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SEMIGROUPS OF LOCALLY LIPSCHITZ OPERATORS

YosHikKAZU KOBAYASHI AND NaoKI TANAKA

1. INTRODUCTION

In the previous paper [3] we characterized the continuous infinitesimal
generators of semigroups of Lipschitz operators and applied the character-
ization to the Cauchy problem for a quasi-linear wave equation with dissi-
pative term. The problem of characterizing the infinitesimal generator A of
a semigroup of Lipschitz operators is closely related to the abstract Cauchy
problem for A:

(CP;x) u'(t) = Au(t) for t >0, and u(0) = =.

In [3] the operator A was assumed to be continuous from a closed subset D
of a real Banach space X into X satisfying a dissipative condition defined
by means of a metric-like functional.

The purpose of this paper is to extend the previous result to the case
where A is continuous and dissipative in a local sense with respect to a
lower semicontinuous functional ¢ on X such that the domain of A is the
effective domain of ¢. In Section 2, we give the main result (Theorem 2.1) of
this paper. The present situation is considered to treat systems of nonlinear
partial differential equations and the lower semicontinuous functionals are
supposed to be constructed according to the nature of the nonlinear systems.
In fact, Section 5 presents how the result obtained here is applied to the
Cauchy problem for Kirchhoff equation with real analytic initial data.

2. MAIN THEOREM

Let X be a real Banach space with norm |||, D a subset of X and ¢
a nonnegative, lower semicontinuous functional on X such that D is the
effective domain of . For each a > 0, the level set {x € X;¢(z) < a} of ¢
is denoted by D(«). A nonnegative continuous function g on [0, 00) is called
a comparison function if for each o > 0 the Cauchy problem

w'(t) = g(w(t)) for t >0, and w(0) =«

has a maximal solution m(¢; &) on [0,00). Such a comparison function was
used in [5] to characterize quasi-contractive semigroups associated with semi-
linear evolution equations.
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Let us choose a comparison function g and introduce a class of semigroups
of locally Lipschitz operators on D. A one-parameter family {S(¢);¢ > 0} of
locally Lipschitz operators from D into itself is called a semigroup of locally
Lipschitz operators on D with respect to the functional o if it satisfies the
following conditions:

(S1) S(0)x = x for € D, and S(t + s)x = S(t)S(s)z for t,s > 0 and
z € D.

(S2) For each x € D, S(t)z is continuous on [0,00) in X.

(S3) For each 7 > 0 and « > 0 there exists L(7, ) > 0 such that

IS() — S@yl < Lir,a)llz -yl for o,y € D(a) and t € [0, 7).

(S4) o(S(t)x) < m(t;¢(z)) for z € D and t > 0.
Let E be an open subset of X such that D C E. A nonnegative functional
V on E x E satisfying the following conditions is employed to define a general
type of dissipative condition.

(V1) There exists L > 0 such that
V(z,y) = V(2,9)| < L([le = 2] + [ly — 91 for (z,y), (&, 9) € E x E.
(V2) For each o > 0 there exist C(«) > ¢(a) > 0 such that
c(@)]z -yl < V(z,y) < Cle)|z —yl| for z,y € D(e).
Throughout this paper, we assume that an operator A from D into X
satisfies the following three conditions:

(A1) For each o > 0, the operator A is continuous on the level set D(«).
(A2) For each v > 0 there exists w(a) > 0 such that

D-‘v-V(‘/Z:?y)(Axa Ay) < W(Q)V(SU, y) for T,y € D(a)v

where the symbol D,V is defined by

for (z,y) € Ex F and (§,n) € X x X.
(A3) For each € D and € > 0 there exist 0 € (0,¢] and x5 € D such
that |[(z5 —)/6 — Az|| < e and (p(z5) — ¢(2))/0 < g(p(z)) + €.
Let J be an interval of the form [0,7) or [0,7]. By a solution to (CP;x)
on J we mean a differentiable function u from J into X such that u(t) € D
for t € J and equation (CP;x) is satisfied for ¢ € J. The main result of this
paper is given by

Theorem 2.1. There exists a semigroup {S(t);t > 0} of locally Lipschitz
operators on D with respect to ¢ such that for each x € D, S(t)x is a unique
solution to (CP;z) on [0, 00).
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By the following propositions, to prove Theorem 2.1 it suffices to show
the existence of local solutions satisfying the growth condition for all x € D.
The proof will be divided into two parts. One is the construction of approx-
imate solutions and the other is the convergence of approximate solutions
for the Cauchy problem (CP;z). They will be discussed in Sections 3 and 4
respectively, by slightly modified methods in the previous paper [3].

Proposition 2.2. For each i = 1,2, let u; be a solution to (CP;x;) on
[0, 7] such that u;(t) € D(a) fort € [0,7]. Then we have V(ui(t),us(t)) <
e (21, 29) fort € [0,7].

Proposition 2.2 is shown similarly to the proof of [3, Proposition 1.1].

