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Short Time Asymptotics of a
Certain Infinite Dimensional
Diffusion Process

Shigeki Aida and Hiroshi Kawabi

ABSTRACT The main objective of this contribution is to prove the Varadhan
type short-time asymptotics of an infinite dimensional diffusion process associated
with a certain Dirichlet form. This paper gives a generalization of Fang’s results
of the Ornstein-Uhlenbeck process on an abstract Wiener space.

1 Introduction

Let (E,H,u) be an abstract Wiener space, i.e., F is a separable Banach
space, H is the Cameron-Martin space and p is the Wiener measure on
E . We will consider the following Dirichlet form on E:

8@@@::/;(A@)Duwyl%m@)HdpuL (1.1)

where A(z) is a positive symmetric bounded linear operator on H and
Du denotes the H -derivative. It is well known that there exist diffusion
processes X = (X;, P,) associated with (1.1). (See Kusuoka [19] for de-
tails.)

In this paper, we will study the short time behavior of the transition
probability P, (t, A, B) itself, where P, (t, A, B) denotes the probability of
the diffusion processes X starting from a set A and reaching a set B at
time t. In the strict sense it is defined as follows:

&WA&?ABWEWM-

The main object is to prove in Corollary 2.17 that there exists an appropri-
ate distance d(A, B) between two subsets A and B of E (cf. Definition
2.7) such that

lim 4tlog P,(t, A, B) = —d(A, B)*. (1.2)
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This small time asymptotic formula is called the Varadhan type asymp-
totics.

Similar results have been obtained for symmetric diffusion processes on
some infinite dimensional spaces. S. Fang [9] proved the asymptotics of
this type for the standard Ornstein-Uhlenbeck process on (E, H, 1) . Note
that this case is obtained by setting A(z) = Iy . T.S. Zhang [35], [36]
and M. Hino [15] studied some general cases. Actually diffusion processes
in [35] are given by the solution to a stochastic differential equation on E
and the square root of the diffusion coefficient satisfies Lipschitz continuity.
In such a case, standard large deviation theory is applicable to the present
problem. In our approach to this problem, we can include the case where
A(z) is not continuous in the topology of E but it has a certain regularity
in the H -direction (cf. Definition 2.1).

Let us explain our approach briefly. We prove the upper bound of the
left-hand side in (1.2) similarly to [9], [35] by using Lyons-Zheng’s de-
composition theorem (cf. Proposition 5.1). Our proof of the lower bound is
totally different from the previous works. We use Wang’s parabolic Harnack
inequality [33], which is “dimension free” and is valid under the condition
that “Ricci curvature” of the diffusion process has a global lower bound.

Since Wang’s original inequality was proved on Riemannian manifolds,
we have to prove an extension to our settings. The proof of the lower bound
of the transition probability by using a parabolic Harnack inequality is in
some sense an infinite dimensional version of Li and Yau’s argument [8] on
Riemannian manifolds. A similar kind of argument was found in [24], [1].

The organization of this paper is as follows. In Section 2, we state our
problems and main results. In Section 3, we study fundamental properties of
our distance function. In Section 4, we formulate a dimensional free Harnack
inequality for our setting. In Section 5, our main results are proved. In
Section 6, we show the calculation of Ricci curvature of the Dirichlet form
which we study in this paper. In Section 7, we show that the method using
the Harnack inequality works for proving (1.2) without the assumption
on the Ricci curvature in the case where A(z) is smooth in the Fréchet
sense. In Section 8, we present two examples. In Example 1, we discuss the
diffusion process whose diffusion coefficient is discontinuous. In particular
we shall consider a diffusion coefficient which is defined by multiple Wiener
integrals. We think that standard large deviation method is not applicable
to this example. In Example 2, we note that our lower estimates may hold
in the case of the diffusion process arising from statistical mechanics. We
will discuss the details in a forthcoming paper.
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2 Formulation of Main Results

Let (F,H,pn) be an abstract Wiener space. We will consider a diffusion
process X := (Xy, P,) on E corresponding to the following Dirichlet form
(€,D(&)):

gwv) = [ (AEDu). Do) un(dz) (2.3)
E
D(€) := the completion of FCp°(E,R) with respect to 511/2—norm,

where & (u,v) = E(u,v) + (u,v)r2(p) . In this paper, L) (H, H) denotes
the set of Hilbert-Schmidt operators on H and L(H,H) denotes the set
of bounded linear operators on H .

We will assume the following regularity conditions for the coefficient
operator A(-).

(A1) A()): F — L(H, H) are measurable maps such that
esssup,cp [|A(2) | Lo,y < My
(A2) There exists My > 0 such that A(z) — Maly is a positive definite
symmetric operator for any z € E.

(A3) A(:) is H -continuous, i.e., for any z € E, A(z+-): H — L(H,H)
is continuous.

(A4)

A™Y() e H-UC(E,L(H, H))

The definition of H-UC(E,L(H, H)) is the following:

Definition 2.1. We will say a map F(-) : E — L(H,H) belongs to H -
UC(E,L(H, H)) if and only if the following holds.

(1) There exists a sequence of compact sets K1 C Ky C --- C K,, C
-+ C E such that

lim pu(KS) =0,

n—oo

(2) For any K, C E,y € K,, and r >0,

lim ( sup F(a:—&—v)—F(y—&—U)HL(H’H)) = 0. (2.4)

z—y, €K, ol <r

Moreover we call {K,}52, the H-UC nest and we say that H-UC' prop-
erty holds for K if (2.4) holds replacing K, by K.
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Remark 2.2. In finite dimensional case, Norris [27] proved the Varadhan
type asymptotics under (A;) and (As) only. Hence it is natural to hope
that our estimates are still valid without assuming (As) and (A4 ). This
will be studied in separate papers.

By definition, we note the following fundamental property.

Proposition 2.3. Let F(-) € C(E,L(H,H)). Then F(-) belongs to H —
UC(E,L(H,H)).

Proof. By virtue of the tightness of the Wiener measure, there exists a
sequence of compact sets K1 € Ko C --- C K, C --- C E such that
limy, oo #(KS) = 0. Here we denote Ug(r) := {v € H| ||lv||lg < r}. We
note that F(-) is uniformly continuous on compact set in E and K, +
Uy (r) is compact in E. Then the following holds for any K, C E and
ye K,:

lim ( sup IIF(fv+v)—F(y+v)L(H,H>)

z—y, TEK, lolla<r

< tim (sup {IFw) = FODllauan | w1 € Ko+ V),

o=l < e - i}
= 0.

This completes the proof. O

Remark 2.4. The solution of stochastic differential equation X (¢, z,w)
and multiple Wiener integral I,,(f)(w) are not continuous in the Fréchet
sense. But we note that these are typical examples in H-UC(FE, L(H, H)).
Especially, we shall prove the H-UC property of the multiple Wiener
integral in Section 8.

We shall define H, - distance as a generalization of H - distance in Fang
[9].

Definition 2.5. For © € FE, we define (H,,g) as a Hilbert manifold with
a Riemannian metric g by H, := H + x,9 '(z) := A(x). Let us define
dg(z,y). If y ¢ H,, define dg(x,y) = co and if y € Hy,

dy(ey) = inf{ ( / (gl + A(s)h(). h(s»Hds) 1/2
‘ h e CH[0,1], H) and h(0) = 0, h(1) = y — z}

with the convention dg4(x,y) = oo if the above set is empty.
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Remark 2.6. By virtue of (A1) and (As), the following identity holds:

Ml_1||x—y||H <dg4(z,y) < M2_1||x—y||H for any z € F and y € H,.

Next, we shall give the distance between two Borel measurable sets
A BCE.

Definition 2.7. Let A, B C FE be Borel measurable sets with p(A), u(B) >
0. We denote dy(z, A) := infyca dy(z,y) and define

Sy = {MCE‘M:Uanithu(AAM):O,
n=1

where L,, is a compact set

andL,, C K,, holds for a certain m € N}. (2.5)

Then we define d4(A, B) as follows:

de(A, B) := sup <essianeA dg(x, N),essinfycp dq(y,M)>.
MeSa,NeSE ‘

Remark 2.8. In the above definition, we have used the Borel measura-
bility of the distance function dg4(-, M) and dg4(-, N). See Lemma 3.1 for
details.

We will state the fundamental properties of distance d, as follows:

Proposition 2.9. (1) Let p(A),u(B) > 0. Then dy(A, B) < oo holds.

(2) Let A,B’' C E with p(AANA") =0 and u(BA B') = 0. Then
d (A, B) = d, (A", B') holds.

(3)
dy(A,B) = sup { essinf,e 4 dy(z, N), essinf e 5 dg (3, M)’
MeSo,NeSs McANC B}.

Proof. We shall recall the ergodicity of Wiener measure p. That is, for
w(A), u(B) > 0, there exists v € H such that

w(AN(B+w)) >0.

Using this property, we can easily see that (1) holds. By the definition, we
can get (2) and (3). O

Using this distance, we will state our main results.
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Theorem 2.10 (Upper Estimate). Let A,B C E be Borel measurable
sets such that w(A), u(B) > 0. Then the following estimate holds.

lim 04t - log P,(t, A, B) < —d,(A, B)*.

Theorem 2.11 (Diagonal Lower Estimate). Let A C E be a Borel
measurable set with p(A) > 0. We denote A, := {x € Eldy4(-,A) < r}.
Then the following estimate holds for any 1 <p < oo and t > 0:

p(A)? 1
T

P,(t,AA) >
! 1(Ag. i) p

where K, :=2,/log (%) .

