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ENDOMORPHISMS OF MODULES OVER
MAXIMAL ORDERS

KaNzo MASAIKE

1. Introduction. Throughout this paper R will represent a right
order in a right Artinian ring @ (cf. [4]). Let M be a right R-module,
T = End(Mz), and M* = Hom(Mz, Rz). Then there exists a derived
Morita context; (,): M*Q M—> R and [,]: MR ,M* —> T such
that f[m, f'] = (f, m)f' and m(f, m") = [m, f1m' for all m, m' € M,
and f, f' & M* (see [1] and [8]). The images (M*, M) and [M, M*]
are denoted by I and K, respectively. Let £, (resp. D) be the smallest
Gabriel filter (additive topology [11]) of R (resp. 7') which contains I
(resp. K). Then, B. Miiller [8] showed that there exists an equivalence
between quotient categories determined by <, and ®.. One of the
purposes of this paper is to apply the above result of Miiller to endomor-
phism rings of modules over orders in Artinian rings.

Assume that R is a maximal two-sided order in a semi-simple ring @
and M is a finite dimensional torsionless faithful right R-module. Then,
J. H. Cozzens has proved in [2, Theorem 2. 8] that (a) =>(b) <= (c),
where

(a) M, is reflexive,

(b) T is a maximal two-sided order, and

(c) T = End (. M*).

He has claimed also that (b)=>(a) does not hold in general, but does
provided M, is a generator.

In this paper we shall try to generalize the above result to a maximal
one-sided order R in a quasi-Frobenius ring @, where MX.Q is Q-
projective. In Theorem 2, by making use of a hereditary torsion theory
induced by ®,; [11] and the notion of % (see below), we shall give
necessary and sufficient conditions (weaker than reflexivity) for 7 to be a
maximal right order.

A right R-module X is forsion free in the sense of Levy [5], if no
non-zero element of X is annihilated by a regular element of R. Here
there exists a right @module MQ (= M &rQ) which contains M as
an R-submodule. Let %% be the class {X;; X is embedded in a right
R-module W such that W is a direct product of copies of R, and W/X
is torsion free in the sense of Levy}. We shall prove that if @ and S
are Morita equivalent right Artinian rings and if R is a maximal right
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order in €, then we can pick up a maximal right order T in S such
that there exists a category equivalence between %% and %,. Further-
more, when @ is quasi-Frobenius, a necessary and sufficient condition
for T to be a maximal right order whose classical right quotient ring is
Morita equivalent to @ will be given in Theorem 1.

2. In this paper every ring has an identity, and every homomor-
phism of modules will be written on the opposite side of scalars. A right
R-module M will be said to satisfy the condition (A), if M is isomorphic

to a direct summand of a right R-module U such that UcC @ R and
n i=1

U= Q If Q is semisimple, every finite dimensional torsionless
=1

right R-module satisfies (A) (see the proof of (ii)= (i) of Theorem 1).
In [6], it is proved that if M satisfies (A), then End(M;) is a right
order in End (MQ,). Furthermore, M* is canonically embedded in
(MQo)* = Hom(MQ,, &,) as an R-T-bimodule.

Lemma 1. Let T=End(Mg), and S=End(MQ,), where M satisfies
(A). Then there hold the following :

(1) M*S=(MQ,)*, where M*S= (T f:s.; fi € M* s, = S}.

(2) Thetrace ideal I of My contains a regular element if and only
if MQ, is a generator.

Proof. Set T, = End(Ug), and S, = End(U@,), where U is as
above. Let w,, #,..., u, be the canonical free @-basis of UQ. There
exists a right R-module N such that U= M@ N and hence UQ =
MQ@® NQ. Therefore, (MQ,)* is canonically embedded in (UQ)*.
Let & = (MQ,)*, and put ¢(#) = ¢. Then we can choose a regular
element d € R such that ud€ U and gd=R, i=1,2...,#n Define
te S, by t( 2w p:) = 2] udp:,, where p,€ Q. Since 2 up; € U implies
p: =R, t is contained in 7,. Cleary, ¢ is a regular element of 7,. On
the other hand, ¢-¢& U* =Hom (U, Rz), since ¢« u; pi)= 2. qdp..
It follows that T = {s & T, ;s U*} is a right ideal of 7, containing
a regular element. Now, let ¢ & T, be the projection MG N—> M.
Since 7, is a right order in a right Artinian ring S, and e is an idempo-
tent element, the proof of [9, Lemma 6] enables us to see that elLe
contains a regular element of eTy,e= 7. On the other hand, it is evident
that ¢-ele C M* and then we have M*S D (MQ,)*, proving (1).

