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ON STRONG APPROXIMATION OF FUNCTIONS
BY CERTAIN LINEAR OPERATORS

LucynA REMPULSKA aAnND MARrIoLA SKORUPKA

ABSTRACT. This note is motivated by the results on the strong approxi-
mation of 2m-periodic functions by means of trigonometric Fourier series.
In this note is investigated certain class of positive linear operators in
the polynomial weighted spaces. We introduce the strong differences of
functions and their operators and we give the Jackson type theorems for
them. We give also some corollaries.

1. INTRODUCTION

1.1. The problem of strong approximation of functions connected with
Fourier series was examined in many papers presented by G. Alexits, K.
Tandori, L. Leindler, R. Taberski, V. Totik and other authors (see [5]).
The monograph [5] is devoted to the strong approximation of 2w-periodic
functions belonging to various classes by the means of trigonometric Fourier

series.
For example, if S, (f;x) is the n-th partial sum of trigonometric Fourier
series of f, then the n-th (C 1)—mean of this series is defined by the formula

(f7 . Zsk; f, s TLENOZ{O,I,...}.

The n-th strong (C, 1)—mean of this series is defined as follows
1

Hy(fi) { szkf, <>\}q, ne N,

where ¢ is a fixed positive number. It is clear that
lon(f;2) = f(2)| < Hy(f;2)
and
Hl(f;x) < HE(f;x), 0<q<p<oo,
for all x € R and n € Ny. The last inequalities show that examination of
the strong means of Fourier series is useful.

The purpose of this note is to show that investigation of the strong ap-
proximation connected with linear operators is also useful.
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1.2. 1In [2] were examined approximation properties of the Szasz-Mirakjan
operators ([6])

0 Su(ri) = ey Mg (1),

k=0

and the Baskakov operators ([1])
o0
n—1+4+k e k
@ =X (M)t (1),
neN=1{12.}, € Ry =1[0,00), for the functions f belonging to the
polynomial weighted spaces C), p € Ny. The space C), p € Ny, is associated
with the weighted function

(3) wo(z) =1, wy(z) := (L+2P)~' if p>1,

and it is the set of all real-valued functions f for which wy,f is uniformly
continuous and bounded on Ry and the norm is defined by the formula

(4) 1fllp = 11FCOllp == sup wp () [f()]-

The author proved in [2] that for every p € Ny there exists a positive
constant M (p) depending only on p such that for every f € C), there holds

(5) wy(@) Va(fi2) = f@)| < M(p)wz (/@ +27)/n) neN, ze R,

where wa(f;-) is the second modulus of smoothness of f. From (5) it follows
that

(©) I Vo(fi2) = f(@),  w€Ro, [EC,

and this convergence is uniform on every interval [z1, 23], 1 > 0.

The analogous results for the Szdsz-Mirakyan operators are given in [2]
also.

In this note we introduce certain class of linear operators in the spaces
C)p and we define the strong differences for them. We give two theorems and
some corollaries on these strong differences.

We shall denote by My (a, 3), k € N, suitable positive constants depend-
ing only on indicated parameters «, (.

2. DEFINITIONS AND PRELIMINARY RESULTS

2.1. Let Q be the set of all infinite matrices A = [ank], n € N, k € Ny, of
functions in Cy having the following properties:

(i) ank(z) >0 for x € Ry, n € N, k € Ny,

(11) Y pogank(x) =1for x € Ry, n € N,
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(1ii) for every n,r € N the series Y ;2 o k"apk(x) is uniformly convergent
on Ry and its sum is a function belonging to the space C,,

(iv) for every r € N there exists positive constant M (r, A) independent
on xr € Ryp and n € N such that for the functions

2r
(7) n2r T A Zank < — 13> , x € Ry,

(belonging to Cb,) there holds
HTn,ZT(';A)HZT SMl(T‘,A) n—'r” n € N.

Choosing A € Q2 and p € Ny we define for f € C), the following positive
linear operators

(8) n(fi A5 x) Za”k’ ( >, ne N, z€Ry.

The properties (i)-(iv) of the matrix A imply that the operators L, (f; A)
are well-defined and

(9) L,(1;A;2) =1 for xe€ Ry, neN,
and by (8) and (9) we have

10)  La(fidsa) - Zank (7(5) - r@).

For L,(f;A) and f € C, we define the strong difference with the power

q > 0 as follows:
r(%)- @

(11) HI(f; A;zx) := {Zank

Then we see that by the properties (7)-(iv) of A the Hi(f;A) are well-
defined for every f € Cp, p € Ny, and ¢ > 0. Moreover (10) and (11) imply
that

q] g
, x*€&€ Ry, neN.