Proposition 2.3. Assume that for each x € D, there exists T > 0 such
that the (CP;x) has a solution uw on [0,7] satisfying ¢(u(t)) < m(t;¢(z))
fort € [0,7]. Then for each x € D, the (CP;z) has a solution u on [0, 00)
satisfying the growth condition ¢(u(t)) < m(t; p(x)) fort > 0.

Proof. Let x € D. If T is defined by the supremum of 7 > 0 such that the
(CP;x) has a solution w on [0, 7] satisfying p(u(t)) < m(t; ¢(x)) for ¢t € [0, 7],
then we have 7 > 0 by assumption. By uniqueness (Proposition 2.2) there
exists a solution u to (CP;x) on [0,7) satisfying

(2.1) o(u(t)) < m(t;p(z)) for t € [0,7).

If 7 = oo then the proof is complete. Assume to the contrary that 7 < co.
Proposition 2.2 then shows that V(u(t + h),u(t)) < @7V (u(h),z) for
t,t +h € 1]0,7) and h > 0, where a = m(7; p(z)). It follows that the limit
y := limy7u(t) exists and is in D(a). By assumption, the (CP;y) has a
solution w on [0, ] satisfying

(2.2 o(w(t)) < mt; oly) for t € [0,3].

The function u can be extended to [0,7 + d], by defining u(t) = w(t —7) for
t € [7,7 4 §]. Clearly, it is a solution to (CP;z) on [0,7 + d]. By the lower
semicontinuity of ¢ we have ¢(y) < m(7;¢(x)) by (2.1). This inequality
together with (2.2) implies @(u(t)) < m(t;p(z)) for t € [7,7 + 4], since
m(t; () = m(t — 7;m(T;p(z))) for t € [7,7 + 6]. These facts together
contradict the definition of 7. O

3. CONSTRUCTION OF APPROXIMATE SOLUTIONS

In this section we discuss the construction of approximate solutions for
the abstract Cauchy problem (CP;x).

The following two lemmas are proved in the same way as the verification
of [3, Lemmas 2.1 and 2.2]. The symbol B[z, ] stands for the closed ball
with center zp and radius r.
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Lemma 3.1. Let « > 0 and zg € D(«). Assume r > 0 and M > 0 to
be chosen such that ||Ax| < M for x € Blzg,r] N D(«). Let € > 0 and
o€ (0,r/(M +¢)]. If a sequence {(s;,zi)}— in [0,0] x D(c) satisfies
(3.1) 0=s9<s1 <+ <8, <o,

(3.2) Hzi_l + (SZ‘ — Si_l)AZZ'_l — le < E(Si — 31’—1) fOT 1=1,2,...,n,
then we have ||z; — zj|| < (M +¢)(s;—s;) for0 < j <i<mn, and ||[Az| <M
for 0 <i<n.

Lemma 3.2. Let o > 0 and zp € D(«). Assumer >0, M >0 andn >0 to
be chosen such that ||Az|| < M and ||Ax — Azy|| < n for x € Blzg,r|ND(a).
Let ¢ >0 and o € (0,r/(M +¢€)]. Then the following assertions hold:
(i) If a sequence {(si,zi)}1—y in [0,0] X D(«) satisfies (3.1) and (3.2),
then
llz0 + snAz0 — zn || < (g + 1) sn.
(i) IF o sequence {(s:, %) 12, in [0, 0) x D(a) satisfies

(3.3) 0=sp<s1<:<8§<--<0, and lims;=o,
71— 00
(3.4) Hzi_l + (Si — si_l)Azi_l — ZZH < E(SZ' — Si—l) f07“ 1=1,2,...,

then the limit z = lim;_, 2; exists and is in D(«), and
llzo + 0Azo — z|| < (e +n)o.

To construct approximate solutions, we use the nonextensible maximal
solution me(t; @) to the Cauchy problem w'(t) = g(w(t)) + ¢ for t > 0,
and w(0) = «, where ¢ > 0 and a > 0. Let [0,7.(«)) denote the maximal
interval of existence of maximal solution m(t; ). Then it is known that
the following assertions hold:

(mp) If B > a > 0 then 7.(8) < 7e(a) and m.(t;a) < me(t;3) for

t €[0,7(3)).
(mg) If s € [0,7:(c)) then 7-(ms(s;a)) = 7-(a) — s and m.(t + s; ) =
me(t;me(s; ) for t € [0, 7-(a) — s).

(m3) lim.jo 7e() = oo and lim, o m.(t; &) = m(t; ) uniformly on every

compact subinterval of [0, co).

Lemma 3.3. For each € > 0 and x € D there exist 6 € (0,¢] and x5 € D
such that ||(xs — ) /0 — Azx|| < e and p(z5) < m:(0; ¢(x)).