Next, we shall consider the lower estimate. Let us consider the following
special case only.
(A5) A(z) is given by

A(z) =1y +a(z) = Iy + 0" (2)o(z2),

where o(-) € DE_(E, L2)(H, H)).

To state the lower estimate, we will recall the definition of the Ricci
curvature of a Dirichlet form (£, D(E)). For details the reader is referred
to Bakry-Emery [4], Bakry [5] and Getzler [13].

Definition 2.12 (Ricci Curvature of the Dirichlet Form (£,D(£))).
The Ricci curvature of Dirichlet form (€, D(€)) is the operator valued func-
tion Ric(-) with values in Iy +DZ_(E, Ly(H, H)) which satisfies that
for any f e DE_(E,R),

(Ric(2)Df(2), Df(2)) 1. gy = T2(f. ) (2) = IVDF () 3o, pr--

where V denotes the covariant derivative associated with the Levi-Civita

connection which is defined by the Riemannian metric g(z) = (I + a(z)) .

Remark 2.13. By the definition of the Ricci curvature of (£, D(E)), we
note that
Ric(z) > —K

p-a.e. z is equivalent to

p-a.s. z € B for any f € DE_(E,R). For details the reader is referred
to [5].

In our problem, the Ricci curvature of Dirichlet form (2.3) is given as
follows. We shall show the calculation in Section 6.
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Lemma 2.14. Assume (A5). Then the Ricci curvature of Dirichlet form

(2.3) is
1
Ric(z) = (Ig— La)(z)+ §(IH +a) ' La(z)
~(In + )" (In +a) T3 (T +a)T7(2).
Here L is the generator of (£,D()), L = —D*D, T, is a Hilbert-

Schmidt operator on H defined by

I f= Z Ul (fy hi)mhy
i,j=1
where f € H, {h;}2, C E* is a complete orthonormal basis in H and
F;k are the coefficients of the Levi-Civita connection on (H,,g).

Fang and Zhang [9, 35] proved the lower estimate under that A or B
is open in E. Here we will introduce the notion of H -open set which is
weaker property than open set.

Definition 2.15. A Borel measurable set A C F is H -open if and only
if the following holds. For any z € A, there exists € > 0 such that

{z+h|heHI|h|u<e}CA.

We are in a position to state our lower estimate.

Theorem 2.16 (Lower Estimate). Assume (A5) and that there exists
a positive number K such that Ric(z) > —K p-a.e. z€ E. Let ALBCE
be Borel measurable sets with p(A), u(B) > 0 and assume that A or B is
H -open. Then we have

liimt—»04t : IOg Pu(tv Aa B) > _dg(Aa B)2
As a corollary of Theorem 2.10 and Theorem 2.16, we see that

Corollary 2.17 (Varadhan Type Asymptotic Formula). Under the
same assumptions as in Theorem 2.16,

lim 4t - log P, (t, A, B) = —dg(A, B)?.

Remark 2.18. S. Kusuoka kindly informed us of his previous works [21,
22], in which he had independently defined a notion similar to “H — UC -
map” of Section 2. We explain his notion of “compact H —C°-map” below.

Definition 2.19 (Compact H-C° Map [21] [22]). We will say that
F(:): E— L(H,H) is a compact H-C° map if the following holds. For
any z € E and {h,}>>, C H with h, — 0 weakly in H as n — oo, it
holds that

Tim [[F(z + o) = P = 0.
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By virtue of Proposition 1.3 of [21], we can easily state the following
relation between the H-UC map and the compact H-C° map. (Proof is
omitted. See Kawabi [17] for details.)

Proposition 2.20. (1) If F is a compact H -C° map, then F is an H -
UC map.

(2) Under the following condition, any H -UC map becomes a compact
H-C° map:
for any H-UC nest K, , there exist ¢ > 0 and a positive integer m > n
such that K, +Ug(e) C Ky, holds.

Here we mention that the multiple Wiener integrals are compact H - C°
maps by virtue of Proposition 8.1. Therefore, all statements in this paper
which include (1) in Section 8 are still valid by assuming that the coefficient
operators A(-) are compact H-C° maps instead of assumptions (Az) and

(Ag).

3 Basic Properties of the H,-Distance

In this section, we shall prepare some basic properties of H,-distance de-
fined in Section 2. First, we shall show the fundamental property of distance
function.

Lemma 3.1. Let K C E be a compact set with H-UC property. Then
dg(-,K) : E — R is a Borel measurable function. Moreover K, := {z €
E | dy(-,K) <t} is a compact set in E.

Proof. First, we fix a positive integer n. For n and r > 0, we will construct
an approximate set K(n,r) of K,.. By using the H-UC property of the
compact set K, there exist p1,pa...,pm,, € K and a(n) > 0 such that

m(n)

K ¢ U Uspia(m)).

i=1

(e +NEE, < (1) (oly+hEE) (36)

for any z,y € Ug(ps,a(n)) N K, &, h € H with ||h|g < 4(r +2)M,"*,

here we denote Ug(p,a) := {z € E | ||x — p||lg < a}. We now prove the
following claim:

Claim 1. Let n > 6 and u € H. We suppose that there exists z €
Ug(pi,a(n)) N K such that dg¢(z,z +u) < 3(r +2). Then for any z,y €
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Ug(p;,a(n)) N K it holds that

(1) dylwatu) <

7
S +2). (3.7)

—_

(@) ezt < (0+2) dyy+u). (33)

Proof of Claim 1. For h € C*([0,1] — H; h(0) =0, h(1) = u), we assume
that the following holds.

1/2
Joax, IR(t)|| > 4(r +2)M;" "

By recalling Remark 2.6, the following estimate holds for any « € E':

{/ lte gk 0) Hdt}m - {/0le lllh<t>||§,dt}1/2

1
;Y2 / o
—1/2

/
M max (0

> 4(r+2). (3.9)

v

Y

Hence, for any w € E and v € H with dy(w,w+u) < = (r+2), the

|~

following identity holds:
1 o 1/2
d = inf h(t))h(t),h(t)) dt ,
sy =t (ot ) i)
where

Cy([0,1] — H)

{h e C([0,1] — H) ' h(0) = 0,h(1) = u,

1/2
Joax |h(t)||ar < 4(r + 2)M, }

For any © € Ug N K , applying (3.10) to the case where w = z, we can get

dy(w,z+u) =  inf { /01 (g(z +R()R(D), h(t))Hdt}1/2

heC*([0,1]—H)

<(+g) e { / 1 (o= + h(0)h(o). h(t))Hdt}1/2

= (14 2) dy(z,2 +u)

<o(rt2) (3.10)
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Moreover, using (3.6), (3.10) and (3.10), we can conclude that for any
T,y € UE(pua’(n)) N Ka

dy(w,z+u)=  inf { /O 1 (g(:E +R()h(t), h(t))Hdt}l/z

heCy ([0,1]—H)

<+ e . { /01 (gt + hE)A(2), h(t))Hdt}1/2

n° heCk (01
1
<1+ ) dylyy +u).

This completes the proof of Claim 1.

We return to the proof of Lemma 3.1. Set B, (r) :={u € H | dy(x,z +
u) < r}. Then we define an approximation set K(n,r) by

K(n,r):= | [{UE(pi,a(n))ﬂK}—i—Bi(r)}

i=1

Since By, (r) is a bounded closed set in H, K(n,r) is a compact set in E.

To prove the measurability of K, , we need the following claim.

Claim 2. For any n > 6, the following inclusion holds:
K(1+%)*17‘ CK(?’L,’F) CK(IJF%)T. (311)

The proof is as follows: for any w € K (n,r), there exist n € Ug(p;, a(n))N
K and uw € By, (r) such that w =7+ u. By using Claim 1, we get

1
dg(nsm+u) < (1+ ﬁ) dg(pi, pi +u)
1
< (1+—-)r
< a4y
This implies that K(n,r) C K141, holds. On the other hand, for any
w € K14 2y, , there exist p;, 2 € Ug(pi,a(n))NK and u € H such that
w=z+u and dy(z,z +u) < (1+ 2)"'r hold. Again by using Claim 1,
we see

1
dg(pispi +u) < (14 =) dg(2,2+u)

n
1 2
< (14+-)a+57t
< A+ )+
1
< nt r<r.
n+2

So we can deduce u € Bp,(r). This means that K, s3)-1, C K(n,7)
holds. This completes the proof of Claim 2.
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By virtue of (3.11), we have for any integer n > 6,
3
Kr C K(TL, (1 + ﬁ)?") C K(l—‘,—%)(l—‘r%)r'

Noting the identity

K= ) KT/:ﬂK(n,(1+%)r),

r'>r,r’'eQ n>6

3
we conclude that K, is a compact set, since K (n7 (1+ f)r) is compact.
n

O
Next, we state the following lemma which will be used to prove the upper
estimate.

Lemma 3.2. Let K CE be a H-UC compact set with u(K) > 0. For
any n > 0, we define the function u(z) := dg(x, K) An. Then u € D(E)
and T(u,u)(z) < 1 holds for p-a.e. © € E. Here I'(u,u) denotes the
carré du champ of the Dirichlet form & .

Proof. Let = € E such that d,(z,K) < oo holds. For any h € H, the
following inequality holds.

dg(x +h, K) = y‘glf(dg(x +h,y)

;gf((dg(x + h7 .’17) + dg(x? y))

= dy(z+h,z)+dy(z, K).