(12) H(f: Ax) = {Lo (I1(2) = f(0))% As )},
(13) |Ln(f; Asz) = f(2)] < Hy(f; A5 ),

and by the Holder inequality and (12) and (9)

(14) Hi(f; Ayz) < Hp(f; Ayz),  0<g<r<oo,

for every f € Cp, v € Rp and n € N.
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2.2. First we shall give some properties of the operators L, (f; A).

Lemma 2.1. Let A € Q, p € Ny and q > 0 be fizred. Then there exists
Ms = Ms(p,q, A) > 0 such that

(15) | (Lo ((p0) 7% 45)) 7y < Ma, €N,
and for every f € C,
(16) | (L (£1% A)) 7 Iy < M| fllp, € N.
Proof. a) Let ¢ = 1. From (3), (8) and (9) we get
Ly (1/wy(t); A;w) = 1+ Ly, (t7; A 2)

< 1+2°(Ln ([t — 2f’; As ) + 2P)

< 2P ((wp(x))_l + Ly, (|t — z|P; A;z)) , © € Ry, n € N.
By the Holder inequality and (9), we have

Ly (|t — 2P A;z) < (L ((¢ — z)%P; A; x))%

and by the inequality (wp(x))? < wap(x) for z € Ry, we get

wp(x) L (1/wp(t); Ay ) < 2P (1 + (wap(a) L ((t — z)%P; A; z))

ol
~

Applying (7) and the inequality given in (iv), we obtain
wp(x) Ly (1/wp(t); A; ) < Ma(p, A) for x € Ry, neN,
which by (4) implies (15).
b) Let ¢ > 2 be integer. From (3) we get the following inequalities
(a7 (w0, @) < wpa), (@) < 2 (wpg(e))
for x € Ry. Applying (17) we can write
(o) (Lo (1p(6) ™75 45)) 5 < 2 ()L (1t (1)s 4 )

<2 ([1on (1/wpq(t); A5 ) llpg) 5
and we can apply (15) for the last norm. This implies (15).

c) Let 0 < ¢ ¢ N. Then by the Holder inequality and (9) we get
1 _, 1
(Ln ((wp(t))_q;A;x)) ¢ < (Ln ((wp(t)) s A x)) ", x € Ry,

for every 0 < ¢ < r < oo. In particular setting » = [¢] + 1 ([g] denotes the
integral part of ¢), we have

H (L ((wp(t)) ™% As - ))é

Q=

Q=

1
T
)

p

< ||(Za ((wpt) 773 45-))

p
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and by the case b) we obtain (15) for 0 < ¢ ¢ N. Thus the proof of (15) is
completed.
If f € Cp and g > 0, then by (8) and (4) we get

17540005 < 05l || (Gt~ 43-)) 5|
and by (15) we obtain (16). .

Lemma 2.2. Let A, p and q be as in Lemma 2.1. Then there exists Mg =
Ms(p,q, A) > 0 such that

1

18wl {2 ((L2) a0 }2 < My (L (£ — )% Aio))

wp(t)
for all x € Ry and n € N, where

(19) q if g€ N,
[ql +1 if 0<q¢N.

Proof. By (8) and by the Hoélder inequality we get

o) (2 (1 “')q;A;m))‘l’ < () (L ((p(£)) 205 A3 2)) 0

wy(t)

X (Ln ((t — l’)2q; A; z)) 2
for all x € Ry, n € N. Applying (15) and the inequality
(20) (Ln(ft—al; Aix))s < (Lt —al"s 4i2))7 . w€Ro, neN,
for 0 < ¢ < r < 0o, we easily obtain the desired estimation (18). O
Lemma 2.2 and the property (iv) of A imply the following

Corollary 1. For every matrix A € Q, p € Ny and ¢ > 0 there exists
My = My(p,q, A) > 0 such that

i (85 )}

for all x € Ryg and n € N.

3. THEOREMS AND COROLLARIES

3.1. First we shall give two theorems on the strong differences Hy(f; A)
defined by (11). We shall use the modulus of continuity of f € C, ([3])

(21) w(f;t) = sup [|[Apf(-)llp,  t=0,
0<h<t

where Ay f(z) = f(z+ h) — f(z).
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It is known ([3]) that lim; .o+ w(f;t) = 0 for every f € Cp, p € Np.
Let C]} be the class of all f € (), having the first derivative on Ry and
e,

Theorem 3.1. Suppose that A € Q, p € Ny and q > 0. Then there exist
M5 = Ms(p,q, A) > 0 such that for every f € C; there holds

(22) wp(x) HY(f; A ) < Ms ||/l (Toos (25 A)) %

for all x € Ry and n € N, where Ty, 24( -; A) is defined by (7) and s is given
by (19).