Proof. Let x € D and € > 0, and consider the function r on [0, 00) defined
by
r(t) = ¢(x) + tglp(2)) +¢/2)

for t > 0. Then we have 7(0) = m.(0; p(z)) and 7'(0) < m.(0;¢(z)), and
so there exists 7 € (0,7:(p(x))) such that r(t) < me(t;p(z)) for t € [0, 7].
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By (A3) there exist a sequence {z,} in D and a null sequence {4, } of positive
numbers such that [|(z, — z)/d, — Az|| < 1/n and (p(z,) — @(x))/d, <
g(p(x))+1/n for n > 1. Choose an integer n such that 1/n < e/2 and §,, <
(7 Ae). Then the pair (z,,d,) is the desired one because p(zy,) < r(d,). O

Proposition 3.4. Let a > 0 and zp € D(«). Assumer >0, M >0, n>0
and € € (0,1] to be chosen such that ||Az| < M and ||Az — Az|| < n for
x € Blzo,r] N D(a), r/(M 4+ 1) < 7-(p(20)) and me(r/(M + 1); p(20)) < a.
Set 7 =r/(M +1). Then for each o € (0,7] there exists yo € D(«) such
that ||z0 + 0 Azo — yol|| < (n+€)o and p(yo) < me(o;¢(20)).

Proof. Let 0 € (0,7]. We begin by proving the existence of a sequence
{(84,2)}52, in [0,0) x D(«) satisfying (3.3), (3.4) and

(3.5) P(zi) < me(si — si—159(2i-1)) for i =1,2,....

To do this, let k& > 1 and assume that a sequence {(s;, ;) }=4 in [0, o) x D()
is chosen so that (3.3) through (3.5) are satisfied for 0 < i < k — 1. Then
we define hj by the supremum of all A > 0 such that h < ¢ — s;_; and
there exists xp, € D satisfying ||z, — zx—1 — hAzk—1|| < eh and @(xp) <
me(h; o(2,_1)). By Lemma 3.3 we have hy > 0. A positive number hj, can
be chosen so that Ek/Q < hg < 0 — sp_1 and there exists z; € D satisfying
llzk — zk—1 — hipAzip_1]| < ehi and o(zx) < me(hg; (zk—1)). If we define
Sk = Sg—1 + hi then sx_1 < s < o, and (3.4) and (3.5) are satisfied with
i = k. Notice that z; € D(a) by (3.5).

It remains to prove that lim; .., s; = o. For this purpose, assume to the
contrary that 5 = lim; .o s; < o. Since z; € D(a) for i = 0,1,..., we
deduce from Lemma 3.1 that the limit z := lim;_,, 2; exists and is in D(«).
Lemma 3.3 ensures the existence of a number A > 0 such that h < o — 3
and there exists xp, € D satisfying ||(zp — z)/h — Az|| < &/2 and

(3.6) p(wn) < mga(h;(2)).

Now, we set v; =3+ h — s;_1 for i > 1. Since h; < 2h; = 2(s; — 5;_1) — 0,
zi — z and v, — h as ¢ — 00, there exists an integer 79 > 1 such that
hi <7 <o—s;_1and ||(zp—2i—1) /7 — Azi_1|| < e for all i > iy. Moreover,
we have by (3.5), p(z;) < me(si—s;;¢(2;)) fori > j > 0. By taking the limit
as ¢ — 00, the lower semicontinuity of ¢ implies ¢(2) < m<(5 — s;; p(2;))
for j > 0. This inequality and (3.6) together imply ¢(zp) < me(yi; ¢(zi—1))
for 4 > 1, which is impossible by the definition of h;. Hence lim; . s; = 0.
Since a sequence {(s;, z;)}22, in [0,0) x D(«) satisfying (3.3) and (3.4) is
shown to exist, we see by Lemma 3.2 that the limit yo := lim; o 2; € D(«)
exists and satisfies ||zo + 0Azp — yol| < (¢ + n)o. The desired inequality
©(yo) < me(o;9(20)) follows from (3.5) and the lower semicontinuity of .
O
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The existence of a forward difference approximate solution for (CP;z) is
established by

Proposition 3.5. Let « > 0 and zy € D(a). Assume r > 0, M > 0
and € € (0,1] to be chosen such that ||Az| < M for x € Blxg,r] N D(«a),
r/(M+1) < 7e(¢(z0)) andme(r/(M+1);¢(x0)) < . Let 7 € (0,r/(M+1)].
Then there exists a sequence {(tj,x;)}72y in [0,7) X D(a) such that

i) 0=to<ti <---<t;<--- <,

(ii) t; —tj—1 <e forj=1,2,...,

(i) flzj1 + (8 = tj-1) Azj1 = zjl| < (e/4)(t; —tj-1) forj =1,2,...,
(iv) if x € B[ZCj_l, (M + 1)(tj — tj_l)] N D(Oé), then

|Ax — Azj_1|| <e/8 for j =1,2,...,

(v) w(xj) <me(ty —tji—1(xj-1)) for j=1,2,...,

(Vi) limj_wo tj = T.

i1
§=0
is chosen so that conditions (i) through (v) are satisfied for 0 < j <i—1.
If we define h; by the supremum of all A € [0,e] such that h < 7 — t;_1
and ||Az — Ax;_1|| < ¢/8 for x € Bz;_1,(M + 1)h] N D(a), then we have
h; > 0 by the continuity of A on D(a). Let us choose h; € (0,€] so that
51/2 < h; <T—1t;_1 and

Proof. Let i be a positive integer and assume that a sequence {(¢;, ;)

|Az — Ax;—1|| <e/8

for x € Blz;—1, (M +1)h;]ND(c). If we put ¢t; = t;_1+h;, then conditions (i),
(ii) and (iv) hold for j = 1.