IN

Therefore, we have obtained the following.
|dg(z + h, K) — dg(z, K)| < dg(z,x + h). (3.12)
By using Remark 2.6 and (3.12), we can get the following inequality:
lu(z + h) = u(@)|| < dg(z,2 +h) < My |[hm,
forany x € F and he H.
By using Lemma 1.3 of Kusuoka [19], we can conclude u € D(€) and
|Du(zx)|| g < My* for p—ae. z€E.

Next, we will show that T'(u,u)(x) < 1 holds. By the definition of
dg(z,z + h), we have

||u(x+h)—u(:c)||Sdg(m,x—i—h)g/o (Al + sh)~ o)L ds
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By using the assumption (Aj), for p—a.e. x € E, we get

I(Du(@), h)wll

iiﬂ% é (u(x +¢eh) — u(m)) ‘

1
< lim- [ (A(+ sh) " h,h) ) ds
E— 0
= (A@) "k by
which implies that T'(u,u)(x) = ||A(z)"/2Du(z)||3; <1 for p—ae. x € E.
This completes the proof. O

The following lemma is important to give another definition of the dis-
tance between two subsets in E'. This lemma will play an important role
in the proof of Theorem 2.16.

Lemma 3.3. Let AC E be an H -open set and B C E a Borel measur-
able set with p(A),u(B) > 0. Let X\ := dy(A,B). Then for any ¢ > 0,
there exist a Borel measurable set C C B with ;1(C) >0 and v € H such
that C +v C A and

dg(z,z+v) < A+e,

for any z € C.

Proof. By Proposition 2.9, we may assume M C A for M € S, . By the
definition of dg4(A, B), for any € > 0, there exists a Borel measurable set
B’ C B with u(B’) > 0 and M € S4 such that for any z € B’ there
exists v(z) € H with

z+v(z) e M CA, dy(z,z+v(2) <A+ g (3.13)

Let us take a dense subset V := {v;}?2, in H. Since A is H -open, by
(3.13), for any € > 0 and z € B’, there exists v, € V such that

z+uvp €A, dy(z,z+v) < A+e. (3.14)

Weset Cy:={z€ B' | z+uv, € A, dg(z,2+vx) < A+¢} (k>1). By the
definition of C} , we have

Cr=B'.

s

k=1

Let us prove that f, := d4(-,- +v) : E — R is a Borel measurable func-
tion for all v € H. By the assumption (A3), (g(z + h(s))h(s),h(s))H
is continuous in s for fixed z, and Borel measurable in z for fixed s.
So, (g(z—i—h(s))h(s),h(s))H is B(E)®B(]|0,1]) measurable. Therefore, we
can conclude the measurability of f, by using Fubini’s theorem. Hence
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C}, is Borel measurable. Since p(B’) > 0, there exists kg € N such that
1(Cr,) > 0. Therefore C := Cf,, v:= vy, is a desired pair. O

Now, we define another distance dy -

Definition 3.4. Let A,B C E be Borel measurable sets with pu(A),
w(B) > 0. We define

di(A, B) := inf K

where K is the set of positive numbers k such that there exists a posive
measurable set C' C B and v € H which satisfy

C+v C A,
dg(z,z+v) < k foranyzeC.
Note that the set K above is nonempty.

Before closing this section, we summarize some relations between two
distances, dy, and dj:

Lemma 3.5. (1) d;(A,B) >d,(A,B) .
(2) If AC E is H -open, then
dy (A, B) = dy(A, B)
holds.

Proof. We note that Lemma 3.3 says d;(A,B) < d,(A,B) if A is H-
open. Then we need only to prove that i 5(A,B) > dy(A, B) for any Borel
measurable set A, B C E. By the deﬁnltlon of d*(A, B), we have for any

e > 0, there exists a measurable set C' C B with w(C) >0 and v e H
which satisfy

<
2

C+vCA, dy(z,2+v) < dy(A,B)+e forany z€ C. (3.15)

Let {L,}52, be a sequence which appeared in (2.5). There exists Ny such
that for N > Ny, p((C+v)N (Ufj:l L)) > 0. By using (3.15), we have

N
d(z,UL < d( (C+v)N UL)
n=1
< dg(z,z2+0)
< dy(A,B)+e.

Then by replacing the role of A and B and recalling the definition of
dy(A,B), we get

dy(A,B) < d5(A,B) +¢

This completes the proof. O
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4 Dimension Free Harnack Inequality

In this section, we shall state a dimension free Harnack inequality. This is
a key lemma to prove Theorem 2.16. Here, we will assume (Aj) for diffu-
sion coefficient A(-). First, we will state the fundamental differentiability
property of functions in D}(E,R).

Lemma 4.1. Let f € Di(E,R) and h(-) € C1([0,1] — H;h(0) = 0).
Then there exists a measurable function F(z,t): E x [0,1] — R such that

(1) f(z+h(t)) =F(z,t) foranytel0,1] and p-a.e. z € E.

(2) The function t(€ [0,1]) — F(z,t) € R is an absolutely continuous
Sfunction.

(3) For any t €[0,1] and p-a.e. z€ E,

F(e.t) = F(0)+ [ (DF( 4 hs)) (o) s

,R), we can choose {f,}>2, C FC;°(E,R) such that

Proof. For f € D}(E
,R). Note that for any ¢ € [0,1] and z € E,

fn— f in DYE

t
fa(z+R(t) = fulz+ h(0)) + / (Dfn(z 4 h(s)),h(s))uds. (4.16)
0
By the quasi-invariance of p, we have for any ¢ € [0,1] and 1 <p < 2,

fa(z 4+ h(t)) — f(z + h(t))
in D,(E,R) and

/ (Dfnz + h(s)). h(s)) s — / (Df (= + h(s)), h(s)) s
0 0

in LP(E,R). Set

F(z,1) = f(z 4+ h(0)) + / (Df (= + h(s)), (s))srds.

Then F(z,t) satisfies the assertion in the lemma above. O
The following is the main result in this section. See Wang [33].

Lemma 4.2 (Dimension Free Harnack Inequality). Let u : E — R
be a bounded measurable function and Tyu(z) = E,(u(X)). We assume
that Ric(z) > —K holds for p-a.e. z € E. Then for any v € H and
a > 0, the following inequality holds for p-a.e. z € E:

adgy(z,z +v)? 2K
4(a—1) 1— e 2Kt

Tou(2)|* < Toful(z + v) - exp (
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To prove the inequality above, we recall that for two fundamental results
about the Markov semigroups {7}}+>0 on L*(E,R) .

Lemma 4.3 (Kusuoka [24]). Let T; be a Markov semigroup associated
with the generator L defined by :

Lu(z) = —D* (Ao + K () Du(2)) |
where
(1) Ag: H — H is a bounded symmetric operator such that
(Aoh, h)er > ||l ,
for any h € H.
(2) K() €eDE_(E, L) (H,H)) satisfies the following properties:
K(z) = K*(z) p-ae. z€E
esssup.¢p [ K(2)| (o, iy < 00.

Then there exists A € (0,1/2) such that for any 7 € R, 0 > 0, p €
[(1=N)"527Y, g>p, t€(0,1] and u € DZ_(E,R), there exists C' > 0
such that

||Ttu||Dg+2a < Ct*UHUHD; .

Lemma 4.4 (Bakry [5]). We assume that Ric(z) > —K for p-a.e. z €
E and we denote T'(f)(2) :==T(f, f)(2) and Ta(f)(2) :=Ta(f, f)(2). Then
for any f € DZX_(E,R) and t > 0, the following inequality holds for
w—ae z€E.

D(Tf)!V2() < T TY2(6)) ().
Proof. We fix t > 0. For f e DY_(E,R), we consider
B(s) = KT, (r(Tt,sf)l/Q(z)). (4.17)

By Lemma 4.3, we see that T, f € DZ_(F,R). Therefore ®(s) € D(E). By
virtue of Lemma 4.1, for p-a.e. z € E, ®(s) is differentiable with respect
to a.e. s € [0,t]. Hence the following identity holds for a.e. s € [0,]:

¥(s) = 2. {0 {10 (0) (T2(0) + KT@) - T} }e) . (419

where g¢(z) := T;—sf(z). Next, we recall the following condition which is
equivalent to Ric > —K : for any f € DZ_(E,R), it holds that

AT(/){T2(f) + KT (f)}(2) = T(T(f))(2)- (4.19)
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Hence integrating (4.18) with respect to s from 0 to ¢, we get ®(t) > P(0)
and this completes the proof. O

Proof of Lemma 4.2: We may assume that f € DZ_(E,R), f(z) > § >
0 since |T;f(2)| < T3|f|(z) holds generally. We choose h € C'([0,1] —
H;h(0) =0,h(1) =v). For fixed t >0, we set h(-) € C'([0,t] — H) such

that
h(s)=h(r), 7= ( /0 ! emdr) / ( /0 temdr) :

For f e DE_(E,R),a > 1, we shall consider

®(s) = log Tu(Ti—s /)™ (2 + h(s)).