We consider here the Morita context (,): (M@Q)* @z MQ—> @
and [,]: MQRr(MQy)*—>S. Then, 1Q=(M*, M)Q=(M*, SMQ)=
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(M*S, MQ) = ((MQy)*, MQ). Hence I contains a regular element if and
only if M@, is a generator.

Lemma 2. Let R be a maximal right order in Q. If M %,
satisfies (A) and I contains a regulat element, then T = End (My) isa
maximal right order in S = End(M@,).

Proof. Suppose there exists a ring 7, such that 7C 7, C S and
t,Tit, C T for some units #,¢ & S. Then it follows that #[M, M*]T,
(M, M*}t,C T. Hence, (M*t, M)(M* T,, M)Y(M*t,, M) = (M*t,
(M, M*] T\[M, M*)t,, M) C R. Since ¢ is invertible, there holds
tMQ=MQ, sothat (M*t, M)Q=(M*S, MQ)= @ by Lemma 1. Thus,
(M*t, M) contains a regular element of @ Put R = {gEQ;
g(M*T, M) (M*T,, M)}. Then, (M*t, M)R, (M*T, M) (M*t, M) C
R. Now, R is a maximal right order contained in R, and hence
R = R, It followsthen (M*T,, M) C R. On the other hand, M <& %

implies that there exists an R-monomorphism f: M ——)AII R™, where
=)

R™ is a copy of Ry suchthat (Im f/)@N IR =Im f. Then f can
be extended to a @Q-monomorphism f: M@ _—>AI—I,. Q®, since M, is

torsion free in the sense of Levy. Let s 7T,, and me M. Each
projection fi: MQ—> Q™ can be regarded as an element of M*. Then,
Flstm)) € (M*T,, M) C R and f (s (m)) € f(M). Thus, s(m) = M and
T, T. Hence T is a maximal right order.

In what follows, let us denote by L,( ) the quotient functor (locali-
zation functor) with respect to D,

Lemma 3. Assume that R is a maximal right order in Q M is a
torsionless right R-module with trace ideal I containing o vegular element,
and that End (MQ,) is a classical right quotient ring of End (Mz) as a
canonical extension. If Y& &, then L(Y)=Y and Hom (M Yz
€ @r.

Proof. Let Y be a submodule of ITR™ such that YQNIIR® = Y.
Suppose L;(Y)s=Y, and let E(Y) be the injective hull of Y. Then
E(Y)]Y is not D,torsion free (cf. [11]). Hence, there exists x € E(Y)
such that x ¢ Y and x7C Y. Since 7 contains a regular element, we
obtain x = YQC I Q™. Let x, be the projection of x into Q™. Since
2] C R, there holds xM* C M* and then xJC I Since R is a
maximal right order, it follows x, € R. This implies that x& Y@ ITRW™
= Y, a contradiction. This proves that L,(Y) = Y.
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Put A=Hom(M@Q,, YQ,). Since Mgs-0 for every non-zero q € Q,
the right S'module A is embeddedin II S™* by themap ¢:4—>

(m,A)=M x4

I1 S“® such that [@m.0(a)](x) = m(z.a(x)), where x= MQ, a = A,
(m,e)e Mx 4, and 7., and w, are projections IIS™» —> S™ apd
QYW — Q™, respectively. Put B = Hom(Mz, Yz). Then B is a
T-submodule of A and #(B) C II T™"., Now, let b, = A such that
6(bo) ES(B)SN I T™®,  Since mar0(b)E T for every (m, )= MX 4,
it follows mmb (M) C M. Therefore, Imb,(M)C R and mb,(M)CR.
Consequently, b,(M)C YQN MNRM =Y and #(b,)=3(B). This implies
Be &,.

Proposition 1. If @ and S are Morita equivalent right Artinian
rings and R is a maximal vight order in Q, lhen there exists a maximal
right order T in S such that theve exists a category equivalence between
Er and &r.