We need to show that conditions (iii) and (v) are satisfied with j = i. By
Lemma 3.1 we have ||z;—1 — xo|| < (M +1)t;_1, which implies Blx;_1, (M +
1)h;] C Blzo,r]. It follows that ||Az| < M for x € Blz;—1, (M+1)h;)ND(w).
Since @(x;—1) < mg(ti—1;¢(x0)) by condition (v), we have by (m;) and (ms)

Tes8(@(Tim1)) = Te(me(ti—1; p(w0))) = Te(@(20)) — tic1 > hy,
meg(his o(wiz1)) < me(hiyme(ti-1; ¢(z0))) < me(730(20)) < .

Applying Proposition 3.4 with zg = x;_1, r = (M + 1)h; and n = /8, one
finds z; € D(«a) satisfying condition (iii) and (v) with j = i.

The proof will be complete if condition (vi) is checked. By using the conti-
nuity of A on D(«) into X and the closedness of the set D(«), condition (vi)
is verified by the same argument as in the proof of [3, Proposition 2.5]. O



SEMIGROUPS OF LOCALLY LIPSCHITZ OPERATORS 161

4. CONVERGENCE OF APPROXIMATE SOLUTIONS
AND PROOF OF MAIN THEOREM

The following plays an important role in comparing between two approx-
imate solutions to (CP;z).

Proposition 4.1. Let a > 0 and (z0,20) € D(«) x D(«). Assume r > 0,
M >0, n,1€(0,1) and €, € (0,1/2) to be chosen such that

|Az|| < M and ||Axz — Azl <n/4 for x € Blzo,r] N D(«);
N

Az < M and  |[AZ — AZol| < /4 for & € Bl2o, 7] N D(a);
r/(M +1) < 7(p(20)) and 7/(M+1) < 72(p(% ))
me(r/(M +1);0(20)) <a and  me(r/(M +1);¢(z0)) <

Let o € (0,7/(M+1)]. Then there exists a pair (Yo, Jo) € D(a) x D(«) such
that

(4.1) 2o+ 0cAzg —wol| < (n+e)o and |20+ cAZ — Gol| < (7 + €)o;
(4.2) V(yo,90) < exp(w(a)o)(V (20, 20) + L(n + 17 + &+ €)o);
(4.3) ¢(yo) < me(o50(20))  and (o) < me(o; (%0))-

Proof. We first show that there exist a sequence {s;}32, in [0,0) and a
sequence {(zj, 2j)}32 in D(a) x D(a) such that

0=50<s1<:-<s5;<---<o and lim s; =o0,

J—00

[2j-1+ (85 — sj—1)Azj—1 — zi|| < (n/2 +€)(s5 — 85-1),

(4.4) 12j-1 + (85 — sj-1)AZj—1 — 2| < (/2 + &) (55 — 8j-1),
P(zj) < me(sj — sj-130(2j-1)),
(4.5) ©(25) <me(s; —s5-1;0(25-1)),
(V(25,25) = V(zj-1, 2j-1))/ (85 — 8j-1)
(4.6) . ) .
<w(a)V(zj-1,2j-1) + L(n + 1) + €+ €)
for j =1,2,.... To do this, let i > 1 and assume that a sequence {s; ;;%)

in [0,0) and a sequence {(zj, Z;) ;;}) in D(«) x D(«) are chosen so that the
@esired conditions are satisfied for 0 < j < i¢—1. Let us consider the number
h; defined by the supremum of all A > 0 such that h < ¢ — s;_1 and

V(zic1 + hAzi—1, 21 + hAZi_1) — V(zi—1, 2i-1)
< (w(@)V (zi-1, Zi1) + (L/4)(n + 1)) D
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Then we have h; > 0 by condition (A2), so that one finds a number h; > 0
satisfying h;/2 < h; < 0 — s;—1 and

(V(zic1 + hiAzi—1, Zi1 + hiAZio1) — V(ziz1, Zi-1)) /hi
<w(@)V(zio1,2i-1) + (L/4)(n +10).

Set s; = s;—1 + h;. Then it is obvious that s;_1 < s; <o <r/(M +1).