We shall recall Ty f € D(E) for any f € D(E). So we conclude ®(s) €
D(€). By Lemma 4.1, ®(s) is differentiable with respect to a.e. s € [0,¢].
So the following identity holds:

<I>/(s):%{TS(Tt_Sf) (4 b)) TG )+ R(s) e s € [0.).
Therefore

%{Ts(n_s 1%z +his) } = ToL(Ti o f) (2 + h(s))

(=
+ T {a(Tie )™ (LT o) bz + ()
+ (DITATi-o )}z + B(s)) i) (4:20)

where £ is the generator of T;. Noting the identity (c.f.[7]),
L(F*(2)) = aF* Y (2)L(F(2)) + a(a — 1)F*2(2)T(F, F)(z)
for F € D(L), we have

@)+ o))
=TT f)* LT o f }(z + R(s))
+T{ale = D(Tiee )" T (Tiof) = + h(s)

~T{a(Tyof)* (LT, J)}( +h(s))
(D{T (To—s f)H(z + h(s )H
:a(a—l)Ts{( )20 (T, Sf }(z+
h(s))

(D{T (Ties )}z + h(s Y
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v

a(a = DT (T o )" *T(Toof) (2 + B(5))
otz + R DATAT e+ R |
otz + nisp =it
= ala = DT o)) 2D(Tiof) } (2 + h(s))

@)} e ) IS

Furthermore using Lemma 4.4,

@+ R}

> ala-— I)Tg{(Tt_sf)a72F(Tt—sf)}(Z + E(S))
~S LT )} e+ ) - b

- aTs{(a —1)(Ty_of)*20(Ty_ o f)

RS (D) | DT )2 HZ(S)HTZWS)H}(Z + R(s))

25 ||(s) 2. )
> —aT, {(Ttsf)a : e j)*“”H } (z 4 h(s)).

= LT o)z 4 () O, 1
eQKs 4K2e—4K5

“Ha—1) (1— 2Kz

So we get

672Ks 4K2

: o
®(s) = —allh(T)l7,, . m - Ala—1) (1—e2Ktye

By integrating over s from 0 to ¢, we get

Tiu(2)" < Tilul*(2 + )

-
G LGS T
P A(a—1) 1—e 2Kt |-

By taking infimum over h € C1([0,1] — H;h(0) = 0,h(1) = v), we com-
plete the proof. O
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5 Proof of Main Theorems

First, we shall recall Lyons-Zheng’s decomposition theorem to prove The-
orem 2.10.

Proposition 5.1 ([11, 25, 26]). Assume that X = (X;,P,) is a con-
servative Markov process. We set F; = 0(X,,0 < s < t) and F; =
o(Xs, T —t < s <T) for fited T > 0. For f € D), we denote by
f a quasi-continuous version of f.

Then for any f € D(E), there exists a continuous F;-martingale Mtf

and a continuous F; -martingale Mtf which satisfy the following identities.

(1) Ny := MtJC—F(M%—MZJ:_t) is a continuous additive functional of zero
energy.

(2) M/ and M _, are P, -square integrable, with M = M =0.

(3) It holds that
Fox) - Fxo) = g/ — (- W)y (s21)

P, -almost surely.

Moreover the quadratic variation of Mtf and of Mtf are representated as

follows:
t
2| T Xs)d
| i s

arfy, = 2 / P(f. f)(Xr—s)ds (5.22)

(M7),

for f€D(E).
We shall prove now our upper bound estimate.

Proof of Theorem 2.10. We proceed as in [9, 10]. We notice that p is the
invariant measure of the diffusion process X = (X3, P,) and u(AAM) =

0 for certain M € S,. Hence we can suppose that A € S4,B € Sp
and d4(A,B) > 0 hold. Take 0 < A < d4(A, B). We may suppose that
essinfyep dg(x, A) > A holds. Then, there exists a Borel measurable set
K C B with pu(K) = u(B) such that For any = € K,

dg(z, A) > A, (5.23)

We set Ay := {z € E | dy(z,A) < A}. Then we have K C (A))° by
virtue of (5.23). Now fix an integer n > A. We set u(z) := dy(x, A) An.
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By Lemma 3.2, we can get u € D(E). Then by Proposition 5.1, under P,
it holds that

a(Xy) — u(Xp) = %{Mt“ — MY — MY} for0 <t <T.
Here M™ is an JF;-square integrable martingale satisfying
(M™), = /Otf(u, u)(Xs)ds .
By taking ¢t =T, we have
(X = (o) = 5 (M — I

By noting that p is the invariant measure of the diffusion process X =
(X4, P,), we can get the following estimate.

PM({XO CAX e B}) - PH({XO CAX e K})

< P, ({Xo € A, X, € 45 })

.:"U

i

< P, ({u(xX2) = u(Xo) > A})
P,L({ M) > 22})

< Pu({Mp > N}) + Pu({ = 31 > 2})

<A

{ sup (M) >)\})+P ({ sup ( M;‘)>)\})

0<s<t 0<s<t

.:"U

(5.24)

By the time change, we have

M =B (2 /OSF(u,u)(XT)dT), MY = B, (2 /OSF(u,u)(XT-T)dT>,

where B; and Bs are 1-dimensional Brownian motions. Then (5.24) can
be estimated as follows:

“({ sup (MY >/\})+P ({ sup ( Ms“)>)\})

0<s<t

P({ sup Bl(Q/OSF(u, W) (X,)dr) > A})

0<s<t

IN

+P({ sup Ba(2 /OS [ (u, u)(X7—_7)d7) > A})

0<s<t

2P<{Bl(2 /Otf‘(u, w)(X,)dr) > A})
+2P({BQ(2/Otr(u,u)(xt_f)df) > /\})



96 S. Aida and H. Kawabi

\/% / e ( YK r@i)(xgm)ds

0

W/ ( 2]0 SQXt T)dT>ds
< m/)\/\[exp s, (5.25)

We have used in the last step I'(u, u)(z) < 1 which follows from Lemma 3.2.
Thus we can get from (5.25) that

lim 404t log P, (t, A, B) < —\°.
Letting A — d4(A, B), we complete the proof. O

Proof of Theorem 2.11. We will proceed as in Proposition VII-6.6 of [6]. B
using the proof of Theorem 2.10, we get the following esimate:

P, ({Xoe A, sup d (X, A)> Kt < / exp(——)ds
(((Xoed sp X t)> K1) < o 7
2
< 2€XP(—T*)~

2p
By taking K, := 2, /log(———), we obtain
(M(A>)

—_

P,L({XO €A, sup dy(X,, A) > K, \f}) < uA)
0<s<t/2

Therefore we have
1
PH({XO €A Xy € AK*ﬁ}) > (A1 =) (5.26)

Then, noting that p is the reversible measure of the diffusion process X =
(X, P,) and (5.26),

1
pAPA= D < P u({Xo0 € 4, X0 € Ay, f})
2
= < Pyja(z, A) 14, ﬁ(z)u(dz)>
< ([ Paea) Pt/2(A,Z)u(dZ)) A0
= Pu(t,AA) w(Ag. ) -
So, we get the result. O

Next, we prepare the following lemma to prove Theorem 2.16.
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Lemma 5.2. Let A C E a measurable set with pu(A) > 0. We consider
bounded measurable function ¥ : E — R with ¥(z) = 1 on A, and
0 < U(z) <1. Then, for any sequence {t,}52 1 | 0, there exist measurable
subset B C A with pu(B) > 0 and a subsequence {t,u)}re, C {tn}ney
such that the following property holds: there exists Nog € N such that, for
any z € B and k> Ny,

Ty¥(z) > 5. (5.27)

N

Proof. Since {T}}+>0 is a strongly continuous semigroup on L?(E,R), the
following property holds:

liné/A|Tt\I/(z)71\2du(z):O. (5.28)

We denote dpua = du|a/pn(A). By virtue of (5.28), for any {t,}22, | 0,
there exists a subsequence {t,x)}3Z; C {tn}5=; such that

1 1
jia ({zeA ‘ Ty U(2) > 1_k}> 21—

1 o0
Set Ay ={z € A|Ti,,, ¥(2)>1~ E}, By = ﬂ A; . Then, we see that

=k
oo oo 1
pa(Br) =1—pa(lJ A5 > 1- Zfz’
=k 1=k
which implies (5.27). O

We are now in a position to prove Theorem 2.16.

Proof of Theorem 2.16. Let A = d4(A, B). By recalling Lemma 3.3, for any
€ > 0, there exist a measurable set C C B with p(C) >0 and v € H,
which satisfy the following properties:

C+v C A
dg(z,2+v) < A+e forany z e C. (5.29)

Let ¥(-) be the indicater function of C + v. Then by Lemma 5.2, there
exist a Borel measurable set C’ C C, a sequence {t,u)}3, | 0, and
Ny € N such that

Ty . ¥(z) > for any z € C' +v and k > Np. (5.30)

N =

n(k)
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By using Lemma 4.2, for any « > 1, we can estimate P,(t, A, B) as follows:

Pt A.B) = [ Tita(n(a)

> /C T () d2)

ady(z,z +v)? 2K
> T, |* . -9 . .(5.31
= C/| t | (Z+U) exp( 4(0[—1) 1—6_2Kt> ( )

By using (5.29), (5.30) and (5.31), we can get

Aty log Py (tn(ky, A, B)

\“ a(A+e¢)? 2K
> el . AW _ .
2 4t log { (2) n(€") - exp ( 4a—1) 1-— e_QKtn(k)> }

Finally, we complete the proof by letting k — 0o, a - 00 and € | 0. O

6 The Ricci Curvature of Dirichlet Form (£, D(E))

Throughout this section, we always assume (Ajz) and we will get into
the detail of the calculation of the Ricci curvature of the Dirichlet form
(E,D(£)) given in (2.3) and give a condition under which the Ricci curva-
ture is bounded from below.

By Definition 2.12, The Ricci curvature of the Dirichlet form is given as
follows:

(Ric(z)Df(z), Df(Z))TZH* =Ta(f, f)(z) = ||VDf(Z)||%2TZH*

for f € DX_(E,R). First, we will give the proof of Lemma 2.14.