Proof. There exists a right @-module P and P' such that PP P! =
69 Q and S = End(P,), where P, is a generator (cf. [1], [7]). Put
M-—Pﬂ EBR and M'—P’H@R Evidently ME %% Since (MPMNQ=
EBQ M, satlsﬁes (A) and I contains a regular element, Hence, T =

End (M) is a maximal right order in S = End(MQ,) (Lemma 2), and M,
and M3 are faithful and torsionless. Then, M, is canonically embed-
ded in Hom(M3%, Ty, and Hom(M3}, ToHIC M. Since L(M) =M
by Lemma 3, we have M = Hom (M3, T,), whence it follows that
K=[M, M*] is the trace ideal of M%. From KS= [M, M*S] =
[M, Q(M*S)] =S, we see that K contains a regular element of 7.
Obviously, End(M%) (D R) is a right order in End (M*S;s) =End ((MQ,)*S)
=Q Ifweput RR={qEQ; gM*C M*}, we can say End(M%) = R,
Since RJC R, we have R=End(M#%). As was mentioned in the intro-
duction there exists a category equivalence between quotient categories
with respect to ®, and 9©; via the functor Hom (M, ): Mod-R —>
Mdo-7* and Hom(M%, ): Mod-T—> Mod-R. The consequence is
immediate by Lemma 3, since €z and %, are full subcategories of
these quotient categories, respectively.

Theorem 1. If Q is a quasi-Frobenius ving, then the follwing condi-

tions on a ring T are equivalent :
(1) T is a maximal vight order whose classical right quotient ring is

Morita equivalent to Q.
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(ii) There exists a maximal vight order R in Q and a finite dimen-
sional faithful right Rmodule M in &, suchthat MR .Q is Q-projective
and T = End(Mp).

Proof. (i)=>(ii). There exists a ring S such that @ = End(Vy)
and T is a maximal right order in S, where V; is a direct summand

of EB S and is a generator. As in the proof of Proposition 1, putting

i=1
Nr=7VnN 69 T and R=End(N;), we have T'=End (N}), where N*=
Hom(Nr, T,) Since T isin &7, the consequence is immediate by Lemma 3.
(ii))=>(i). M, is a submodule of o R® (= M @¥) such that

MQN IIRM =M. Since M; is faithful and @ is quasi-Frobenius, M@,
is a generator. Clearly, M@, is a finite direct sum of injective indecom-
posable @-modules, since M@, is finite dimensional. Thus, M@, is
finitely generated and hence Artinian. Therefore, we can choose a finite
subset F of A so that !ﬂ Ker 7, =0, where 7, is the projection

MQ—> @Y. Now, M; is embedded in EB R and M@, is a direct
summand of )‘6_9,, @, it is easy to see that MR satisfies (A) and T is a
maximal right order in S = End{MQ,) by Lemma 2.

Every prime Goldie maximal right order need not be Morita equivalent
to a right Ore domain (see [10]). However, from Theorem 1 we have
the following

Corollary. Avring T is a prime Goldie maximal right order, if and
only if there exists a maximal right order R in a division ving and a finite
dimensional right R-module M in &, such that T == End(Mp).

Proposition 2. If M is a reflexive right R-module, then M & &;.
The converse is true, provided R is a maximal two-sided order in a quasi-
Frobenius ring Q and M is a finite dimensional faithful module such that
MRrQ is Q-projective.

Proof. Since M is R-reflexive, we can say that there exists a left
R-module N such that M = Hom(iN, zR). Define 0 : Mz—> II R™

neN

by 60(») ={(n)o}sexr € 1 R™, v = M. This is a monomorphism. Now,
let ¥ = {7.},ex € II R™ be such that yd € Im @ for some regular d= R,
Let », & M be such that (#)v, = #.d, » € N, and define v,-d' € M by
(#) v5°d™ = #,, n & N. Then, 0(v,od™) =y  Hence INR™/Im? is
R-torsion free in the sense of Levy.
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Next, we shall prove the latter assertion. Assume that M & %
By [6] and Theorem 1, 7 = End(Mz) is a maximal two-sided order.
Now, ;M is embedded in a direct product of 7 by the map « : ;M —>
II T such that each projection of (m)a is [m, f], m € M. On the

renM
other hand, since M; is torsionless, there is a canonical monomorphism

o: My —> ;Cp, = Hom(;M*, zR). Evidentlyy, KCCIm ¢ and K
contains a regular element (see the proof of Proposition 1). Then, since
M is torsionless and T is a left order in End(MQ,), ,C is embedded
in SM=[MQ, (MQ)*] M = MQ((MQ,)*, M)= MQ. Now, M, isa
submodule of ITR™ such that MQN IIRM=M. If z€ CG MQ, then
MD Kz = M(M* z), and hence (M*, z)C R. It follows z & TIR™,
ie,z€E M. M is therefore reflexive.