To show the existence of the desired pair (z;, 2;), we verify that all as-
sumptions of Proposition 3.4 are satisfied with 2z, 7 and 7 replaced by
zi—1, (M + 1)h; and n/2. Since n/2 + ¢ < 1 we apply Lemma 3.1 to
obtain ||zi—1 — zol| < (M + n/2 + €)si—1. This inequality implies that
Blzi—1, (M + 1)h;] C Bz, r], by the choice of o. It follows that ||Az| < M
and ||Az — Az|| < n/4 for x € Blzi—1,(M + 1)h;] N D(«). By the second
inequality we have ||Ax — Az;_1|| < n/2 for € Blzi_1, (M + 1)h;] N D(a).
Since p(zi—1) < me(si—1;¢(20)) we have by (m;) and (ms)

Te(p(2i-1)) > Te(me(si-1;0(20))) = 7=(p(20)) — si-1 > hi,
me(hi; o(2zi—1)) < me(si—1 + hiz 9(20)) < .

Proposition 3.4 then ensures the existence of an element z; € D(«) such that
|zic1 +hiAzi—1 — zil| < (n/2+¢)h; and ¢(z) < me(hi; p(zi—1)). It is shown
similarly that there exists z; € D(«) satisfying the inequalities (4.4) and
(4.5). The desired inequality (4.6) with j = i and the fact that lim; .. s; = ¢
are obtained similarly to the proof of [3, Proposition 3.1].

Now, we apply (ii) of Lemma 3.2 to show that yo = lim;_. 2; and §g =
lim; ., Z; exist and are in D(«) and that they satisfy (4.1). It is easily seen
that the pair (yo, 7o) is the desired one satisfying (4.2) and (4.3). O

Proposition 4.2. Let « > 0 and ¢ € D(«). Assume R > 0, M > 0 and
A€ (0,1/2) to be chosen such that |Ax| < M for x € B[z, R] N D(«)
and such that 7e(p(x0)) > R/(M +1) and me(R/(M + 1);¢(x0)) < o for
e = ANu. Let 7 € (0,R/(M + 1)], and suppose that for each e = A\, u, a
sequence {(t5,25)}5°, in [0,7) x D(«) satisfies the following conditions:

i) 0=tg<ti<---<tE<---<T.

(ii) t5 —t5_, <e fori=1,2,....

(ili) a5y + (5 —t5_)Axs_ | — 25| < (e/4)(t5 —t5_y) fori =1,2,...,

where xg = .
(iv) If x € Blz5_;, (M 4+ 1)(t; —t5_;)] N D(«), then

|Az — Ax5_ || <e/8 fori=1,2,....

(v) @(f) <me(t; — 1715 0(x ) fori=1,2,....
(vi) limjoo 5 = 7.
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Let P = {t)i = 0,1,2,...}U{t§-‘;j =0,1,2,...}. Set so =0 and define
sk = inf(P\{so,s1,...,8k-1}) fork =1,2,.... Then there exists a sequence
{(2, 20} in D(a) x D(c) with three properties listed below.

(a) If sk =t} then 2 = 75 and if s, =t} then 2 = af.
(b) For each € = \, j1, we have

k
D llz5or + (55— sj-1)Az5 g — 25|
Jj=q

<2(sp—sq1)+3 Y (E—t)
t5€{sq,..,Sk}
fori1<qg<kandk=1,2,....
(c) For each e = X\, i we have ¢(z;) < me(sg; p(xo)) fork =0,1,2,....
(d) For k=0,1,2,... we have
V(zits 24) < exp(w(@)si) (LA + p)sy + nk(A, 1))
Here the symbol ni(\, 1) is defined by

nku,m:sL(A S @tgin Y <t;—t51>>.

ti\e{slr'vsk} t;e{sl,...,sk}

Proof. Set z§ = xo for each € = A, . Let [ > 1 and assume that a sequence
{(zk,zk)}l ! in D(a) x D(a) is defined so that conditions (a) through (d)
are satisfied for 0 <k <1I1-—1. We shall apply Proposition 4.1 to find the
desired pair (zl)‘,zf) in D(a) X D(«). To do this, let ¢ and j be positive
integers such that t} | < s; < 2 and th ) < s < t§. Then we begin by
showing that

(4.7) Blzj 1, (M + 1) (s = s1-1)] C Blaj_y, (M + 1) (8 = t;-))],

(4.8) Blz}y, (M +1)(t7 — ;)] € Blao, R].

The set inclusion (4.8) follows from Lemma 3.1. By the definition of {s;}
we have tf‘_l <s1< 5 < tf‘ and tg\_l = s, for some p, and then :cg\_l = z;‘
by hypothesis (a) of induction. Since the set {sp41,...,5-1} has no points
t;\, hypothesis (b) of induction implies that

(4.9) 12021 + (55 = 8j-1)Az}y — 2} || < 2X(s5 — 85-1)

for j = p+1,...,1—1. By (4.8) we have ||Az| < M forz € B[zz),‘, (MA+1) ()~
sp)]ND(c). It follows from Lemma 3.1 that ||2* ; —2|| < (M +1)(s;-1—sp),
which implies that (4.7) is true.