Proof of Lemma 2.14. We will calculate the Ricci curvature in several steps.
We use the summation convention in the calculation below.

Stepl (Calculation of T's(f, f)(z) ): First, we fix a complete orthonormal
basis of H, H = {h;}$2, C E*. We denote a(z)’ = a(2)h;, a(z)¥ =
(a(2)hi, hj)m and D;f(z) = (Df(2),h;)m. Then the generator of £ is
given as follows:

Liz) = {DiDif(z) = hi(:)Dif(2)

+{a(2)DiD; f(2) ~ (D*a(2), D (2))u }
= Lf(z)+ Laf(2). (6.32)
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By the definition of T's,

D NG = LG NG) - 20 ()

1

= S{E1e).DFE), ~2(DLIE). DI, |

L e(Di).0DIR),

—Z(J(Z)DLf(z),J(Z)Df(z))H}
+5{La(DF), DI ()~ 2DLas (21, DS () )
%{La (0(2)Df(2),0(2)Df(2))

fQ(U(Z)DLaf(Z)vU(Z)Df(z))H}

= I+II+1I+1IV.

We can calculate I, II, IIT and IV as follows:

L= (DiDif(2))" + (Dif ()
= ID?*f(2)l3e: + I Df(2)IIF -
I = 2Dya(2)"D;Dyf(2)D;f(z) + a(2)? D; Dy f(2)D; Dy f(2)

+a(2)IDif () D31 (2) + 5 Lalz) T Dif ()D; £(2)
I = a(2)?D;Dyf(2)D;Dyf(z)
—Dya(2)YD;D; f(2) Dy f(2)
+Di(D*a(2)) Dif (2)D; f(2) -
IV = a(2)7a()"DiDyf(2)D; Dif(2)
+2a(2)" Dra(2) D; Dy f (2)D; f (2)
—a(2)" D;a(2)" DDy f(2) D; £ (2)

—i—%a(z)lelea(z)ijDif(Z)DJ'f(z)

5 (D*a(2))* Dia(2) Dif(2) D4 (2)

fa(z)ilev(D*a(z))ijf(z)Dkf(z).

99
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By combining I, IT, IIT, IV and (6.32), we get
La(f, /)(2)
= (101G s + 20 DD S DDA
+a(z)ija(z)lekaf(z)DjDlf(z))

+ <2a(z)iija(z)lelf(z)Dkaf(z)

+2Dya(2)Y D; f(2)DiDy f (2)
—Dya(z)” Dy, f(2)DiD; f(2)

—a(z)lela(z)ijDkf(z)DiDjf(z)>
+(IDFCI: + a2 7DD 12

+5La0(2) 7 Dif (D 1(2)

~ 5 La(2) D (2)D; £ ()

—a(Z)”La(z)i’ijf(Z)Dkf(Z))-

(6.33)

Step 2. (Calculation of Christoffel Symbol TI'};(z)): Next we calcu-
late Christoffel’s symbol Ffj (z) with respect to Levi-Civita connection on

Hilbert manifold (H,,g). First, we recall the following identities:

(Viihy)(2) = T (2) b
and

(g(z)vhihj, hl>H

2

Noting the chain rule for vector valued functions A, B,
and g(z) - (Ig +a(z)) = Iy, we can get

Dig(z) = —g(z)Dia(2)g(2).

E{Di (9(2)hj, ) oy + Dj(g(2)has i)y — Di(g(2)hi, hg)H} (6.34)
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Putting this into (6.34),

(Ffj(z)hp,g(z)hl)H = —%(g(z)Dia(z)g(z)hj7hl)H
S (s)Diag )
+%(g(z)Dla(z)g(z)hi,hj)H. (6.35)

Multiplying with (h;, g(z) *hg)m and summing up over p, we arrive at

If(z) = —%(hk,Dia(Z)g(Z)hj)H—%(hk,Dja(Z)g(z)hi)H
45 (9D 0ol hs) (6.36)

Step 3. (Calculation of Hessian Term ||VDf(z)||%®2TzH* ): To com-

plete the proof, we calculate the Hessian term [[VDf(2)2.7 g. . 67
denotes Kronecker’s delta below. By the definition of the covariant deriva-
tive, we have the following expansion.

INDF) e - = (971(2) " (971(2) " (D*£(2)) (has hy) - (D?£(2)) (g, hg)
= (07 +a(2)") (8 + a(2)’?)
x(D;D; f(2) = Tf;(2)Di f(2)) (Dyp Dy f (2) = Ty (2) Dy f(2))

= (D7 )res + 2001400, 1D, D51 )
+a(2)"?a(2)’1D; D, f(2)D, D, f(z)>
+( - 2D DD () - 2 T (DA ADD; )
+( — 2a(2)"PTk(2) Dy f(2)D;D; f(2)
20(2)7a(2) L, ()DL (IDD ()

+ <FZ(2)Dkf(Z)F§j(Z)Drf(Z) +a(2)! 7T (2) Di f(2)T3 (2) Dy f (2)
+a(2)"Ti;(2) Dif(2)T};(2) Dr f(2)

+a<z>ipa<z>fqrfj<z>Dkf<z>r;q<z>D,«f<z>)
= V+ VI + VI, 4+ VII.

Now, we shall calculate the cross terms VI;, VIy. By using (6.36), we
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calculate them as follows:
VI = 2 @) T (DD, )
= D;a(2)’*Dyf(2)DiD; f(2)
+(Dg—lhja(z)g(2)hi, hk)HDkf(Z)DiDjf(z)

~(Dy-nea(2)g()hishy ) | Dif(2)DiD;f(2).

VI, = —2a(2)"(g71()) "Ik, () Dy f(2) Di D, £ (2)
= a(2)""Dya(z)’* Dy f(2)DiD; f(2)

+(D a2 )hk,h») Dyf(2)DiD,; f(2)
(9 )Dg-11;a(z hk,h) Dy f(2)D;Dj f(2)

~(Dg-, hj,h) Dif(2)DiD; £ (2)

(s6)

+(g(x)Dy-1p, alx)h; h) Dif(2)D;D; f(2).
Therefore

VI + VI, = 2a(2)ipra(Z)jkaf(Z)DiDjf(z)
+2D;a(2)"" Dy, f(2)DiD; f (2)
—Dya(2)" Dy f(2)DiD; f(2)
—a(2)" Dya(2)" Di f(2) DiD; f(2).

By using operator I"(z) : H — H defined by I',.(2)f = I‘l (2 (f hi)mh
we can write down VII as follows:

VII = ((5z‘p + a(z)ip) (5jq + a(z)jq)l“f'j(Z)D;gf(z)l—‘;q(z)Drf(z)
— (51'(1 4 a(z)jq)

X ((IH +a(2))05(2)(Df (2), h) irhi, T (2) (D f (2), hr)th)
H

= (9 1 a(z)) ((IH T a(z))T (=)D (2), Fiq(Z)Df(Z)>

H

(T -+ 405 T+ al)E,(IDFE.DIE) ) . (031)

H

Combining the representation of the Hessian term above and (6.33), we
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arrive at

(Ric(2)Df (), Df(z))TZH*
= IDF()F + a(2)7 Dif(2)D; £ (2)
+%Laa(z)“Dz‘f(Z)Djf(Z)

— 5 Lalz)9Dif(z) — a(2) La()"* D f(:) D f(2)

- (uH ()T () (L + a(2))T (2)DF(2), Df(z))

H
_ ({(IH +a)-(Iyg — La)(z) + %Ca(z)
~ (I + )T (I + Q)T'4(2) } Df (=), D (Z)> "
(6.38)
which completes the proof. O

In the rest of this section, we shall give the sufficient condition which
assures the boundedness of the Ricei curvature of Dirichlet form & . Here

we restrict ourselves to the case where the Dirichlet form (£, D(£)) is given
by

E(u,v) = /E (1 + @(©()a(2)) Du(2), Do(=)) pldz) ,

where D(£) = DI(E,R), O(-) € DX_(E,R), ®() € C°(R,R), a(z) =
o(z)*0(z) and o(-) € DE_(E, L2)(H, H)).

Lemma 6.1. We assume that there exist p1(-) ,p2(-) € C(Ry,Ry) such
that the following conditions hold for p-a.e. z € E:

(1)

la()l|ze> + [ Da(2)| ges + D a(2)lm
+|[La(2)||gee + [[D%a(2) | ges < 91(0(2)),  (6.39)

IDO(2) || 1 + | D*O(2) || oz + |LO(2)| < 2(O(2)). (6.40)
Then there exists K > 0 such that

|Ric(2)||nm,m) < K for p-a.e. z€E.
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Proof. Let us denote ag(z) := ®(0(2))a(z) and gz'(2) := (Iy + as(2)).
By Lemma 2.14, the Ricci curvature is given by

Ric(z) = {Iy — Las(2)+ %(IH +ae) 'Las(z)}

—{(Ig +ae)? (In + as) ' (In + as)T';(2) }
= I-1I,

where I'; (2) is a Hilbert-Schmidt operator on H defined in Lemma 2.14.
Here, Ffj are the coefficients of Levi-Civita connection on (H,gs), i.e.,

e = (e Dean ),
_% (h;w Djaq>(z)gd>(z)hi),,
+%(%(Z)Dgglhk%(z)g@(z)h“hj)H

= IIIijk + IVijk - Vijk . (641)

First we calculate I.

