, 5, . . . , 2n + 1, . . . .

Proof. The proof is based on Deligne’s ideas indicated in [D]. It follows from
Lemma 2.1.5 that

(3.2.1) φ
−1,

−→
01

(σ) =
(
L(−1,

−→
01)(σ), (0,L(

−→
10 ,

−→
01)(σ))

)
in Lie(V )×̃((Lie(V )/ < X >) ⊕ (Lie(V )/ < Y >), { }). Let In be a vector
subspace of Lie(V ) generated by Lie brackets of the Lie algebra Lie(V ) which
contain at least n Y ’s. Let us set

In := In ⊕ (In ⊕ In).

Observe that In is a Lie ideal of the Lie algebra Lie(V )×̃((Lie(V )/ < X >
) ⊕ (Lie(V )/ < Y >), { }).

Let n > 1 and let σ ∈ Hn. It follows from the definition of `-adic polylog-
arithms in [W1] section 11 and from the definition of the filtration {Hk}k∈N
of GQ that

(3.2.2) L(
−→
10 ,

−→
01)(σ) ≡ `n(

−→
10)(σ)[..[Y,X], Xn−2] mod I2 + Γn+1L(V )

and

(3.2.3) L(−1,
−→
01)(σ) ≡ `n(−1)(σ)[..[Y,X], Xn−2] mod I2 + Γn+1L(V ).

It follows from the work of Soulé (see [S1] and [S2]) and the relation between
`-adic polylogarithms and classes of Soulé (see [W1] Corollary 14.3.3 and

also [NW] Remark 2 and [W2] Proposition 3.4) that `2n+1(
−→
10) 6= 0 and

`2n(
−→
10) = 0. In [W1] Corollary 11.2.3 and also in [W2] Theorem 2.1 we

have proved the identity

2n−1(`n(−1) + `n(1)) = `n(1)
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after the restriction to Hn. (`n(1) denotes `n(
−→
10).) Hence we get that

(3.2.4) `n(1) =
2n−1

1 − 2n−1
`n(−1)

for n > 1. This implies that `2n(−1) = 0.
Let n > 1 and let σ ∈ Hn. It follows from (3.2.1) - (3.2.4) that in the Lie

algebra tV (−1,
−→
01) there is an element of the form

(`n(−1)(σ)[..[Y,X], Xn−2]+un, (0,
2n−1

1 − 2n−1
`n(−1)(σ)[..[Y,X], Xn−2]+ωn))

where un, ωn ∈ I2. Let us take σ ∈ H2n+1 such that `2n+1(−1)(σ) 6= 0.
Multiplying by (1− 22n) and dividing by `2n+1(−1)(σ) we get an element of
the form

z2n+1 := ((1−22n)[..[Y,X], X2n−1]+u2n+1, (0, 22n[..[Y,X], X2n−1]+w2n+1))

(u2n+1, w2n+1 ∈ I2) in the Lie algebra tV (−1,
−→
01).

Let n = 1. It follows from [W1] Proposition 11.0.8 that `1(−1) = `(2).
The `-adic logarithm `(2) is the Kummer character associated to 2 (see [W1]
Proposition 14.1.0.). Hence there is an element σ ∈ H1 such that `(2)(σ) 6=
0. Therefore we get that L(

−→
10 ,

−→
01)(σ) = 0 and L(−1,

−→
01)(σ) = `(2)(σ)Y .

Hence the element
z1 := (Y, (0, 0))

belongs to tV (−1,
−→
01).

Let us set t2n+1 = ((1 − 22n)[..[Y,X], X2n−1], (0, 22n[..[Y,X], X2n−1])) for
n > 1 and t1 = (Y, (0, 0)). Observe that for any Lie bracket of length r in
the Lie algebra Lie(V )×̃((Lie(V )/ < X >)⊕ (Lie(V )/ < Y >), { }) we have

{. . . {zi1 , zi2} . . . zir} ≡ {. . . {ti1 , ti2} . . . , tir} mod Ir+1 .

Let us set s2n+1 = [..[Y,X], X2n−1] for n > 0 and s1 = Y . Notice that
the elements t1, t3, . . . and s1, s2, . . . have integer coefficients. Observe that

{. . . {ti1 , ti2} . . . , tir} ≡ ([. . . [si1 , si2 ] . . . , sir ], (0, 0)) mod 2,

where [ , ] is the standard Lie bracket in the free Lie algebra Lie(V ).
The Hall basic Lie elements in s1, s3, . . . , s2n+1, . . . in the free

Lie algebra Lie(V ) are linearly independent. Hence the Hall
basic Lie elements z1, z3, . . . , z2n+1, . . . in the Lie algebra
Lie(V )×̃((Lie(V )/ < X >) ⊕ (Lie(V )/ < Y >), { }) are linearly inde-
pendent. Hence the elements z1, z3, . . . , z2n+1, . . . are free generators of a

free Lie subalgebra of tV (−1,
−→
01). ¤



THE GALOIS ACTION ON THE TORSOR OF PATHS 37

References

[D] P. Deligne, Talk on the conference on polylogarithms, Schloss Ringberg 1998.
[DW] J.-C. Douai, Z. Wojtkowiak, On the Galois actions on the fundamental group of

P 1
Q(µn) \ {0, µn,∞}, Tokyo Journal of Mathematics, Vol. 27, No. 1, 2004, 21–34.

[NW] H. Nakamura, Z. Wojtkowiak, On the explicit formulae for `-adic polyloga-
rithms, in Arithmetic Fundamental Groups and Noncommutative Algebra, Proc. of
Symposia in Pure Math. vol. 70, AMS 2002, 285–294.
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[S2] Ch. Soulé, Eléments cyclotomiques en K-théorie, Asterisque, 147–148, 1987, 225–
258.

[W1] Z. Wojtkowiak, On `-adic iterated integrals, I, II, III, Nagoya Math. Journal,
Vol. 176 (2004), 113–158, Vol. 177 (2005), 117–153, Vol. 178 (2005), 1–36.

[W2] Z. Wojtkowiak, A note on functional equations of `-adic polylogarithms, Journal
of the Inst. of Math. Jussieu (2004) 3(3), 461–471.

ZdzisÃlaw Wojtkowiak
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U.R.A. au C.N.R.S., No 168
Parc Valrose - B.P.N◦ 71

06108 Nice Cedex 2
France

(Received July 13, 2004 )