By (4.7) and (4.8) we have [|Az| < M and ||Az — Az} ||| < A/4 for

x € B[z} |, (M + 1)(s; — s1-1)] N D(a). We apply the above argument
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again, with ¢ replaced by j, to show that the above inequalities hold with
A replaced by p. Since p(z; ;) < me(si—1;¢(x0)) we have 7-(p(2]_1)) >
Te(p(x0)) — 51-1 > 51 — 511 and me (51 — 5115 0(2]_;1)) < me(s159(20)) < .
We therefore deduce from Proposition 4.1 that there exists a pair (yl’\, )
in D(a) x D(«) satisfying

(4.10) lzi_1 4+ (si — si—1)Azj 1 —yi || < 2e(s; — s1—1) for e = A\, p,
V(i ') < expw(@)(si — si-0))(V(zy, 21 )
+2L(A + p) (st — s1-1));
(4.12) @(yi) < me(st — si—1;p(2-1)) for e = A, p.
Now, we define (27, 2{") in D(a) x D(a) by

Aif g <t for s; < t*
A {yl it 5 i and zl—{yl l 'E

s =
! xf‘ if 57 = tf‘, :cé‘ for s; = t?.

(4.11)

By hypothesis (c) of induction and (4.9) we have p(y;) < me(s;; ¢(x0)) for
= A, . This together with condition (v) implies that condition (c) is
satisfied with k£ = [.
We prove that (b) is true for k = [. Since the sequence {(s;, 2 ) é }v+1

and (s;, ;) satisfy (4.9) and (4.10) with e = X, we have
Iz + (51 = sp)Az) = 1l < ((A/8) + 2X) (s = 5,)

by (i) of Lemma 3.2 with zy = z;‘(: ) ), r =M+ 1)t~ ), n=
A/8 and e = 2)\. If s; = t}, then the above inequality combined with

condition (iii) implies ||y} — || < 3A(t} — ) ;). It is thus shown that

(113) =] <30 S0 (=) and lof—yf' <3 S0 (@t
t?zsl t“*sl

Combining this inequality and (4.10), and adding the resultant inequality
to the inequality (b) with £ = — 1 we obtain the desired property (b) with
k=1

The proof is completed by induction on k, since condition (d) is shown to
be true for k = [, by substituting the inequality (d) with &k =1 — 1 into the
inequality

V(2 2" < exp(w(a)(si — s1-1)) V(201,24 ) + 20\ + p) (st — s1-1))
+3L<A2(t$—t )t > (= )
t?:sl t”*

which is obtained by (4.11) and (4.13). O
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Proof of Theorem 2.1. Let xy € D and choose o > 0 such that p(xg) < a.
By condition (A1) there exist » > 0 and M > 0 such that [|Az| < M for
x € Blzg,r] N D(a). Let us choose a > 0 so that m(a; p(zp)) < «, and put
R=rA((M+1)a). Then we have |Az|| < M for x € Bxg, R]N D(«) and
m(R/(M +1);¢(x0)) < a. By property (mgs), there exists g9 € (0,1/2) such
that 7-(p(z0)) > R/(M + 1) and m(R/(M + 1); ¢(x0)) < a for € € (0,e0].

Let 7 € (0, R/(M + 1)]. Proposition 3.5 asserts that for each £ € (0, ¢e¢],
there exists a sequence {(t5,z5)}5°, in [0, 7) x D(«) satisfying conditions (i)

through (vi) in Proposition 4.2. Let us define a step function v*: [0,7) — X

by u®(t) = 25 for t € [t, Z+1) and i = 0,1,2,.... Then we want to show
that there exists a function u on [0, 7] such that
(4.14) sup [[u®(t) —u(t)]] — 0

te[0,7)

as € | 0. For this purpose, let A\,u € (0,e0] and {s1}32, the sequence
defined as in Proposition 4.2. Then there exists a sequence {(z}, 24)}32, in
D(a) x D(«) satistying properties (a) through (d) of Proposition 4.2.

Let t € [0,7), and let & > 1 be an integer such that ¢ € [sg_1, si). If i and
J are positive integers such that tf‘_l < spo1 < s < tf‘ and t?_l < spoq <
s < t;‘, then we have by (4.7), ||z, — o} || < (M + 1)(#} — ;) and
2y — 1| < (M +1)(} —t}_). Combining these estimates with (d) of
Proposition 4.2 we find, by property (V1),

V(urt), ut(t)) < 5Lexp(w(a)T)(A + p)7 + L(M + 1)(\ + p).