Proof. For f € C’; and t,x € Ry we have
1f(t) = f2)| =

L , 1 1
fdu] <[ flp | —F5 + |t — .
T
From this we get

wp(t)  wpy(z)
ag(giain) < (0 (o5 ) - xlq;A;!E));

and further

wp(x) HY(f: A ) <2 £, {wp@e) (2o (")) o )) ;

+ (Lo (It = 2l A;2)) 1 |

for x € Ry and n € N. Appling Lemma 2.2 and (7) and the inequality (20)
with r = 2q, we obtain

1
wp(z) HE(f; Asx) <2 [|f]| ) (To2s(w; A)) 2 (M3 (p, g, A) + 1)
for x € Rg, n € N and s defined by (19). Thus the proof of (22) is completed.

Theorem 3.2. Let A € Q, p € Ny and q > 0. Then there exists Mg
Ms(p, q, A) = const. > 0 such that for every f € C}, we have

1+
(23) o) B Fi i) < Moo (52277,
for all x € Ry and n € N, where w(f; -) is the modulus of continuity of f,
defined by (21).

Proof. Let ¢ > 1. We shall apply the Stieklov function f;, for f € Cp:

h
fn(z) = 2/0 f(x +u)du, x € Ry, h>0.
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From this formula and (21) we get for A > 0 :
(24) If = fullp < w(f;h),
(25) £l < h™Fe(f5h),
ie. fp € C; if f € Cp. It is obvious that

@) = f@) < 1F#) = fa@] + [fa(t) = fr(@)] + | fr(x) — f(2)]
for z,t € Ry and h > 0. This fact and (12), (8) and (9) and the Minkowski
inequality imply that

H(f: Aiw) < (L (1) = Fa0)]: Ai2) 7 +

(L (nl6) = ful@)|% A2)7 + | fuz) = (@)

3
= Z Zm(a:),
i=1
for x € Ry, n € N and h > 0. By (24) we have
1Zn3()llp Sw(f;h),  h>0.
Applying (16) and (24), we get
1Zn1()llp < Ma(p,q, A) |1f = fullp < Ma(p,q, A)w(f;h),  h>0.
By Theorem 3.1 and (25) we have
1
wy(@) Zn2(x) < Ms || fllp (Tn,2s(x5 A)) 28
< M h™t w(f; ) (Tops(w; A)) %
From the above and by the property (iv) of A we obtain

wy(z) HY(f; Asz) < Me(p, g, A)w(f;h) (1 +h7 1\;;) :
Setting h = Hﬁ, we obtain (23) for ¢ > 1.
If 0 < ¢ < 1 then by (14) we have
H(f; Asw) < Hy(f; Aiw),  w€Ry, neN,
and by (23) for ¢ = 1 we get (23) for 0 < ¢ < 1. O
Theorem 3.2 implies the following

Corollary 2. If the assumptions of Theorem 3.2 are satisfied, then for every
f € Cp, p € Ny, we have

lim HI(f;A;z) =0 at every x € Ry.

n—oo

This convergence is uniform on every interval [z, za], 1 > 0.
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Remark. The inequality (13) shows that results given for H;(f; A) in Theo-
rem 3.1, Theorem 3.2 and Corollary 2 concern also the difference |L, (f; A; x)
—f(z)]. Thus the strong approximation for considered operators is more
general.

3.2. Now we shall give three examples of operators of the L, (f;A) type
defined by (8).

1. The Szasz-Mirakyan operators S,, n € N, defined by (1) are generated
by the matrix A; = [a,;(z)] with

k
anp(x) =e ™ (n:j) , neN, kéeNy, =x€Ry.

It is easily verified that A; € €, i.e. the A; satisfies the conditions (i) - (iv).

2. The Baskakov operators with V;,, n € N, defined by (2), are connected
with the matrix As on the elements

i () = <” _11+ k’) 2 (1+2)™* neN, ke Ny, < Ry.

We can prove that As € Q also.

3. The Bernstein operators

Bariy =3 (1)t a-artr (B). mew

k=0

defined for continuous functions f on the interval [0, 1] are operators of the
type Ln(f; A) with the matrix Az = [a,x(x)] where

ny _k n—k
1-— f 0<k<
ank(x) = (k) v ( x) ' - ="

0 if k>n,

for n € N. Here for considered functions f(-) and a,(-) we set: f(z) = f(1)
and a,k(x) = apk(1l) for all x > 1. We can verify that As € Q.

Hence the above lemmas, theorems and corollaries concern also the strong
approximation of functions by the Szasz-Mirakyan, Baskakov and Bernstein
operators.

We remark also that the order of the strong differences given in Theorem
3.2 and Corollary 2 are similar to (5) and (6) for the Baskakov operators.
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