I = Iy—Las(2)+ =(Ig+as) (2)Las(z)

N | —

—~

1 _
+5(In + aa) 7! (2) Lag ae ()
= Ig—-TL+L+1s.
Then we will calculate 1 ,Is and I3 and estimate their L(H, H) norm.

I = %(IH+a@(Z))_l<(%(Z))”DiDja¢>(Z)—DD*%(Z)“‘I’(Z))

= %(IH +ag(2)!

<{ (200" ©C)DOED;OE() al:)
+3(0(2)) P (02 ¢
+3(6(2)'(6(2)) D;0(=)al2)" Djal2)
+0(6(2))%a(2) DiDja(2) )
— (9(8(2))2D - at00(2) — P(O()F(O(2) Dacoypieyal:)
—(@/(0())? Doy poreyal2)

HO(O(:)P'(O(:) Do O(2)a(2)) |

))D;D;O(z)a(z)" a(z)

Noting

(I + Cl<I>(Z))71||L(H,H) <L (6.42)
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and by using the assumption (1), (2) and (6.42), we get

)
Ilimm < CloO@E)(2)]e1(O(2)e2(6(2))
x(£1(8(2) + 92(0(2) +1)
+C[B(O(2))8"(6(2))| 91 (O(2))22(6(2))?
+CD(0(2))%01(O(2))?
+CP'((2))*61(0(2))202(8(2)) -
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Since @(-) € C°(R,R), v1(©(2)) and ¢1(O(z)) have upper bounds which
are idependent of z € K. Consequently |13z, 7) is uniformly bounded

with respect to z € E.
Concerning I; , by using the same calculation, we can get

llegrm < C(19/(O)]+19"(0(=)])p1(6(2))
+CI2(O(:))] - 92(O(2)

which implies the boundedness of I; . Thus the remainder term I is also
bounded by (6.42). We proceed to the estimate for II. Noting (6.42),

IN

HHHL(H,H) |75 (2)T5(2)

+| <a¢<z))wri;(z)rzi(z)HL(H,H)

+H (a‘l’(Z))UF:;(Z)G‘I’(Z)F:i(Z)HL(H,H)

= Ll o, my + 2] Lo, @
I3 || e,y + MHall Loy -

Now we estimate |IL;||pg,m)y (1 <i<4):

o < 3 1T o

1=1

M2,y + Wl Lo,y < 2l|as(2)]| e Z T2 (2) || Free-

o0

Ll o grr,y < llaw(2)lFpo2 Y IT7i(2)l3pee -

i=1

Thus we have

T e,y < (14 201(0(2)) + 1(O Z 753 (2)l[3re2 -

||L(H,H) + HF::(Z)GQ(Z)F:i(Z)||L(H,H)

(6.43)

(6.44)

(6.45)

(6.46)
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By (6.41),
= 2
Z”F ||H®2 = Z |ng(2)|
1,p,q=1

(oo}
< 3 ) (Il + ITViel® + 1 Vigell®)
i,j, k=1
= 3(II+IV+V). (6.47)

Noting (6.42), we estimate III,IV,V as follows:

M+1IV < §HDa¢(z)H2®3, (6.48)
1
vV < 5\\Da@(2)llfq®s(1+H%(Z)H%@z)- (6.49)

By virtue of (6.46), (6.47), (6.48) and (6.49), we get
Il < 3(1+@1(6(2) + 91(8(2))2) - (1 + 2(O(2)] - 1(6(2)?)
x(12(6())] - 91(8(2) + [@(O(=)] - [0l - $1((2)))

which completes the proof. O

7 Application to Stochastic Differential Equations

In this section, we will consider the case that the diffusion coefficient is
smooth in the Fréchet sense. If the diffusion coefficient is smooth, it is
natural to apply large deviation theory to our problem. In fact Zhang [35]
got the Varadhan type asymptotics in this way. Here we show the Varadhan
type asymptotics by another way. We can apply Theorem 2.16 to get the
lower estimate by using Lemma 6.1.

Let o(-) € C}(E,L(E,H)). In this case, we can construct the diffu-
sion process X = (X;, P,) associated with Dirichlet form (£,D(€)) as a
solution to the following stochastic differential equation on F :

dX, = V2(Ig +a(X))"? - dw; — (D*a(Xy) + Xy) dt |
XO = Z,

where w = (wy);>0 is a standard Brownian motion on E. Throughout this
section, we consider the classical Wiener space only. Namely let

E = {x(~) € LQm([O, 1] — Rd) ) z(0) =0,

[2(s) — (@™ ) N
H HE |Sit|1+2ma S ) <0 :
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where 0 < o < 1/2 and m € N with 2ma > 1.

H = {heE )h(t):/th(s)ds
18], = (/01 (1) [2dt)? < oo} :

We note that the inner product on R? is denoted simply by (, ) and the
norm by |-|.

Remark 7.1. Let (W, H, ug) be the d-dimensional classical Wiener space.
Namely ng is the space of continuous paths on R? starting at 0. Then
note that the space E above is one of the choice of the support of puyg.
Moreover the embeddings

Hc Ec W§
are compact. For details the reader is referred to Sugita [29].

The following are the main results in this section. Note that the following
theorem holds even if the Ricci curvature of (£,D(£)) is not bounded from
below for p-a.e. z € F.

Theorem 7.2. Let A, B C E be Borel measurable sets with u(A), u(B) >
0. We assume that A or B is H -open and o(-) € CZ(E,L(E,H)). Then
the following asymptotics holds

lim 4t - log P, (t, A, B) = —dy(A, B)?.
To prove this theorem, we prepare the following lemma to control the
Ricci curvature of Dirichlet form & .

Lemma 7.3. For x € E, 0 < a < 1/2 and m € N with 2ma > 1, we
define 6(-) : E — R as follows:

|17 ‘Qm
o= ol = [ [ OO

Then the following estimates hold.
(1) For he H,

|DLO(x)| < 2m - O(z)Fm=1/2mg(p)t/2m (7.50)
(2)

ID?0(z)|| gz < 2v2dm
X (4m? — 8m 4 5)Y2(m — 2ma) "/ ™O(z)m=V/™ . (7.51)

|LO(x)| < 2m(d + 2m — 2)(m — 2ma) =™ . §(z)(m—D/m
+2mb(zx) . (7.52)
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Proof. First we prove (1). We remark that the following identity holds for
any x € £ and h € H:

Dpf(x _zm// (s S_t|1+|;z Y (:c(s)—x(t),h(s)fh(t)>dsdt.
(7.53)

By using Holder’s inequality, we get

|2(s) |2m (2m—1)/2m
(/ / S _ t|1+2ma o 7itama dsdt
‘Qm 1/2m
(/ / |S _ t|1+2ma T 7irama 48 dt>

- 9m- 0( 2m 1)/2m0( )1/2m

[ Dyb(z)|

IN

This completes the proof of (1). Next, we prove (2): Taking the derivative
with respect to h;, h; € H, we have

) [2(s) — ()2~
D;D;f(x) = 4m(m — 1) /[071]2 s — ¢[i2ma

% (2(s) — 2(8), hils) — hilt)) - ((5) — 2(2), hy(s) — hy(6))dsdt
2(m—1
+om / 2(5) = 2O ) hat),hg(s) — by (1)) dsd
0,1)2

|S _ t|1+2mo¢

—1// fij(s,t)dsdt

+2m// gij(s,t) dsdt. (7.54)
o Jo

Here we note that the following identity holds for H = {h;}$2; .

Zlh =dls—1|. (7.55)
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Hence the following estimate holds by using Holder’s inequality.

1D20(x) 1302

- i{élm // Fii(s,1) dsdt+2m// g”stdsdt}

Py
< 32m —1 Z // fij(s,t) dsdt)
1,7=1
> 2
+8m? // 9ii (s, t) dsdt
Z< o Jo i )
|2(m 1) 2
< 4 — _
< 8dm2(4m? — 8m + 5) (/ / |s_t|1+2ma s t|dsdt)
1 ‘x |2m 2(m—1)/m
< 8d*m?*(4m?® — 8m + 5) <// |3—t\1+2m0‘ ddt)

dsdt 2/m
</ / ‘S _ t|1+2mo¢ m> : (756)

By virtue of the assumptions, there exists € > 0 such that 14 2ma—m =
1 — e. Hence we calculate as follows:

dsdt ! S dt Looa
= d
/ / |s — ¢[i+2ma=—m _/0 S{/O (s —t)i— +/S (t_s)l—s}
! O _du Ldu
= /0 dS(/s ulfs +/s ulfs)

:/ds/ulg

; (m— 2ma)~t . (7.57)

Consequently, by virtue of (7.56) and (7.57), we get

| D%0(z)|| ez < 2V2d - m(4m? — 8m + 5)Y2(m — 2ma) =Y/ ™mg(z)(m-D/m

This completes the proof of (2).
Finally, we prove (3). Noting

|2(m 1)
LO() = 2m(d+2m— 2// t|1+2ma s — t|dsdt

! Ix |2m
—2m o t|1+2ma B Z 2L dsdt (7.58)
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By virtue of (7.57) and (7.58), we can conclude that

|2(m 1) (m=1)/m
|LO(z)| < 2m(d—|—2m—2<// |57t|1+2ma dsdt>
dsdt L/m
([ )
a(s) — 20"
—|—2m</ / |s—t\1+2m0‘ ——— s dt)

= 2m(d+ 2m — 2)(m — 2ma) /"G (x)(m-D/m
+2mé(x) .

We complete the proof. O

Proof of Theorem 7.2. It is clear to get the upper estimate by using
Theorem 2.10. Hence, we prove the lower estimate.