It follows from condition (V2) that the sequence {u®(¢)} converges to a
function u(t) uniformly on [0,7) as ¢ | 0. Since |lu(t) — u(s)|| < M |t — 3]
for ¢t,s € [0,7) (by Lemma 3.1), there exists a continuous function u defined
on [0, 7] satisfying (4.14). Finally, it is easily seen that u is a solution to
(CP;zp) on [0, 7], by condition (iii) of Proposition 4.2. O

5. APPLICATION
We study the Cauchy problem for quasi-linear equation
(5.1) {gtuf A
b = B'([[u]|*)dru
with periodic boundary condition
(5.2) u(z + 2m,t) = u(z,t), v(z+2m,t) =v(z,t)

for (z,t) € Rx[0,00). Here 3 € C%(]0,00); R) is a convex function satisfying
B'(r) > c¢* > 0 for r > 0 and B(0) = 0, and the symbol ||u|| is defined



166 Y. KOBAYASHI AND N. TANAKA

by |[ull?2 = [*7 |u(z)|* dz. Without loss of generality we may assume that

0<e<l. °

It is known ([2], [4] and [6]) that there exists a unique global solution (u, v)
of the above problem for real analytic initial data. In this section we give an
operator-theoretical approach to the above problem, by using Theorem 2.1.

Let L3_ be the space of all measurable functions w such that [jw| < oo
and w(x + 27) = w(x) for x € R. This space is a Hilbert space equipped
with inner product (-,-) and the associated norm |-||. By H5 we denote the
subspace of L3, consisting of w such that 02w € L3_ for 1 < j <k, and set
H3e = (., H,

Let X be the Hilbert space L3_x L2 _ with inner product {(u,v), (w,2)) =
(u,w) + (v,z). Let R > 0 and ¢ > 0, and define a subset D of X by the
set of all elements (u,v) € HSC x HSC such that 3(||ul|?) + ||v||*> < R? and

lul? + |v]* < oo, where the functional |w| on HS2 is defined by

o0 2k 1/2
ul = (3 G hotul?)

k=1

It should be noticed by Lemma 6.1 that w € HS; is real analytic if and only
if it satisfies |w| < oo for some 6 > 0. (See also [1] and [4].) By considering
the operator A from D into X defined by

A(u,v) = (90, B (Jul|?)0zu) for (u,v) € D,
the problem is converted into the abstract Cauchy problem for A.
Let E = {(u,v) € X;B8(|ul|?) + |[v]|> < (2R)?}. It is obvious that E is

open in X such that D C E. To check condition (A2) we use the nonnegative
functional V on E x E defined by

V((u,), (w,2)) = (8 ([ull®)[Ju — w]® + o - 2) .

Since

(5.3) |ul| <2R/c¢ and |jv|] <2R for (u,v) € E,

we have

ell(,v) — (w, 2| < V{(,0), (w,2)) < (B(2R/)) V1) (0, 0) = (w,2)]

for (u,v), (w, z) € E, which means that condition (V2) is satisfied. To verify
condition (V1), let (u,v), (@, 0), (w, 2), (W, 2) € E. By the triangle inequality
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we have
V((u,0), (w, 2)) = V((@,9), (@, 2))
< (B (lull)u — @l + [lo — 0]2)
+ (8 (Il llw — @I + |2 — 2112)
+ |Vl - VB P i - o)

Since //(r) is locally Lipschitz continuous on [0,00) and 3'(r) is locally
bounded on [0, c0), we see by (5.3) that the right-hand side is bounded by
L(|[(u,v) = (1,9)]| + |[(w, 2) — (w, 2)]|) for some positive constant L.

Let us employ the lower semicontinuous functional ¢ defined by ¢(u,v) =
B'(JJull?) |ul* + |v)* for (u,v) € D, and oo otherwise. Let a > 0. If p(u, v) <
o then we have ||ul| < R/c, ||0%ul < ((2k)!a)Y?(c(26)%) and [|0%v| <
((2k)!a)'/2(26)% for k = 1,2,.... The continuity of A from D(a) into X
follows from Landau’s inequality ||0zul||> < ||ul|||02u|| for u € L3 . Since

= 3" (lul®)(u, 00} u — wl® + (8 (ul®) = B (|w]|*)){sw, v — 2)

for (u,v),(w,z) € D(a), condition (A2) is easily seen to be satisfied. To
check condition (A3) we first show that for each (ug,vg) € D and A > 0,
there exists (uy,v)) € Ha. x H}_ such that

(5.4) uy — up = A0z,
(5.5) vx —vo = AB'(||ual[*)Bzux.

To do this, let 5(]|ug||?) + ||lvo]|? < R? and define (1) = Jo B'(s A (R/c)?)ds
for » > 0. It should be noticed that B is convex. Let us define a sequence
{(un,vn)} € Hi x Hi inductively by u, — ug = A\dyv, and v, — vy =
A3 (||t —1||?) Oz, for m = 1,2,.... Taking the inner products of the first
equation and the second one with 3(||un—1?)u, and v, respectively, we
have

(5.6) B' (lun—1 ) (lunl® = lluol®) + (lvall* — llwolI?) <0,

so that c[|u,||? + ||vnll? < B/ ((R/c)?)||uol|® + ||vol|? for n > 1. By 75, we
denote the operator on L3_ defined by (rpu)(x) = u(z + h) for z € R. Then
we have mpu, — Thug = AOpThUn and TRU, — TRUY = )\B’(Hun,1||2)8x7'hun for
n =1,2,.... Applying the above argument again, with u,, v, replaced by
Thily, — Uy, TnUn — Up We find