Remark. In virture of Theorem 1 and Proposition 2, Proposition 2.9
of [2] remains true even if R is semi-prime, provided M, is faithful.

A right Rmodule M is said to be D,-quasi-injective if every
F & Hom(JzMz) can be extended to an element of End(M,), provided
JeC M, and M/J is a D,torsion module. If L,(M)= M, then we can
see that M is D,quasi-injective. Now, we go back to the result of [2,
Theorem 2.8] mentioned in the introduction. When M; is reflexive in
this case, L,(M)= M e %, by Lemma 3 and Proposition 2. Therefore,
the following includes this theorem.

Theorem 2. Let R be a maximal right ovder in a quasi-Frobenius
ring Q, and M a fintte dimensinal torsionless faithful right R-module such
that MQ,Q is Q-projective. Then the following conditions are equivalent,
where T = End(Mz) and S = End(MQ,).

(i) T is @ maximal right order.

(ii) Mg is D,quasi-injective and L,(M) € &.

(i) T={seS; M*sc M*}.

Proof. Put Ty={seS; M*sCM*}. Assume that 7 is a subring
of S such that 7,C 7} and ¢ T ¢, C 7, with some units ¢, £,& S. Then,
as in the proof of Lemma 2, we obtain (M* T, M)C R, and hence T,=T,
is a maximal right order in S. Furthermore, 7, and T are equivalent
orders and 7, D 7. Therefore, the equivalence of (i) and (iii) is evident.

(i)=>(ii). We can define a monomorphism 68: M,—> D, =
Hom (M%, T) by 0(m)(f) =[m,f], me M, f=M*. Then, DIC M,
and so DC L,(M). Since T & %;, we have L,(M)= L, (D)= D by
Lemma 3. Assume that J,C M, and M/J is D,torsion. Then, every
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f € Hom(Ja, My) can be extended to an f < Hom(L,(J)s, L{M)z)=
End(L,(M;)). Since L,(M) is contained in the injective hull of Mg, i.e.,
Mc L(M)c MQ, it follows that 7, = End(L,(M),) coincides with
{(seS; sL{M)c L(M)}. Since RE %, we can easily see that
M* = Hom(L,(M)n, Rp) = L(M)*. Then [M,M*] T, =[M,L{M)*T]
Cc 7. Since T is a maximal right order, we have 7,= 7. Thus,
f(M)c M, which proves (ii).

(ii)=>(i). Let k= T1=End(L,(M),), and set J= {xEM; h(x)E M}.
Since M/J is D torsion, the restriction #|J € Hom(/Jz, M) is extended
uniquely to an ' & T. Hence, T:=T by h—> k. Since L{M)€E
%, and L,(M)Q coincides with the @-projective module MQ, T (= T))
is a maximal right order by Theorem 2. This completes the proof.

Under the hypothesis of Theorem 2, we notice that the proof of
Proposition 1 enables us to see thar R = End(M%). On the other hand,
there exists a canonical ring monomorphism from T to T, = End(xM*).
Let «a=T,, and m = M. Define a-m: M* —> R by (flam =
(Na)m, fe M*. If M, is reflexive, regarding a-m as an element
of M, we obtain «a-[m, M*] = [a~m, M*]. Thus, (M, M*]C T.
Since [M, M*] contains a regular element of 7, 7 is contained in the
injective hull S of 7y, and hence T = 7,. Conversely, assume that
T is canonically isomorphic to End(,M*). Let 3= Hom(,M*, xR), and
gE M* Define -g€T: by (f)3-g={f)B) g fE= M*. Regarding
this as an element of 7, we obtain 3-(g, M)=Im B-gC M, i e.,
Hom (pM*, ,R)-IC M. We have therefore seen that if R is a maximal
right order in a quasi-Frobenius ving Q and N is a finite dimensional
torsionless faithful vight R-module such that M Q. Q is Q-projective, then
the following conditions are equivalent :

(i) My is reflexive.

(ii) M% satisfies the double cenralizer property and L{M) = M.

(iii) T is canonically isomorphic to End(M*) and L, (M) = M.

Example. There exists an R-module M satisfying the condition (ii)
in Theorem 2 such that L, (M) M; Let Z and @ be integers and
rationals, respectively. Obviously, R= Z[X] is a maximal right order
in Q(X), the rational function field. Now, let m =1 be a positive
integer, and put M = xR + mR. Then, M* =R, =M, and L, (M)
= R.
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