Let us explain our strategy to get the lower estimate. First, using the
diffusion coeffient a(-), we define an approximate Dirichlet form £% whose
Ricci curvature is bounded below. Next we compare P, with P®, where

z
P2 is the transition probability associated with €% .

We devide the proof into several steps.

Step 1. (Construction of Dirichlet form £%): Let us take C C B and
v € H as in (5.29). Further we take a compact set K C C with p(K) >0
and fix a positive number r > 0. To control the growth of 6, we need the
following lemma.

Lemma 7.4. For any s > 0, there exists a positive constant C(s) such
that

sup  [0(z)| < C(s),
z€K+Up(s)

where, Up(s) :={ue€ H | |lullg < s}.

Proof. For any x € K+Ug(r), there exist y € K and h € Ug(r) such that
& = y + h holds. By recalling |||z = 0(x)'/?™, the following inequality
holds:

G(I)l/Qm < a(y)l/Qm +Q(h)1/2m

Since 6(-) is a continuous function on E and Ug(r) is a compact set in
E, we can set the desired constant C(r) < oo as follows:

1/2m)2m.

C(r) = (sup @[> + sup (60
Y cUn(r

This completes the proof. O
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Next we introduce a cut-off function ®(-) € C§°(R, [0, 1]):

®(x) = {(1) :z: i ; (7.59)

and define (£%,D(E?)) as follows:

EP (u,v) == / (Ag(z)Du(z), Dv(x))gp(dx) | (7.60)
E

where D(£®) := DL(E,R) and Ag(z) := Iy + @(g((?)) ca(z).

The reason for introducing this Dirichlet form is explained in the follow-
ing Lemma.

Lemma 7.5. The Ricci curvature of (€€, D(E?)) is bounded.
Proof. First, we recall that L(E,H) C L(H, H) holds, i.e.,

1/2
Thes < ([ heliputan) ) 1Tlscem) tor T € LB 1)
E
For details see Kuo [18]. Also by the assumption on a, the norms

la(@)||Le,m), |1 Da(@) || L(ex ,m), | D*a(2) || L(ex Ex B, 1)

are uniformly bounded with respect to x € FE. Therefore, by virtue of
Lemma 6.1 and Lemma 7.3, it is sufficient to prove that there exists (-) €
C(R4,R;) such that

HLa(m)HL(EH) + || D*a(z)||, < ¢(0(x)) . (7.61)

Next, we calculate D*a(z) as follows. H = {h;}$2,; denotes a complete
orthonormal basis of H .

D*a(x)

— Z D;a(x) - h; + a(x)x

i=1
7/ D.a(z) -z p(dz) + a(x)x .
E

Hence there exists a positive constant C' which is independent of x € F |
such that

[0 a@)lly < NPe@ ) [, Nl bntn) + o]y - Il

< 0(1 + o(x)l/zm) . (7.62)
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By the same calculation for La(z), we can get

HLa(w)HL(E,H) S ||D2a(I)HL(E><E><E,H)/EH$||2E'u(dz)
+HDa(x)||L(E><E,H) e
< c(1+9(x)1/2m). (7.63)

By combining (7.62) and (7.63), we conclude that (7.61) holds. O

Step 2. (A Relation between & and £®): Here we will study the
relation between (£,D(€)) and (€%, D(ET)). First, we define an open set
G C E as follows.

G:={zeElfx)<2C(r)} .

Here C(r) is a positive constant denoted in Lemma 7.4. Let us consider
the part of the Dirichlet form £ on G which we denote by &g . By virtue
of (7.60), we notice the following identity.

fatur) = [ (A@Du(e). Do(a)) (o)

- /G (Ag () Du(z), Do) p(de) = E& (u,v) |

D) = {u€Dy(E,R)|a=0 for ge.z € E\G}
~ D).

We denote by X® = (X, P®) the diffusion process corresponding to
(E®,D(ET)). Then we can conclude that Xg = X& holds by using the
following proposition.

Proposition 7.6 (Fukushima-Oshima-Takeda [11]). Let £ be a reg-
ular Dirichlet form on L*(E, p) that is associated with u-symmetric Hunt
process M on E. Let G C E be a g.e. finely open set. Then the part Eg
of & on G is a Dirichlet form on L*(G,pu). Eg is associated with Mg
in the sense that the strongly continuous semigroup {TC }i>o on L*(G, i)
corresponding to Eg is determined by the transition function {pS}i~o of
Mg .

Step 3. (Proof of the Lower Estimate): First we note the following
inclusion by virtue of Remark 2.6 and Lemma 7.4.

KM;l:{xEE|dg($7K)§M2_1'T}CK+UH(T) cG.
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Since X = X&, we have

Put,A,B) = Pu({Xo€4, X, €B})
> PM({XOEK XteK—i-v})
>

Pﬂ({Xo cK, X, e K +v,

sup d,(Xs, K) < My * r})

0<s<t
- P,?({Xg’ €K, XY e K+,

sup dg(Xf,K) < MQ_1 r})
0<s<t

- Pf({ng eK, XPe K+v})
~PP({X¢ e K, XP € K+,
sup dy (X2, K) > M;! r})
0<s<t
= 11 (7.64)
By using the proof of Theorem 2.10, we get

II

IN

PE({ sup dy(X2K) > Mz 1))
0<s<t
4 o) 2

S
E . /\/E exp(—E)dS . (765)
2 T

By combining (7.64), (7.65), letting r — oo and recalling the proof of
Theorem 2.16, there exist a Borel measurable set K’ € K and a sequence
{tn}52, | 0 such that the following estimate holds :

4ty log P,(tn, A, B)

> 4ty log { (;)a - i(K') - exp (a(dgig ?)J 28 1_ iﬁmn) }

Finally, we complete the proof of the lower estimate by letting n — oo,
a—o00 and € | 0. O

Remark 7.7. In the finite dimensional case and if o(:) is smooth, then
O(2) = ||2||% satisfies (6.39) and (6.40) for suitable ¢;(-) and ¢(-). Con-
trary to finite dimensional cases, it is difficult to find the functions ©(-),
©1(-) and @o(-) which satisfy (6.39) and (6.40) in infinite dimensional
cases. In other words, it is difficult to find the Dirichlet form whose Ricci
curvature is bounded from below.
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8 Examples

In this section, we will discuss two examples. In Example 1, we consider the
diffusion process whose diffusion coefficient is not smooth in the Fréchet
sense. In Example 2, we consider the diffusion process arising from the
statistical mechanics.

Example 1. Discontinuous coefficient case

We shall consider an example involving multiple Wiener integrals. In gen-
eral multiple Wiener integrals are not continuous in the Fréchet sense. We
emphasize that our approach can handle such a case. First, we shall review
the notion of multiple Wiener integrals. We define the set of symmetric
multilinear forms of the Hilbert-Schmidt type as follows:

H™ .= {ge H®" | g is a symmetric form} .

For each f € H™ | its multiple Wiener integral I,(f)(-) € DX_(E,R) is
defined in the following way:

Lu(f) (@) = {(D")" f}(=).

For 1 < k < n, we may identify f € H™ with a multiple form of the
Hilbert-Schmidt type f*) : H®"—%k — H®k given by

(f(k)(hl @ .. @ hnp), Pt ®...®hn) = f(h1®...® hy).
H®Fk

In particular, I;(f) denotes its k-tuple Wiener integral I,(f("=*)) .
We shall recall the following fundamendal analyticity property of multi-
ple Wiener integrals.

Proposition 8.1 (Sugita-Taniguchi [30]). Let n € N and f € H™ .
Then the multiple Wiener integrals In_i(f), k =0,...n, admit p-versions
Ik (f) such that I,_(f) € C*P(E,H®*) for any p € (1,00) and the
following identity holds.

HEk

LN+ 1) =Y et (D@ (660)
2 Hi—#

forany x € E and he€ H.

Here we omit the definition of C*'?(E, H®*). See Sugita-Taniguchi [30]
for the details.
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Next, we state our example. In the sequel, we denote T := S*S for
S € Lpy(H,H). For fe€ H™ and S € Lo (H, H), let

o(x) = L,(f)(z) - ®(O())"* - S € Loy(H.H),  (867)

where ®(-) € C§°(R,R) is defined in (7.59) and ©(-) € DY _(E,R) is
defined as follows:

O(x) = Y ID*L.()@)Fer + D D I(T)(@)|| e
k=0 k=0

Then A(-), the coefficient of the Dirichlet form in (2.3), is given as follows:
A(x) :==Ig +a(z) = Ig + I,(f)(2)* - ®O(x)) - T . (8.69)

Below, we always assume that we are working with the modifications of
the multiple Wiener integrals I,(f)(-) and of I3(T)(-) which satisfy the
identity (8.66). By virtue of (7.59) and (8.68), we note that there exists
C > 1 such that

esssup,ep | A@) || Lg,m < C

and for any x € E, A(x) — Iy is a positive symmetric operator.

By Proposition 8.1, A(:) is H -continuous. So we prove the assump-
tion (A4) to get the upper estimate. To this end, let us prove the H -
UC property of the multiple Wiener integrals.

Lemma 8.2. (1) The multiple Wiener integral I,(f)(-) belongs to
H-UC(E,R).

(2) For A(-) which is denoted in (8.69), A(-)~1 belongs to
H-UC(E, L(H, H)).