Al — unl* + |1 nvn — val|* < B'((R/€)*) o — wol|* + |00 — vol®
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for n > 1. It follows that the sequence {(uy,v,)} has a convergent subse-
quence in X. The limit (uy,vy) satisfies uy — ug = Ad,v) and vy — vg =
A3 (Jlupl|?)0puy. By an argument similar to the derivation of (5.6) and
the convexity of § we have B(|lux[?) + |vall? < R?, which implies that
Alluall? < R? and then 3'(|juy|?) = £/(Jlurl/?). The desired claim is thus
shown. The above argument also shows that

(5.7) Bllunll®) + lloall* < B(lluoll?) + [lvoll*.
Now, let (ug,vo) € D and let (uy,vy) € Ha. x Hi_ satisfy (5.4) and (5.5).
Then it is easily seen that (uy,vx) € HSY x HS2 and
OMuy — Oug = NOkO,uy, oy — 0%vg = AB'(J|un||*) 0 Dun
for k =1,2,.... Similarly to the derivation of (5.6) we have
(5.8) A lualP)105unll® + 185oal1* < B'(luxl®) |05 uol|* + (|05 vol|
for k =1,2,.... This together with (5.7) implies that (uy,vy) € D and

plur,vn) = @(uo,v0) < (B'(uall?) = ' (Iluoll?)) ol

for A > 0. Since the sequences {02uy}, {9;v)} and {9%v,} are bounded
in L3_as A | 0 (by (5.7) and (5.8)), we have uy — ug, O,uy — dyup and
OzU) — Ozvg in L%W as A | 0. It follows that

1;11(}”((“»%) — (u0,v0))/A — A(ug, vo)|| =0
(by (5.4) and (5.5)) and

liH;llSOup(@(uA, vx) — (o, v0)) /A < 28" (|[uol|*) (w0, Do) uo|*

By the definition of ¢ and (5.3), the right-hand side is estimated by
al|0zvol|¢(ug, vo), where a denotes various positive constants depending only
on R and c. Let x(r) = (e*" + e 27)/2 — 1 for r > 0. Lemma 6.2 then
asserts that condition (A3) is satisfied with g(r) = arx~!(r) for r > 0.
Since g(0) = 0, g(r) > 0 for r > 0 and [* %dr = 00, we see that g is a
comparison function. By using Theorem 2.1 the following theorem can be
obtained.

Theorem 5.1. For each (ug,vo) € D there exists a unique pair
(u('v t)’ U(" t)) € Cl ([Ov OO); L%w X ng)

satisfying (u(-,t),v(-,t)) € D fort >0, such that (5.1) and (5.2) are satis-
fied.
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6. APPENDIX

Lemma 6.1. Let 6 > 0 and |w| the functional on HSS defined by
(20)%

w|* = Z
= (k)

sk
sup—H@ w| < |w| < sup

Then we have

28, o
forw € HS.
Proof. Let w € HsS. First, assume that |w| < co and let k = 1,2,.... Since
o~ (2R)! (20)%
] < Z 207 (2))]
and (2k)! = 2k - (2k — 1)---2-1 < (2FkD2, we have ||0Fw| < (k!/6%) |w].
Next, assume that K := supy>; (QICL,)}CHGQMH < 00. Then we have
((20)% /2R [|05w|> < K2((K!)?/(2k)))

for k =1,2,.... The desired inequality |w| < K follows from the inequality
that (k!)2/(2k)! = (2FK!)2 /(4% (2k))) < (1/2)F for k =1,2,. ... a
257’

Lemma 6.2. Let |w| be the functional in Lemma 6.1 and x(r ) = (e
e 2)/2 — 1 for r > 0. Then we have ||d,w| < (Jw| Vv 1)x" (Jw|?) for
w € HSY with |w| < oco.

Proof. Let w € HS® and |w| < oo, and define ¢, = 5= [" w(z)e”"dx for
n=0,+1,£2,.... Then it is well-known that

(6.1) |05wl* =21 Y [n* leal.
We employ the function f(r) = x(y/r) for r > 0. Since f(r) = > 7, ?gkj,k rk
for r > 0, we have f(0) =0 and f”(r) >0 for r > 0.

Now, let K = [lw|| V 1. Since 3>.°° __ 27 |e,|* /K2 < 1 and

o0 o0

(0wl /57 = Y @rle® /KO + (1= 3 (2rleal? /57 )o.

n=—oo n=—oo

we have by the convexity of f and the fact that f(0) =

F(l10zw]/K)?) Z F(Inl) leal® = (Jw] /K)*.

n=—oo
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Here we have used the identity (6.1) to obtain the last equality. The desired
inequality follows readily from the above inequality and the definition of f.
O
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