Proof. First, we construct H-UC nest {K,,}?°_;. By applying Lusin’s
theorem to {I,,—x(f)(")}7_y, {Lo—k(T)(-)};_,, there exist a sequence of
increasing compact sets {K,,}25_; in E with u(E\ K,,) < = such that

L i(f) : K — H®* (8.70)
is continuous for any 0 < k <n and m € N and

I (T): K,, — H®*

is continuous for any 0 < k < 2 and m € N. We prove that I,(f)(:)
satisfies H-UC property for each K, . By Proposition 8.1 and (8.70), we
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notice the following estimate holds for any z,y € K,,, and R > 0:

lim ( sup |In(f)($+h)*fn(f)(y+h)’)

z—y, TEKm Ih|lz<R
! " n!
< im sup —_—
rz—y, €Ky, Hh”HSRkZO k'(n— ]f)'

X

L)) = TN 0[50

n !
< k n. ) .
<D R e ( fim,

rz—y, €K,

In—i(f)(2) — Ink(f)(y)HH@sk)

k
=0. (8.71)
This completes of the proof of (1). Next we prove that A(-)~! satisfies
H-UC property for each K, . By noticing (8.70), for any z,y € K,, and
h € H, we have

A= (@ +h) = A"y + h) | Lo

= |1+ 1)+ WP@(O( + )T -

- (IH + I (f)(y + h)*®(O(y + h))T> B HL(H,H)

IN

()@ + m)2®(O (@ + h)T)
~(L(Dw+PeE@ )|
|2©@+n)- (L@ +1)? - LN +?)
L(f)(y+h)*- (D6 + h) — B(O(y + 1))

L)@+ h)? = L)y + b))
+C|2(6(x + 1)) — 2Oy + 1))

IN

7
L(H,H)
+

7|
L(H,H)
C

IN

)

where C' is a positive constant which is independent of z,y € K,,. Thus
(2) easily follows from (1). O

To prove the lower estimate, we prove that the Ricci curvatue of Dirichlet
form & is bounded from below. To this end, we prepare the following
lemma.

Lemma 8.3. For O(:) € DX_(E,R) which is defined in (8.68), the fol-
lowing estimates hold for any x € E.

(1) [IPO(@)|n <2 O(x)

() [D*6(@)|yes < 4T3 O(x).

(3) |LO(z)| < 2(n+4) O(x).
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Proof. First, we prove (1). By the definition of the multiple Wiener integrals,
it is easy to see that

(D)Y*L.(f)(:) = 0 for k>n+1,
(D) L(f)() = 0. (8.72)

For ©1(z) which is defined in (8.68), the following estimate holds for any
reL.

1D&:@)ln < 22 DML ()@ o - IDH L)) o
<y (ID’“In(f)@)II?m DL e
k=0

We notice that the same estimate holds for ©5(z). We complete the proof
of (1).
Next, we prove (2). First note that

(DI DL (@)

_ {Q(DiDjDkIn(f)( N@) .
+2<DjDkIn(f)( ), D;D*I,, )Hm}
8| DsD; D L (f) ()| e - ||D’“ ()(@)|[ 30

+8]|D: D L () @) [y - || D5 DM I (£)(

IA

@) 5er - (8.73)

By using (8.73), ©1(x) can be estimated as follows:

ID*61(@)[3res = Y (X DD 1D Lu(F) (@) rex)”

ij=1 k=0

< 804 ) (S ID L (@) o)

x(Z | D*L(f) @) e )

n 2
S0+ D (1D (@) o)
=0

16(n + 1)@1(3:)2. (8.74)

IN
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By the same calculation, we can get the following estimate for ©q(z).
| D*O2(2)||302 < 480(x)* . (8.75)

By combining (8.74), (8.75), we complete the proof of (2).
Finally, we shall prove (3). Recall the following commutation rule. We
can find this in many places, for example, in Sugita-Tanigichi [30].

D*DP = DPD* —p DP~1 for any p € N.
It is easy to see

LI DML () @) [Zer = 2 DM L (£)(@) 1o
+2(LD*L(f)(@). D L (H)(@)) . (8.76)

Using the commutation rule and (8.72), we have

LD*L,(f)(x) = —D*DFY(D*)"(f)(x)
= —{D"'D* — (k+ 1)D*}(D*)"(f)(2)
= (k+1)DFIL,(f)(2). (8.77)

By combining (8.76) and (8.77), we can get

LID L (f)(@)fer - < 20D L () (@)[F0rsn
+2(k + DD () (@) [Fer.  (8.78)

Hence we have

Le1@)| < 23 1D L () @) e
k=0

+2(n +1) Z ||Dk[n(f)(37)||%{®k
k=0
< 2(n+2) O1(x). (8.79)

On the other hand, we can get the following estimate for ©y(x) by using
the same calculation:

|LOs(2)| < 8 O2(x). (8.80)

Consequently, we complete the proof of (3) by combining (8.79) and (8.80).
O

We are now ready to prove the boundedness of the Ricci curvature of
the Dirichlet form &£ which is sufficient to prove the lower estimate of the
short time asymptotics.
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Lemma 8.4. The Ricci curvature of Dirichlet form & is bounded.

Proof. By the definition of O,
1N @)T || oz + | DIn(F)@)T || s + [[D* L () (@)T ] yos < 30(2)2.

Hence by Lemma 6.1 and Lemma 8.3, it suffices to prove that there exists
o() € C(R4,R,) such that

L (F)(@)*T) | ez + ([ D" (In(F)(@)*T)|| ; < (O(2)).
By the property LI,(f)(z) = —nl,(f)(z), we have

|12 (@)*T)|| e
~[err @ n (@ T + 2L @ T
<2|1u(£) @) - Tl o0 + 2 DI (D@ - |T] e

1H o H HZ2 0 (8.81)
<(2n+2) ©1(x) - (59(33) / )
<(n+1) O2)*2 .

Using the same calculation, we get

1D (D@Dl = |2Ia()@) - DrLu(£)@) + L) @)D T(@) ||

< 2L (f)(@)]- HDI (N@) g 17l e
HEN@] 1@ @),
< 01(a) 0:(0)'/2 + 161(0) - Oa(n)"?
3 032
< 5 O(x)>=.
Therefore, we complete the proof. O

Example 2. Reversible diffusion process with respect to Gibbs
Measure

We will discuss the diffusion process whose reversible measure is a finite
volume Gibbs measure. See for example Funaki [12], Hariya and Osada [14]
and Osada and Spohn [28].

For £ € C(R,R), let Wy := C([-r,r] — Ryw(—r) = &(—r),w(r) =
&(r)) and denote by PTVE the pinned Brownian motion measure on W,.¢
and consider the probability measure ji,¢ on it:

d:“’r,& = exp (_Hr (ga w)) AP

1
Zre
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where Z, . is the normalization constant. H,.(§,w) is given by
T

H.({w) = V(we) dt + %/ W(t — u, w, —w,) ditdu

-r

+ // Wt —u,wy — &) dtdu ,  (8.82)
[t|<r<|u|

where V is a self interaction potential and W is a two-body interaction po-
tential. Here we assume that V, W are C? functions. Below we denote the

L? inner product for two functions ¢1, ¢ by (¢1, p2) = 1(t)d2(t) dt.

Here we will consider the following Dirichlet form
E(u,v) = / (Vu, Vo)dp,e, (8.83)
WT;E

where

Vatw)oi= Y- 960, Tor uw) = £({w 1) (w,60).

Taking the domain which consists of the functions in (8) where ¢; €
C§°((—r,r),R), we get the closable Dirichlet form. Note that the “carré
du champ” operator I'(u,v) can be written using the usual H -derivative
D on the pinned Wiener space as follows:

I(u,v) = (Vu(w), Vo(w)) = (- AODu(w),Dv(w))Hé (rrR)

2

where Ay denotes the Laplacian with the Dirichlet boundary condi-

dt?
tion. Note that in this case the Riemannian metric is L? -metric. Zhang [35]
proved the short time asymptotics for this diffusion process using the usual
large deviation theory. We can apply our method which was developed in
Section 4 and Theorem 2.16 by calculating the T's for this Dirichlet form.

In fact we can prove the following lower bound of I's:
Do(u,u) > <AVu, Vu>,
where A denotes the Schrodinger operator:
(A9)(t) = —(Ao0)(t)
+ {V”(w(t)) +/| N W"(t —u,w(t) — E(u))du} o(t)

r

+ [ Wt —uw(t) — w(w)((t) — é(u))du

—r
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2
Here W' (t,z) = calll

el (t, z) . Consequently, for example, under the assump-
x
tions that

inf W' (t,z) >0, inf V'(z) > —-C > —o0, / sup W"(t,z) dt < oo
t,rER TER o zeR

(8.84)
we can derive the lower bound of the Ricci curvature of the Dirichlet form:
Ta(u,u) > —CT'(u,u).

Note that the bound is independent of the volume of the space [—r,7r].
Therefore we get the volume independent estimate

() () [ < Tyl v, v) 2C
|73 w(w)|* < T |ul*(w 4 v) - exp (4(a ) 1= ) (8.85)

where Tt(r’g) is the diffusion semigroup corresponding to the Dirichlet form

(8.83). This gives the lower bound of the short time asymptotics for the
diffusion in finite volume. Actually Osada and Spohn [28] proved the exis-
tence of the Gibbs measure itself associated with the interaction potential
V and W under some assumptions which are weaker than (8.84). Hence
using the estimate (8.85) which is independent of the size of the volume
2r and the boundary condition, we may establish (8.85) for the diffusion
whose reversible measure is the Gibbs measure itself and we may get the
lower bound of the short time asymptotics. These will be discussed in the
forthcoming paper.
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